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The cordial reception which the author's other Algebras 
have received at the haada of the educational public, their 
extensive use in schools of the highest rank in all parts of 
the country, the appreciative recommendations which have 
come to him from instructors of reputation, lead him to 
believe that this latest attempt to adequately meet the 
demands of the best secondary schools will be cordially 



Onr teachers are progressive, and the author who fails to 
keep abreast of the times, and in sympathy with the best 
educational thought and methods, will appeal in vain for 
the patronage and sympathies of his fellow-teachers. 

Pully conscious of the above truth, the author earnestly 
recommends " The Essentials of Algebra " to the attention 
of the educational public. 

It affords a thorough and complete treatment of elemen- 
tary Algebra, and attention is especially invited to the fol- 
lowing features : — 

The introduction of easy problems at the very outset ; § 5. 

The Addition and Multiplication of Positive and Nega- 
tive Numbers ; §§ 14 to 19. 

The Addition of SimOar Terms ; § 31. 

The discussion of Simple Equations, not involving Frac- 
Lions, directly after Division ; Chap. VII. 

The suggestions in regard to the solution of problems ; 
U 76, 77. 

The discussion of the theoretical principles involved in 
the handlii^ of fractions ; §§ 129, 136, 143, 146. 
lb 
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iv PREFACE. 

The examples oq page 176. 

Tlie discussion of square roots and cube roots of arith- 
metical numbers; §§ 197, 198, 203, 204. 

The examples at the end of § 229. 

The solution of equations by factoring ; Sg 266, 267. 

The factoring of a quadratic expression when the co- 
efficient of IE* is a perfect square ; § 286. 

Great care has been taken to state the various definitions 
and rules with accuracy, and every principle has been dem- 
onstrated with strict regard to the logical principles in- 
Tolved. As a rule, no definition has been introduced until 
its use became necessary. 

The examples and problems have been selected with great 
care, are ample in number, and thoroughly graded. They 
are especially numerous in the important chapters on Fac- 
toring, Fractions, and Kadicals. 

The latest English practice has been followed in writing 
Arithmetic, Geometric, and Harmonic, for Arithmetical, 
Geometrical, and Hannonical, in the progi'essions. 

The author wishes to acknowledge, with hearty thanks, 
the many suggestions and the assistance that he has received 
from principals and teachers of secondary schools in all 
parts of the country, in improving and perfecting the 
work, 

WEBSTER WELLS. 

r TacBHOLoai, 
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ALGEBRA. 



I. DEFINITIONS AND NOTATION. 

1. In Al^bra, the operations of Arithmetic are abridged 
and generalized by means of Bymboli. 

2. Bymbola whioli repreaeot Unmbera. 

The symbols generally employed to represent numbers 
are the Jigarea of Arithmetic and the Jettera of the Alphabet. 

Known Nnmben are usually represented by the first 
letters of the alphabet, as a, b, c. 

Unknown Numbers, or those whose values are to be 
determined, are usually represented by the last letters 
of the alphabet, aa x, y, z. 

a Symbol! whioh represent Operation!. 

The following symbola have the same meaning in Alge- 
lira as in Arithmetic ; 

+, read "plus." 

—, read "minus." 

X, read "times," "into" or "multiplied by." 

■*-, read " divided by." 

The sign of multiplication is usually omitted in Algebra, 
except between arithmetical figures. 

Thus, 2 X 3! is written 2 x. 

Division is usually indicated by a horizontal line. 

Thus, a -I- b is written -■ 
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2 ALGEBRA. 

4. The Sign of Eqaality, =, is read "eqaaia," or "ie 

equal to." 
An Equation is a statement that two numbers are equal. 

SOLUTION OF PROBLEMS BY ALGEBRAIC METHODS. 

5. The following examples will illustrate the use of 
Algebraic symbols iu the solution of problems. 

The utility of the process consists in the fact that the 
unknown numbers are represented by symbols, and that 
the yarious operations are stated in Algebraic language. 

1. The sum of two numbers is 30, and the greater exceeds 
the less by 4 ; what are the numbers ? 

We will represent the lees number by x. 
Then the greater will be represented by x + i. 
By Uie couditlons of the problem, the sum of the greater niunber 
and the less is 30 ; this is stated in Algebraic language as follows : 

X + 4: + X=S0. (1) 

Bat the sum of x and x Is twice x, oi 2x ; whence, equation (1) 
may be written 

2x + 4 = 30. 

Now If 2x plus 4 equals 30, 2x must equal 80 — 4, oi 20. 

Whence, 2 x = 26. 

But If twice X ia 26, x moBt be one-half of 26, or 13. '^ 

Hence, the less number is 13, and the greater is 13 -|- 4, or 17. 

The written work will stand as follows: 

Let X = the less Dumbec, 

Then, x + i = the greater number. 

By tie conditions, x + i + x 

Or, 2i + 4 



the less number, 
the greater number. 



DMdhig by 2, 
Whence, 
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DEFINITIONS AND NOTATION. 3 

2. The sum of the ages of A and B is 109 years, and A 
is 13 yeais younger than 6 ; find their ages. 

Let X represent the niunber of years in B'e age. 
Then, x — 13 will represent the number of yena in A's age. 
Bj the conditions of the problem, the snm of the sges of A and B 
is 109 years. 

Whence, * + a; - 13 = 108. 

Or, , 2a; -13 = 109. 

Now if 3z minns 13 equals 100, 2x must equal 109 -1- 13, or 123. 
. Whence, 3* = 122. 

Dividing b; 2, z = 01, the number of years in B'b age. 

And, X — 13 = 4B, the number of years in A's age. 

The written work will stand as follows 1 

Let X = the niuabec of years in B'e age. 

Then, X — 13 = the nnml^ei of years in A's age. 

By the condiUons, a; -f- z - 13 :^ 109. 

Or, 2* -18 = 109. 

Whence, 2x = ia2. 

Dividing by 2, x = 61, the nnmbet of years In B'e age. 

Therefore, x — 13 = 48, the number of years in A's age. 

3. A, B, and C together have 9 66. A has one-half as 
much as B, and C has 3 times as much as A. How much 
has each? 

Let X = the nnml>er of dollars A has. 

Then, 2 x = the number of dollars B has, 

and S z = the number of dollais C baa. 

By the oonditiona, 

x + 2z + 3x = 66. 
Bat tbe sum of x, twice x, and 3 times z is 6 times z, or 6x. 



Dividing by 0, z = 11, tbe number of dollars A has. 

Whence, 2 z = 22, the number of dollars B has, 

ad 3z = 33, tbe nnmbei of dollars C haq. 
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PROBLEMS. 

4. The greater of two Qumbers U 4 times the lesa, and 
their sum is 70. What are the numbers ? 

]/ 

5. The sum of the ages of A and B is 116 jvan, and A 
is 18 yeats younger than B. What are their e^s? 

** 6. Divide 123 into two parts, such that the greatel 

exceeds the less by 67. 
i^' 7. The sum of the ages of A and B is 102 years, and A 

is 26 years older than B. What are their ages? 
i/ 8. Divide $93 between A and B, so that A may receive 

% 23 less than B. 
1/ 9. Divide $ 56 between A and B, so that A may receive 

6 times as much as B. 

10. Divide 85 into two parts, one of which shall be 19 
less than the other, 

11. Divide $ 72 between A and B, so that A may receive 
one-third as much as B. 

12. A certain hall contains 125 persons ; there are 3 times 
as many men as women, and 4 times as many women as 
children. How many are there of each? 

13. A man had $4.95. After spending a certain sum, 
he found that he had left 4 times as much as he had spent. 
How much did he spend? 

14. A, B, and C together have $96. B Has twice as 
much money as C, and A has as much as B and C together. 
How much has each ? 

16. The sum of three numbers is 168. The second is 23 
less than the first, and the third is 3 times the second. 
What are the numbers ? 

16. A, B, and C together have $ 230. A has $ 21 more 
than B, and % 17 less than C. How much has each ? 



,,Cooylf 



DEFINITIONS AND NOTATION. fl 

iT. A wateh and chain are together worth $66, and the 
chain is worth one-sixth as much as the watch. What is 
the value of each ? 

18. Divide 169 into three parts, the first of which is one- 
half of the second, and the second one^th of the third. 

19. Divide $114 into three parts such that the second 
is one-third of the first, and one-fourth of Uie third. 

20. A man bought a cow, a sheep, and a hog for $81. 
The price of the hog was one-fifth the price of the cow, and 
$ 7 less than the price of the sheep. What was the price 
of each? 

21. The sum of three numbers is 127. The first is oa»- 
half of the third, and 17 greater than the second. What 
are the numbers ? 

22. At a certain election, two candidates, A and B, to- 
gether received 508 votes; and A had a majority of 136. 
How many did each receive ? 

23. The sum of the ages of A, B, and C is 101 yean. 
A is 17 years younger than B, and 15 years older than G. 
Wliat are their ages ? 

24. Divide $174 among A, B, and C, so that A may 
receive 4 times as much as B, and $ 42 more than C. 

26. My horse, carrier, and harness are together worth 
$ 456. The carrit^ is worth 8 times as much as the har- 
ness, and $ 48 less than the horse. Find the value of each. 

26. Divide $ 165 into three parts such that the first shall 
be '5 times the second, and one-fifth of the third. 

37. At a certain election, three candidates, A, B, and C, 
together received 512 votes. A received 28 less than B, 
aud 64 less than C. How many did each receive P 

28. Divide $ 69 among A, B, C, and D, bo that A may 
receive $ 5 more than B, C as much as A and B together, 
and D as much as A and G together. 
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29. Tlie sum of four numbers is 160. The first is 3 
times the second, the second 3 times the third, and the 
third 3 times the fourth. What are the numbers ? 

DBCIMITIONa 

6. If a number be multiplied by itself any number of 
times, the result is called a poioer of that number. 

An Exponent is a number written at the right of, and 
above another number, to indicate what power of the latter 
is to be taken. 

Thus, 
rf, read " a square," or " a second power," denotes a xa; 
<^, read " a cube," or " a third power," denotes axaxa; 
a*, read "a fourth," or "a fourth power," deaobes ax ax ax a, 
and soon. 

If no exponent is expressed, the first power is understood. 

Thus, a is the same as a'. 

7. Symbols of Af^egatioiL 

The parentheses ( ), the brackets [ ], the braces f {, and 

the mncuium , indicate that the numbers enclosed by 

them are to be taken collectively ; thus, 

(a + b) X c, [o + 6]x c, )a + 6J X c, and a + ft x <: 
all indicate that the reSult obtained by adding 6 to a is 
to be multiplied by c. 

ALGEBRAIC KXPRESSIONS. 

8. An Algebraic R^ression, or simply an Expression, is 
a number expressed in algebraic Bymbols ; as, 

2, a, or 2a?-3ab + 5. 

The Knmerieal Talne of an expression is the result 

obtained by substituting particular numerical values for 

tiie letters involved in it, and performing the operations 

indicated. 



DEFINITIONS AND NOTATION. 7 

1. Find the numerical Talue of the expiession 

o 
vhen a = 4, & = 3, e = 5, and d « 2. 

WehfcTO, Ja + ^-disix^ + ^-l^-S* 

= 16 + 10 - 8 » 18, Am*. 

EXAMPLES. 
Find the niunerical raJue of each of the following vhen 
a = S, b = 5, c = 2, d = i, m = i, and n = 3: 

2. cuP-bif. 8. a'-dr. 

3. 3(i6«l. 9. ? + *_«. ■ 



4. 4o»d-66c-6al 
_ oft , cd 



10. 8a'-9<!'. 

11. i+i+i+ 



6. i-i + 1. 1* q% gy 

» ' «' 2«" 4d'' 



6^ 
3 4"' 



13. 



If the expression involvea -parmtheaes, the operations 
indicated within the parentheses must Iw performed first. 

14. Find the ntunerical value, when a = 9, b = T, and 
5 = 4, of 

We have, a - b = 2, 5 + c = 11, a + 6 = 16, and 6-0*8. 
Then the numerical Tttlue of tbe expression Is 
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Find the numericaj value of each of the following expres 
sions, when a = 5, bs=3, = 4, and d = 2: 

15. (j^-|Y- II- 3<o-d)-26'(o+d). 

16. (o" + S>-oV. 18. 6(a + »)'-9(c-d)". 

19. (o-i)(6 + o)-C«-ii)(<i + «). 

20. (a-A + c — d)(o + 6 — « — d). 

„, 3a-5t + 7c j2 g + t t + c «+<> 

■ 4o-36 + 6c ■ i + c'^o + j'^d + a 

Find the numerical value of each of the following expres- 
sions, when a=|, 6 = ^ c = f, and a: = 3 ; 



-6 o-f6 44a — 326-27C 

M. a?-C4a-5c)a?+(2a-|-S)«-12a6il 

9. Azionu. 

Ad Axiom is a truth which ia asBumed as self-evident. 

Algebraic operations are based upon the following axioms: 

1. If the same operation be performed upon equal numbers, 
the resulting numbers wiU be equal 

2. If the same number be both added to, and subtraded 
from another, the value of the latter wiU not be changed. 

3. If a number be both multiplied and divided by another, 
Gie value of the former vrff}- not be changed. 

4. Numbers which are equal to the same num&er, are eguai 
to each other. 
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n. POSITIVE AND NEGATIVE NUMBERS. 

UX Many concrete magnitadea are capable of existicg in 
two opposite states. 

ThuB, in financial tranaactionB, we may have gains, or 
losses; in the thermometer, we may have temperatures above 
zero, or below zero ; a place on the surface of the earth may 
be in north latitude, or south latitude ; etc. 

The signs + and — , besides indicating the operations of 
addition and subtraction, are also used in Algebra to distin- 
guish between the opposite states of m^nitudes like the 
above. 

Thus, in financial transactions, we may indicate gains or 
assets by the sign +, and tosses or debts by the sign — ; for 
example, the statement that a man's property is — $ 100, 
means that he has debts or liabilities to the amount of $ 100. 

Again, in the thermometer, we may indicate temperatures 
above zero by the sign +, and temperatures below zero by 
the sign — ; for example, + 25° means 25° above zero, and 
— 10° means 10° below zero. 

Also, we may indicate north latitude and west longitude 
by the sign +, and south latitude and east longitude by the 
sign — ; thus, a place in latitude — 30°, longitude + 95°, 
would be in latitude 30° south of the equator, and in loi^- 
tttde 96° west of Greenwich. 

EXERCISES. 

U. 1. At 7 A.M. the temperature is — 13°; at noon it is 
6° warmer, and at 6 f.m. it is 5° colder than at noon. B«> 
quired the temperatures at noon and at 6 p.m. 

8. At 7 A.M. the temperature is +6°; at noon it is 14' 
colder, and at 6 p.h. it is 8° warmer than at noon. Required 
the temperatures at noon and at 6 p.m. 
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3. What is the difference in latitude between two places 
whose latitudes are + 67° and — 48° ? 

4. A man has bills teceirable to the ajnount of $ 480, and 
bills payable to the amount of $926; how much is he 
worth? 

5. A Tessel sails from the equator due north 28°, and 
then due south 57°; what is her latitude at the end of the 
voyage 7 

6. At 7 A.M. the temperature is — 7°, and at noon + 9°. 
How many degrees warmer is it at noon than at 7 a.m. ? 

7. What is the difference in longitude between two places 
whose longitudes are + 29° and — 86° ? 

8. The temperature at 6 a.m. is +1^°; and during the 
morning it grows colder at the rate of 4° an hour. Required 
the temperatures at 9 a.m., at 10 a.u., and at noon. 

12. Poritive and Re^tiTe Numbers. 

If the positive and negative states of any concrete mag- 
nitude be expressed mitkout reference to the unit, the results 
are called positive and negative numbers, respectively. 

Thus, in + $ 5 and — $ 3, + 5 is a positive number, and 
— 3 is a negative number. 

For this reason the sign + is called the positive sign, and 
the sign — the negative sign. 

If no sign ia expressed, the number is understood to be 
positive; thus, 5 is the same as + 5. 

The negative sign can never be omitted before a negative 
number. 

13. The Absolute Value of a number is the number taken 
independently of the sign affecting it. 

Thus, the absolute value of — 3 is 3. 
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POSITIVE AND NEGATIVE NtJMBEES. H 

ADDITION OF POSITIVE AND NEOATIVJE NUUBBBS. 

14. The result of AdditioQ is called tlie Sum. 

We shall retain for Addition in Algebra its arithmetical 
meaning, so lojig as t?ie numbers to be added are positive. 

We may then attach any meaning we please to addition 
involving other farms of number, provided the new meaning 
is not inconsistent with principles which have been pre- 
viously established. 

15. If a man gains 9 ^r and then loses $ 3, he will be 
worth $2. 

If he owes $ 5, and then giuns $ 3, he will be in debt 
to the amount of $2. 

If he owes $ 5, ajid then incurs a debt of $ 3, he will 
be in debt to the amount of $8- 

Now with the notation of § 10, losing $ 3, or incurring 
a debt of $3, may be regarded as adding — $3 to his 
property. 

Whence, the sum of +$5 and —$3 is +$2; 
the sum of -S5and+$3i8-$2; 
and the sum of ~ $ 5 and — $ 3 is — $ 8. 

Or, omittiug reference to the unit, 

(+6) + (-3) = +2; 
(_6) + (+3) = -2j 
(_5) + (-3)=-8. 

We then have the following rules : 

To add a positive and a negative number, subtract the less 
■'"absidtUe vaiue (§ 13} J^om the greater, andprefie to the reaidt 
the sign of the number having the greater absolute valu^. 

To add two negative numbers, add their absohUe values, and 
. jw^;tB a negative sign to the result. 



12 ALGEBRA. 

16. 1. Find the sum of + 10 and — a 

Subtractinf S (rom 10, the result la 7. 
Whence, (+ 10)+<- 8)= + 7, Am. 

2. Find the sum of - 12 and + 6. 
Subtracting 9 from 12, tbe result is 6. 
Whence, (- 12) + (+e)= -6, Am. 

3. Add-9and-6. 
The sum of and 5 is 14. 

Whence, (_9) + (-5)= - 14, Am. 

EXAMPLES. 
Find the raluee of the following: 

4. (_7) + (-5). 10- (-61) + (+28). 

5. (+9) + (-4). 11. (-j) + (+i) 

6. (-8) + (+2). 



■ (-^(-f> 



r. (+6) + (-16). .3. (+14i) + (-,0,). 

8. (-11) + (-16). 14, (_i8^) + (4.i2J). 

9. (+63) + (-37). 16. (+2(Vt) + (-1S^). 

MULTIPLIOATION OP POSITIVB ASD NEGATIVE 

NUMBEBS. 

17. The terms Multiplicand, Multiplier, and Prodw^ have 

the same meaning in Algebra as in Arithmetic. 

We shall retain for Multiplication, in Algebra, its arith- 
metical meaning, so long as the miiUiplier is a positive 
number. 

That is, to multiply a number by a positive integer is to 
add the first number as many times as there are units in 
the second. 
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POSITIVE AND NEGATIVE NUMBERS. 18 

For example, to multiply — 4 by 3, we add — i three 
timea. 

That is, (-4) X (+3) = (- 4) + (- 4) +(- 4) = - 12. 

We may then attach any meaning we pleaae to multipli- 
cation by a negative number. 

18. In Arithmetic, the product of two numbers is the 
same in whatever order they are taken. 

Thus, 3x6 and 6 x 3 are each eqnal to 16. 

If we assume this law to hold universally, we have 
(+3)x(-4) = (-4)x(+3). 

Butlqr S 17, (-4) X (+3)*-12 = ~(3 x 4). 

■Whence, (+ 3) x (-4) = - (3 x 4). (§ 9, 4> 

We then have the following definition : 

To multiply a number by a negative number is to mulH^y 
it by the absolute value (§ 13) of tfix multiplier, and change 
the sign of the result 

Thus, to multiply + 4 by — 3, we multiply 4- 4 by +3, 
^ving + 12, and change the sign of the result. 

That is, (+ 4) X (- 3) = - 12. 

Again, to multiply — 4 by — 3, we multiply — 4 by 
+ 8, giving — 12 (§ 17), and change the sign of the result. 

Thatis, (-4) X (-S)= + 12. 

19. From §§ 17 and 18 we derive the following rule: 

To multiply one number by another, r^vltiply together their 
absoliUe values. 

Make the product pltts when the multiplicand and multiplier 
are of like sign, ami miaoi when they are of unlike sign. 
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1. Multiply + 8 by - 5. 

By the rule, (+ 8)x(-6) = -(8 x 6) = -40, At»M. 

2. Multiply _ 7 by - 9. 

Bytherale, {-7)x (- 9)= + (7 x 9)=+63, Am. 

EXAMPLES. 
Find the values of the following ; 

(+ 6) X (- 3). 10. <- 24) X (- 18). 



12. 



(-f)x(-i) 



(-10)x(+6). 

(_7)xC-6). 

(-12) X (+4). 

(-8)x(-8). ,3. (-ig^(+|)^ 

(- 16) X (+ 9). 14. (4. 9|) X (- 2}). ' 

(+ 11) X (- 16). 15. (- IH) x <- lA). 
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m. ADDITION AND SUBTBAOTION OP 

ALQEBRAIO EXPRESSIONS. 

DEFINITIONS. 

20. A Kooomiol, or Tens, is an expression (§ 8) whose 
parts are not separated by the signs + or — ; aaia^, —Sab, 
or 5. 

211^, —Sab, and + 5 are called the tenrta of the expression 
2a!»-3aft + 6. 

A Positive Term is one preceded by a + sign ; as +5a. 

If no sign is expressed, the term is understood to be posi- 
tive. 

A IC^atlve Term is one preceded by a — sign ; as —Sab. 

The ~ sign can never be omitted before a negative term. 

2L If two or mora numbers are multiplied together, each 
of them, or the product of any number of them, ia called a 
Factor of the product. 

Thus, a,b,c, ab, oc, and 6c are factors of the product o6c 

22. Any factor of a product is called the Ooeffloient of 

the product of the remaining factors. 

Thus, in 2ab, 2 is the coef&cient of o^, 2a of b, a of 2b, etc 

23. If one factor of a product is expressed in numeraHs, 
and the other in letters, the former is called the numerical 
coefficient of the latter. 

Thus, in 2 a&, 2 is the numerical coefficient of ab. 
If no numerical coefficient is expressed, the eoef&cient 1 
is understood; thus, a is the same as la. 
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16 ALGBBRA. 

24. By919,(-3)xo = -(3xo) = -3(». 

That is, — 3 a is the product of — 3 and a. 

Then, — 3 is the numericai coefficient of a in — 3 a. 

Thns, in a negative term, the numerical coefficient includes 

the sign. 

2& Simil&r or Like Ternu are those w'lich do not differ 
at all, or else differ only in their numerical coefficients ; as 

Diisimilar or Vnlike Ternu are those which are not eimi- 
lar J as Sa?^ and 3a:y'. 

ADDITION OF MONOMIAU. 

26. The sum of a and 6 is a + 6 (S 3) ; and the sum of a 
and — i» is expressed a + (— b). 

27. BequLred the sum of a and — b. 

By § 10, if a man incurs a debt of $ 4, we may regard 
the transaction either as adding — $ 4 to his property, or aa 
subtracting $ 4 from it. 

That is, adding a negative number is equivalent to subtract- 
ing a positive number of the same absolute vaiue (S 13). 

Thus, the sum of a and — 6 is obtained by Bubtracting 
b from a. 

Or, a + (-b) = a-b. 

2a It follows from §§ 26 and 27 that the addition of 
monomiais is effected by uniting them with iheir re^>ective 
signs. 

Thus, the sum of a, —b,c,—d, and — e is 

a — b-i-c — d — e. 

It is immaterial in what order the terms are united, pro- 
vided each has its proper sign. 
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ADDITION. 17 

Henee, the above result ma; also be expressed 
c + a — e — d— ft, 
— d — b + c — e + a, etc 

29. If the same number be both added to, and sub 
tnuited ftom aaother, the value of the latter will not be 
changed (§9). 

That is, a + ft - 6 = a. 

Hence, terms of equal absolute value, but opposite s^n, 
in an expression, neutralize each other, or cancel. 

30. To multiply 4 by 6 + 3, we multiply i by 6, and then 
4 by 3, and add the second result to the first. 

In like manner, to multiply aiyy b + c,vie multiply a by 
b, and then a by c, and add the second result to the first. 

That is, o(6 + c) = ad + ac 

3L Addition of Similar Terms (§ 2S). 

I. Find the sum of 6 a and 3 a. 

Webave, 6a + 3a=(& + 3)a (JSO) 

= 8 a, Am. 



2. Find the sum of - 5o and - 3a. 




W.h.™, (-6«) + c-8o)=(-6)xa + (-8)xa 


«!») 


=K-5)+(-3)]xa 


CSSO) 


=(-8)xa 


(516) 


= -9a,AM. 


«!») 


8. Find tlie Bum of 5a and -3a. 




a.im, 6a + (-3)o = [6+(-S)]xa 


(ISO) 


= 2 a, Ant. 


(lis) 
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18 ALGEBRA. 

4. Find the sum of — 6 a sjid 3 a. 

We bave, (- &)a ■(■ 3a =[(- 6}+ 8] x a (f SO] 

= C-2)xo (516) 

Therefore, to add two similar terms, find the gum of their 
numerical coefficients (§g 15, 24), and affix to the remiit the 
common liters. 

EXAMPLES. 
Add the following : 

5. 5a and —12a. 9. —be and &bc 

6. — Tm and —8m. 10. m/z and —Qxyx. 

7. 15* and -Hat. 11. -18mV and -27m«a». 

8. —10 a* and 4 a'. 12. 36o'6o* and -190^0". 

13. Kequired the sum of 2a, —a, 3a, —12a, and 6a. 

Since tbe order of the terms ia immaterial (J 26), we may add ttae 
positive terms first, and then the negative terms, and finally combine 
these tno results. 

The sum of 2 o, 3 a, and 6 a is 11 a. 

The sum of - a and - 12 a is - 13a. 

Then Hie required sum is 11 a + (-18 a), or -So, Jm. 

Add the following : 

14. 9a, — 7a, andSa. 16. 13a;, —a^ —10 a^ and 5 x. 

16. 12 abc,aiK, —6 (Ac, and —17 abe. 

17. 16 m'; — 11 m* — 4 m', m* and 14 m\ 

18. 213^, -16xy. -aV,3aY,and -19aY. 

If the teims are not all similar, we may combine the 
similar terms, and unite the others with their respective 
signs (S 28). 
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ADDITION. 19 

19. Required the Bum of 12a, —6x, — Sy*, —5a, 80^ 
and —3x. 

The stun of 12 a and —6a is 7 a. 

The sum of -6x, 8x, and -3ziB0(S29}. 

Then the reqnired sum is 7 a — By', Am. 

Add the following : 

20. 8<a, -7cd, -SdbfSudSod. 

ai. 6x, -10z,2y,iz, ~9y,aad-se. 

22. 12m', -2m, -8n,6, -3n, -7m»,andll». 

23. 10a, — 6d, — 5c, 126, — OjC, — 3c,and — 9o. 

84. Tat, -4y, -3z,9y, —2x, — 8ai, -5z, 6y, and -z. 

DEFINTnONS. 

32. A Polynomial is an algebraic expression consisting of 
more than one term ; asa+6, or2a:!' — Siey — 5y*. 

A. Binomial is a polynomial of two terms ; a&a-^b. 
A Trinomial is a polynomial of three terms. 

33. A polynomial is said to be arranged according to the 
deBcending powers of any letter, when the term containing 
the highest power of that letter is placed first, that havii^ 
the next lower immediately after, and so on. Thus, 

!r* + 3afy-22Y + 3irj/»-4y 
is arranged according to the descending powers of x. 

Hote. The Unn — 4 y*, which does not involve x at all, is TBgorded 
aa containing the lowest power of x in the above ezprefiajon. 

A polynomial is said to be arranged according to the 
ascending powers of any letter, when the term containing 
the lowest power of that letter is placed first, that having 
the next higher immediately after, and so on. Thus, 

ic* + 3a:> - 2ary + 3 a!/ - 4y* 
is arranged according to the ascending powers of y. 
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ADDITION OP POLYNOBIIALa 

34. A polyDOmial may be regarded as tlie sum of its 
. separate monomial terms (g 28). 

Thus, 2a-36 + 4cisthe sum of 2a, -36, and 4c. 
Hence, the addition of polynomials may be effected by uniting 
their terms with their respective signs. 

1. Required the sum of 6a — 7j?,3^ — 2a + Sy', and 
2j?~a-mn. 

It is convenient in practice to set tbe eipresaions dovm one tinder- 
Death the other, similar terms being in the same vertical column. 

We then add ihe terms in each column, and unite the results with 
their respective signs. Thus, 







iB 




3a-2i' + 3v»-ni 


n, Am. 


EXAMPLES. 
Add the following : 




2. 


3. 


4. 


7a-5b 

-9a+2b 

3a- b 


- 8m*+ 6n» 
12 Ml*- 16 n» 

- 6m' + 14n» 


-19oJ- led 
BtA-ncd 
5ab + 13cd 



5. 4a — 66 + Sc and 5o + 26-9c 

6. m* + 2mn + n', m' — 2mn + n*, and 2m,* — 2n*. 

7. 3a!-8y, 7y — 62, and ^z — 2x. 

8. 2a' - Bab -b*, 7 a*+ Sab - 9V, ani -4a"-6a6 + 8W 

9. ix-3<^-ll + Ba^, 12!iF-7-&3f-15x, 

and 14 + 6a^ + 10a;-93:^. 
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Note. It isconTenlent to axiaago the HiateTpititalon la deieending 
powers of z (g 38), eis follows : 

&3?-3x' + ix-n; 

aud then write the other eipresaiDne underneath the first, BimMat 
terms being In the same Tertical column. 

10. 2a-3fe-5c, 8b + 6c + 7d, ~4a-3c + 2d, 

and 7a — b — 9d. 

11. 3?-S<iff-2;^, 3ir^-6y»-4(ry*, 63!y'-6y»-7a!^, 

and 8i/' + 7a!»-9irV. 

12. 6a- 86 -2c, 12c + 9d-7a, 116 -10c -5d, 

and — 36 — 4d-|-a. 

13. 16o'-2-9a'-3a, 13a-6a'-6-7< 

8 + 4o-8o'-7a', and 16a' + 3o»-10a-2 
14 9a»-136'-18c», 15c= + 126=-8(P, 

19»P-14o'+3c', and -26'-16d' + llo'. 

15. 12a»-a!» + 4aa?-5o^, 18a?-2a'2i-3o'-13aji', 

and 6(M!'-8(^aT-7a!» + 9a». 

16. 13a^+3-4a! + 83!', -%x+5 + lGi>? -\-a?, 

~15-6iK»-7a!' + lla;, 

and - lOa!" - 12a; + U:^ - 17. 

SUBTRACTION. 

35. Snbtraotion, in Algebra, is the process of finding one 
of two Qumbers, when theii sum and the other number are 
given. 

The Minuend is the sum of the numbers. 

The Subtrahend is the given number. 

The Semainder is the required number. 



36. The remainder when b is subtracted from a is ex- 
pressed a — 6 (§ 3) ; and the remainder when — & is sub- 
tracted from a is expressed o — (— b). 

37. Let it be required to subtract — b from a. 

By g 35, the smn of the remainder and the subtrahend 
is equal to the minuend. 

Therefore, the required remainder must be such an ex- 
pression that, when it is added to — &, the result shall 
equal a. 

Now if a + & be added to — ft, the result is a. 

Hence, the required remainder is a + 6. 

That is, a-(-b) = a + b. 

38. From SS 36 and 37, we have the following rule: 

To subtract one number jrom another, change the sign of 
the subtrahend, and add the resvit to the minuend. 

SUBTRACTION OF MONOMIALS. 

39. 1. Subttaet 5 a f rom 2 a. 

It 1b convenient to place tbe subtrahend under the minaend. 
We then change the sign of tbe subtrahend, giviug —6 a, and add 
the result to the minnend. Thus, 



3. Subtract — 6o from — 2a. 

Tbe student should perform metUallii the operation of changing ilk« 
sign of the subtrahend ; thus, in Ex. .2, we mentatlf change — 5 a to 
6 a, and then add 6 a to ~ 2 a. 
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SUBTRACTION. 28 

EXAMPLES. 
Subtract the following : 

3. 7 from 4. 6. -9 from -26. 9. -6 from 16. 

4. 4 from - 11. 7. 18 from 6. 10. 12 from -17. 

5. -15 from -9. 8. -26 from -18. 11. -14 from 13. 
12. 13. 14. 16. 16. 

15a -12a!» -7a6 14m»n 27 an^ 

6« -Site* 17 oft — 8w'n 34jyi! 

17. — aiy from xy. 21. — 46(Ke*from — 19a«*. 

18. - 16 <^ from -44 a'. 22. 31 oV f rom 8 a'6'. 

19. 31 m"n' from 39 mV. 23. From 8 a take -126. 

20. 19 a6c from — 6a6c. 24. From — 3 m? take 4 w*. 

25. From — 23 a take tlie sum of 19 a and —5a. 

Note. A conTenieit way of performing examples like the above 
Is to write the gifen eipTeHHions in a, vertical column, change the giffn 
of tOfih expreition which is to be tvbtraeted, EUid then add the results. 

26- From the sum of —l&xt/ aud 11 xy, take the sum 
of — 29 a^ and 17 xy. 

27. From the sum of 26 a* aad — 7 a\ take the sum of 
— 16 a' and 48 a'. 

28. From the sum of 33 n'* and — 16n'a!, take the sum 
of 49n*i!, -27n^ and -39n»a;. 

auBTBAcrnoN op polynomials. 

40. A polynomial may be regarded as the sum of its sep- 
arate monomial terms (§ 28) ; hence, 

To subtract one polynomial from another, change the sign 
of each term of the subtrahend, a7id add the result to the 
minuend. 
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1. Subtract 7a6'-9a'6 + 8y from 5 o" - 2 a'6 + 4 06*. 

It Is eoDTenient to place the subtrahend under the minuend bo that 
(dmilar terns shall be in the same Tertical colnmn. 

We then mentally change the sign of each term of the aubtnhend. 
and add the result to the minuend. Thus, 



So" + 7 a'6 - 3a6' - 86«, Jm. 

EXAMPLES. 
Subtract the following : 
2. 12a'-9o-7 3. 2ab+ 5bc-3ca 

8a'-6a + 13 -ab + llbc-ica 

4. From as* — 2 iry + y" subtract a? + 2xg + j^. 

5. From 5a-36 + 4c subtract Sa + 3b — ic 

6. From 43!'-9a^+lla!-18 take 3ic»-8a!»+17a:-35. 
T. From 8aj — 3y — 4z take —z + llx — 6y. 

8. Take 7b-9c-2d from 6a-5b + 12c 

9. Take 12a' + 4a-9 from 3a' + 8a'-6. 

10. Subtract x'-7-2a!-6a^ from 5!i?-12 + 9a!'~2x. 

(See Note to Ex, 9, page 21.) 

11. Subtract l + a?-a-a' from Sa-Sa' + l-a". 

12. Take 81!>' + 4a'-36a6 from -30a*+9a»+256'. 

13. From 10 a;"- 21*' -11 a; take -16a:*-20a; + 12. 

14. From 17 a" - 12 oS* + 5 ft" take Sa" - 3 a*b + 13 If. 

15. Take -a*+3o^-3ay+j/' from 3^-23^-23!!^+/. 
18. Take 6c-5d-9b-ia from -106-2c+3o-9d. 
17. Subtract 4- 3x- 3!» + 8 se" + 103:* 

from 9 - 7a; + ear" -123^ + 5a!*. 
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SUBTRACTION. 26 

18. Subtract 2a!»-a!y + 8y»-9i:-14y 

from 3ii*-6!i!y + 2ff*-2a! + 79. 

19. From 7a-llffl'-8 + 6a^ 

subtract 16 o' - 9 + 2 a" + 15 a - lOo^. 

subtract Sa^ -7a?y' — 6a^ + llxs*-^. 

21. From o'+Soft + ft" subtract the sum of — a' + 2o6-6' 

and-2a' + 26» 
Not«. Write the expressioiiB one anderaeath the ot^r, Bimilar 
terms being in the same Tertical colnnm, change the signs ot the terms 
of each ezpresBlon which is to be subtracted, and add the reaulls. 

22. From the sum of 3a'+2a6-&' and 5a'-8a6-h66*, 

take 6a'-5o6 + 66'. 

23. Subtract the sum of Qa^ — Sx + a? and 5-s^ + x 

from 6ir»— 7!B — 4. 

24. Subtract tJie sum of x + y — 8s and —ix + 9y from 

the sum of 9x — 2y — z and — 5a; + 6y — 7*. 

25. Take the sum of 6 — ia? — x and Bx — 1 —2a!* from 

the sum of 2a? + 7~ix-5i^ 
and 33?-6a? — 2 + 8x. 

26. Fromthesumof 2a-3& + 4d and26 + 4c-3d,take 

the sum of -4a-4& + 3c-2d and 3a-2c. 

27. From the sum of 9a? — a' — 5 and Bc^ — a + 1, take 

the sum of — 8a*+13a + 3 and 5(^+2a*~6a. 
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IV. PABENTHESE& 
REMOVAL OP PABUNTHBSES. 

43. The expressions a — b + (c — (J) 
and a — 6 — (c — d) 

indicate that the expresBion c — d is to be respectively 
added to, and subtracted from, a — b. 

If the operations be performed, we have by S§ 34 and 40, 
a-~b + (c-a)=^a-b + c-d, 
and a — b — (c — d) = a — b — c + d. 

In the first case, the signs of the tenns within the paren- 
thesis are not changed when the parenthesis is remored; 
while in the second case, the 6^ of each term within is 
changed, from + to — , or from — to +. 

We then have the following rules; 

A parejUkesis preceded bya + sign may be removed without 
changing the signs of the terms enclosed 

A parenthesis preceded by a — sign may be removed if (fee 
sign of each term endosed be changed, from, + to — , w from 
— (o +. 

U. The above roles apply equally to the removal of the 
bra(Aets, braces, or vinculum (S 7). 

It should be noticed in the case of the latter that the 
sign apparently prefixed to the first term underneath is 
in reality prefixed to the vinculum ; thus, +a—b means 
the same as + (a — b), and —a — h the same as — (a — 6). 

43. 1. Bemove the parentheses from 

2a - 36 - (5a - 46) + (4 %-b). 

By the mles of g 41, the expression becomes 

»a-Sb-l>a + ib+4a-l> = a,AMS. 
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PABBNTHESES. 27 

Parentheses are often found enclosing others; in this 
case they may be removed in succession by the rules of 
§ 41 ; and it is better to lemove first the innermo^ pair. 

2. Simplify 4a!-{3a! + (- 2a! -a: - a)|. 

Bemofing the Tinculom first, and the othen In succession, we have 

= 4a!-{3x-2a;-a! + a} 

mix-Sx -i-2x + x-a = 4z-a. Ana. 

EXAMPLES. 
Simplify the following expressions by removii^ the 
parentheses, etc., and uniting similar terms: 

3. 8a+C6B-a)-C-76 + 2a). 

4. 4TO-[2m + 9B]— i — 6m — 6»|. 
6. x + y-z + y-z — x — K-x + y. 

6. a*-4y-(2o*-fc*)-}-6a* + 2a6-36»(. 



7. m' — 3 mn + 5 m' — mn — 6 »' — [8 m' — 4 mn — 7 n*]. 

8. 4a!-(5a!-t3a!-l]). 

9. a - (ft — + d + 8). 

10. 5 ab ~ [(3 ab ~ 10) -(-iab- 7)1 

11. 7i^+(-3!B» + 2ii!-fi)-(4a»-6a!-2). 

12. «-(6m-7»)-J-3m + 4»-(2m-3n)(. 

13. 17 -[46 -(9 -23 -32)} 

14. 3a-(6o~J-7o + [9a-4]J). 

15. a!-[2a!-(-a! + l) + 3]-j6a!-[-(a!-3)-a!]t. 

16. x-(^ + e-[x-{-x^y) + zJ)+lz-2x-yl. 

17. 2n~[3n~\in-^r^i-(-5n-9)y 

18. 28-j-16-(-4+[66-31 + 47])i. 
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28 ALGEBBA. 

19. a-(2a-[3a-!4o-6a-llJ. 

20. c-[2c-(6a-6)-Jc-5a+26-(-5a+6a-36)n 
81. «- [j- 1»- »-«-} + »! + (2*- 1 -» + !(|)]. 
as. 5i-[2x-(-»-i2a!-J^j-3«)-3«]. 

83. „_l_._[_„_(_a-!-<»-J^!)]l. 

INTRODncnON OP PARENTHESES. 

44. To enclose any number of terms in a parentbeBiB, ve 
take the converse of the rules of § 11 : 

Any number of terms may be enclosed in a parenthesis 
preceded by a + swpi, without changing their signs. 

Any nwtaher of terms may be enclosed in a parenthesis pre- 
ceded by a — sign, if the sign of each term be changed, from 
+ to —, or from — to +. 

1. Enclose the last three terms of a — 6 + c — d + e in 
a parenthesis preceded by a — sign. 

lUflolt, ffl - 6 -(- c + d - «). 

EXAMPLES. 
In each of the following expressions, enclose the last 
three terms in a parenthesis preceded by a — sign: 

2. a + ft-c-d. 6. a!» + / + 2*-3a!yz. 

3. a!»-6a?-8a! + 7. 7. o-ft-c + d+e. 

4. m* + m*» + mn* + n». 8. a* + 6<^ + o'- 9o +2. 
fi. a* — 6' + 2 6c — c". 9. le* — m' — 2 win — n'. 

10. In ea«h of the above results, enclose the last two 
terms in parenthesis in brackets preceded by a — sign. 
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MULTIPUCATION. 



V. MULTIPLICATION. 

45. The Law of Signs. 

If a and b are any two numbers, we have by § 19, 
{+a)x(+b) = + ab, (+a)x(~6) = -a&, 

(_a)x(+6): 06, (_a)x(-6) = + aft. 

From these lesolts, we may state the Bide of Signa in 
Multiplicatioa as follows : 

+ mvitiplied by +, and — mvitipHed by ~, produce + ; 

+ mvUiplied by —, and — multiplied by +, produce —. 

Or, as it is usually expiessed with te^rd to the product 
of two terms, 

lake aigtiS produce +, and unlike aiffns produce — . 

46l The Index Law. 

Let it be required to multiply a' by a*. 
By § 6, a' = axaxa, 

and a' = a X a. 

Whence, o'xo' = oxoxoxaxa = a'. 

Therefore, the erponeni of a letter in the product is equcU 
to its exponent in the multipUcand plus its eirponent tn the 
multiplier. 

Oi in general, if m and n are any two positive integers, 

arxa' = i:r^'. 

A similar result holds for the product of three or more 
powers of a. 
Thus, a» X o* X a' = (^"■' = o". 
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80 ALGEBRA. 

MULTIPUCATION OF MONOMIAlfl, 

47. Let it be required to multiply 7a by — 2 b. 
Weliave, ~2ft = (-2)x&. (§46) 
Whence, 7a x C-26)=i7o x (-2) x 6. 

Tlien since the order of the factors is immaterial (3 18), 
7ax(-2fc) = 7x(-2)xax& 

= -14 a*. (§19) 

48, From §§ 45, 46, and 47, we derive the following rule 
for the multiplication of two monomials : 

To Ihe prodiKt of the absolute vaiueg of the numeTical coeffl- 
cients, annex the letters; giving to each an ea^xmeJU equal to Us 
exponent in the multiplicand plus its exponent in the mvMiplier. 

Make the product + when the multiplicand and multiplieT 
are of like sign, and — when they are of unlike sign. 

1. Multiply 20" by 9a*. 

By the rule, 2a6 x 9a* = 2 x 9 x <i»*4- i8a», ^n* 

2. Multiply a»6'c by -6 a'&d 

Webave, a«6«c x (- 5a»6d) = - SaWed, ^ns. 

3. Multiply —7 aT by 4 a!'. 

WehaTe, (-73?')x *a«=-28x-+', An*. 

4. Multiply - 3 a^ by — 8 a?-. 

We have, {- Sa?-) x (- 8a;-) = 24a?^ = 24x»', Ant. 

EXAMPLES. 

Multiply the following : 

5. 7a' by 3a'. 7. Sxyz by — llaiya. 

6. -14aAby2cd. 8. -15a*6 by -4a6' 
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MULTIPLICATION. 31 

9. — 9TO'n'by7m'n». 13. — (TftV by — a6*c*. 

10. -6aVbj -bV. It -SaTj- bj 12«-3C. 

11. 8aW by -SyV. 15. lOaWc" by So'Ai". 

12. 12 (."ic by 6 Sap. 16. 16a*y" by -8xV- 

49. We have by § 46, 

(-o)>i(-6)x(-c)=C<.6)x(-e)--aJ<!; (1) 
(_a)x(-»)xC-c)x(-d)-(-«Jo)xC-d), by (1), , 
=3 a&cd; etc. 

That is, the product of three negative terms is negative ; 
the product of four negative terms is positive ; and so on. 

Hence, the product of any number of terms is positive or 
negative according ae t?ie nwmber of negative tervie is even or 
odd. 

1. Required the product of — 2oV, 6 fie*, and — 7 c*d. 

Since there are two negative terms, the product is potitive. , 

Whence, (-2a'6»)x (66c')x(- 70^) = 84ai'6*e'd, .diM. 

EXAMPLES. 
Multiply the following : 

2. So", 5a*, and -60*. 

3. _4a;*, -9y*, and 2z». 

4. a^, y-V, and aiV. 

6. -12a'6*, -frV, and - Sc'a*. 

6. a*, 3a, 5a% and — 7a', 

7. -Za'b'c, 2cc'ba>, -2aoW, and 2&'cU 

8. 23y, -Syz*, -4zW, and -S^V^*- 

9. — rf^, — d*'y, — o?^, and — b'x. 

10. 606*, -io'c', ~a'(P, GVc, and -3c*(?. 
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MUI/PIPUCATION OP POLYNOMIALS BY MONOMIAI^. 

50. In § 30, we showed that the product ot a +b and c 
was ac + 6c. 

We then have the following rule for the product of a 
polynomial by a monomial : 

Multiply each term of the polynomial by the monomial, and 
unite the remUx with their proper signs. 

1. Multiply -8 1" by 2 «■- 5 a: + 7. 

Multiplying Mch term of Sx" — 6z + 7 by — 8i», we have 
{23? - tx + 1)xi- Ssfi) = - litfi -i- aOx* - BB3f, An». 

EXAMPLES. 
Multiply the following : 

2. 4a — 9 by 5a. 7. mV by m*-2mn + n*. 

3. SaiV-SiBj/* by -3a!y*. B. & cfb' - 9 ai^ hy -6 afl^.. 

4. a' ~ ai + b' hj ab. 9. 6ir'-6a!'-7ie*by -8ie*. 

5. 3ai» + 3! - 8 by - S*". (See note to Ei. 9, p. 21.) 

6. -70^ 1^ 2a»-6o'-7. 10. -46'-a»+6a6by 4oV. 

11. -!^hy a?-3^ + 3x!/'-^. 

12. 6a» + 9-8o*-4o-a*by 7a*. 

13. — 2mi.n by 3m' — Gm^ — 7mn' + 2n'. 

MULTIPUCATION OP POLTNOMIALS BY POLYMOMIALS. 

51. Let it be required to multiply a + 6 by c + d. 

A8 in § 30, we multiply a+b by c, and then a + 6 by d, 
and add the second result to the first. 
That is, (a + b){c + d)={a + b)c +{a+ b)d 
= ac + bc + ad + bd. 
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MULTIPUCATION. 33 

We tlien have the following rule : 

Midtipty the multiplicand by each term of the mulHfUer, 
and add the partial products. 

52. 1. Multiply Sa-ib hy 2a-5b. 
In accordance witb tbe rule, ire mulUpl; Sa — 4b by 2 a, aud 
then by — 6 6, and add the partial products. 

A convenieut airangemeDt of the work is shown below, aimllar 
terms being in the same vertical column. 

8a -46 



6a>-23a« + 206<, J>u. 



Ifote. Tbe work may be verified by performing the example with 
the mnltipUcaud and multiplier interchanged. 

2. Multiply 4aa!* + a»-83!'-2a'a! by 2a; + a. 

It Is convenient to arrange the moltiplioand and multiplier In the 
same order of powers of some common letter ($ 33), and write the 
partial prodncts in tbe same order. 

Arrouginrr the expressions according to the descending powers ol 

o» - 2 0*1! + 4 <w* -8a^ 



EXAMPLES. 
Multiply the f ollowii^ : 

3. 2o + 5by3a + 7. 6. -7a6 + 2 by -4aft-6. 

4, 5a — 8 by 6a — 1. 7. s^ — xy + j^ hj x + y. 

6. -ix~6ybj8x + 3y. 8. 2a* + 7a-9 by 6o-l. 
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ALGEBRA. 

9. 3i,^_a! + 4 by 4iE-3, 

10. -8n + 6»»-3 by 2 + n. 

U. 30-26 by 9a' + 6a6+46». 

12. o— 6 + obya — & + C. 

13. 6m»-6m»-8n* by 2m* + 3m*n. 

14. a!' + 3ai»-7a)-6 by 3aj-4. 

15. Mi' + mn + n' by m' — win + n'. 

16. 8rf'-4o' + 2o-l by 2a + l. 

17. 9af-5 + 6xby Sx + i+la^. 

18. 6n-8 + 4w' l^-4 + 2n'-3n. 

19. 3(^-6a&-86' by 4a*-9a6-76*. 
80. 2x + ez-iy by 2y-82 + a!. 

21. 4a + 66 + 10c by 2a-36 + 6c. 

22. a*-2o' + a-2 by o' + 2o + 3. 

23. 3^ + 2a? + ix' + 6x + Wbs x-2. 

24. m* + n' + mn' + mhi by m*» — mn*. 

25. -5ar' + 9 + 2a!"-4a;by 6a!'-l + 6a 

26. ia^-Safy^-' by 2a^-y**-3aV. 

27. 3m'-6m* + 4m-l by 2m'-m-3. 

28. 16a*-24<:^ + 36a'-54a + 81 by 2a + a 

29. <^-3o% + 3a6»-6» l^ a'-2aft4-&*. 

30. 3!"-23!'-3!-l by a!' + 2aJ'-a; + l. 

31. o'-6a' + 12a-8 by o' + 6a' + 12a + 8. 

32. m* — 6mn~7n* hy m' — 2i>fyt — 5mn* + in\ 

33. a!'-3 + 2as'-!B by 3-a;+a!»-2iB». 

34. a' + 6' + c* + a6 — 6c + cabya — 6 — c. 

35. 63!*-4a!^-3V + 2/ by 2ar' + a!y--2y*. 
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MULTIPUCATION. 86 

Find the product of the following : 

36. x — 2,x — Z, and x — i. 

8T. a + 6, 2o-3, and 4o-l. 

88. x~y,a? -\-x3 + y", and irf + ji* 

39. 3n-8, 4n+7, and 5»-6. 

40. a — a^ a + a!, o' + a;*, and a* + ur*. 

41. m-4n, 2m + 3n, and 2m'4-6mn--12n» 

42. a + 1, a - 1, a* + a + 1, and a* - a + 1. 

43. a!* + a; + l, a!»-a! + l, and it?-3?+l. 

44. a + 6, 0-6, 2o-36, and 2o + 36. 

45. fl> + 3, 2a! + l, 2ai-l, aiid4ic*-12a:*+3!-3. 

S3. 1. Simpltfy (a-2a!)'-2(a! + 3a)(a-a;). 

To simplify the expression, we should fiist mnltipl; a — 2z by 
itaelf (§ 6) ; we should then find the product of 2, a: + S a, and a — x, 
and subtract the second reault from the first. 



Snbtractlng the second tesnlt from the fiist, we have 

ii»-4(K + 4!t'-6a' + 4(K + 2a?=-6a» + aa^, Aiu. 

EXAMPLES. 
Simplify the following : 

2. (3a!-8)(a;+6) + (2a!-7)(4a! + 9). 
8. (2o + 6)(3a-7)-(2o-6)(3a + 7). 
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4. (<.-m)(l. + n) + (o + m)(S-n). 

5- («-y + z)'— (3! + !/-»)'- 

6. (o — ft — c + d)'. 

7. (2« + 3)'(2«-3)". 

8. (« + i)(a'-ft^-(a-ft)(a' + ft^. 

9. (3«-6!,)'-5(i-!,)(«-6y). 

10. (o + a!)(o'+a^[o"-x(a-x)]. 

11. (a - ft) (a» + o'ft + oft* + ft») [(a' + ft^' - 2o*ft^. 

12. C« + l)(« + 2)(!. + 3)-(»-l)(!.-2)(a,_3). 

13. («-s)(y-,)-(i-,)0-,)-(a,_y)(,-s). 
It (a + 6 + <;)'-(a + ft)'-<!(2a + 2ft + c). 

15. (ii + l)(2o + 6)(4(»-3) + (a-l)(2a-B)(4«> + 3). 

16. (rt + y-»)' + (j + »-ic)' + (» + j!-y)". 

17. 2Ca + 2«)(o-2a!)[Ca + 2a!)'+(a-2>!)"]. 

18. (a + 6+c)"-(a + ft-c)'-(a-ft + <!)'+(o-ft-«)>. 

19. [(m + n)' + (m - »)■] [(2 m + >.)•- (m - 2 »)T. 
iW. (a + 6-c)(ft + c-a)(<j + a-6). 

21. (a + ft)'-(i._6)'. 

22. (j! + !r + >)'-3(«' + 9' + s^(it + !(+»). 
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VI. DIViaiON. 

54. Sivisioii, in Algebra, is the process of finding one of 
two numbers, when their product and the other number 
are given. 

The Dividend is the product of the numbers. 
The Divisor is the given number. 
The Quotient is the required numbet 

55. The Law of Signa. 

Since the dividend is the product of the divisor and qa<^ 
tient, the equations of § 45 may be written as follows : 

{+ab) + i+a)= + b, (_o6) + (+a) = -6, 

(- ab) + i~a) = + b, (+ a6) + (- o) = - 6. 

From these results, we may state the Rule of Signs in 
Division as follows : 

+ divided by +, and — divided by —, produce + ; 

+ divided by —, and — divided by +, produce — . 
Hence, in Division as in Multiplication, 
Like signs produce +, arid unlike signs produce — . 

56. The Index Law. 

Let it be required to divide a? by a-. 
The quotient must be a number which, when multiplied 
by the divisor, a% will produce the dividend, a". 
Kow if (^ be multiplied by a*, the product ia o*. 

Whence, ^=a". 

Hence, the component of a letter in the quotient is equal to 
it» exponent in the dividend minus its es^fOnettt in the divisor. 



DIVISION OF HONOHIAI^. 

57. Let it be required to divide — 14 a'b by 7 o*. 
We find a number which, when multiplied by 7 a*, will 
produce — 14 a*b. 
That number is evidently —2 b. 

Whence, ^M^ = _26. 

7a* 

5&. From §§ 66, 66, and 67, we derive the following rule 
for the division of two monomials : 

To the quotient of the abaolvte values of the numericai 

coefficients, annex the letters; giving to each an ea^ponent 
equal to its ea^xment in the dividend minus its ^cpcment in 
the divisor, and omitting any letter having the same exponent 
in the dividend and divisor. 

Make the quotient + tchen the dividend and divisor are oj 
like sign, and — wAen they are of unlike sign. 

1. Divide 64 o' by -9o*. 

Bytherule, ^^ = - 6a''-« = -6<^, Atu. 

2. Divide - 2 aVc^ by abd*. 



2a'6«cd«_ 



We have. 



3. Divide -Mas^yVby -ISaTyV. 



We have, ^il^5C^ = 
- 13 *^"i> 



EXAMPLES. 

Divide the following : 

4. 36 by -6. 6. -64 by -4. 

6. _44 by 11. 7. -84 by 7. 
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8. -144 by -8. 17. 40mV by 6m'n. 

9. 168 by -12. 18. -SBaVy' by -Scfy. 

10. 16 o' by 4o*. 19. -36a*^' by 12 o*^. 

11. ^18x^ by 2a^. 20. 81o'6V by 96V. 

12. 2mV by -mW. 21. eSieyz" by -13 V- 

13. -aWc*by -o'Vc 22. -a'ft' by - a'6'. 

14. -6a!'y" by 6aY- 23. 64a!*V by 9«V- 
16. -24a*6' by -8aV. 24. 98o%V by -Uo'fe'. 
16. 28a!V by -lah?. 25. -143ffl'»nVby llm'ny. 

DIVISION OF F0LTH0MIAL8 BT MONOMIALS. 

59i We have, a(ft + e) = o6 + oc. 

Since the dividend is the product of the divisor and quo- 
tient (§ 54), we may regard ai + oc aa the dividend, a a^ 
the divisor, and 6 + c as the quotient. 

Whence, "^ + °° = ft + c. 

a 

We then have the following rule ; 

Divide each term of the dividend bg the divisor, amd unite 
the remiUa with their proper siyns. 

1. Divide9a»6*-6o*c + 12a'6c»by -3a». 

-3a» 

EXAMPLES. 
IMvide the following : 

2. 16a? + 28a!'-24ir' by i^. 

3. 104m?i*-39m'n by -13mn. 

4. 6 a'^c* - IB a*6*c» + 30*6*0 by - 3 aV. 
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40 ALGEBBA. 

5. -63a!yi;'-84a!ys' by Ta^V- 

6. 20mV - 46mV - 35mV by - 6mV. 

7. -24a" + 108a» + 84a' by 12a«. 

8. 40a'6e — 24a6»c-32oi(^ by -8abc 

9. 72«"-9a^ + 54a!'-99a!* by -9a!*. 

10. -2x*y + 6a!V-6ii!y + 2ay by -2a^. 

11. 60a"-30a"+16a'»-45o*br 16o'. 

12. o^6"~3a'"6*' + 2<r6*' by a-6-. 

13. 48 o'6«c' + 36 o%V- 30 aVc» l^ 6a'6'c*. 

14. -SSai'yV + SSaiyV + eeaiVV 1:^ -lluyV. 

15. af+y^-'z* — a^ya* — ai-ya' by — afy**. 

DIVISION OF POLYNOMIALS BT POLYNOMIALS. 
ea Let it be required to divide 12 + 10 a;"- 11 a: -21 a;" 

by 2(r'-4-3a;. 

Arranging each expression according to the descending 
powers of x (§ 33), we ate to find an expression which, 
when multiplied by the divisor, 2 as* — 3 a! — 4, will produce 
the dividend, 10 a:> - 21 a:" - 11 a; + 12. 

It is evident that the term containing the highest power 
of ai in the product is the product of the terms containing 
the highest powers of x in the multiplicand and multiplier. 

Therefore, 10 a:* ia the product of 23:* and the term con- 
taining the highest power of x in the quotient 

Whence, the term containing the highest power of x in 
the quotient is 10 x* divided by 2 a:*, or 5 x. 

Multiplying the diviaor by 5x, we have the product 
10 ai* — 15 a!* — 20 a! ; which, when subtracted from the divi- 
dend, leaves the remainder — 6 a:* -f- 9 a; + 12. 

This remainder must be the product of the divisor by the 
rest of the quotient; therefore, to obtain the next term of 
the quotient, we regard — 6a:^-t-9a!-|-12a8 a new dividend- 



DIVISION. 41 

Dividing the term containing the highest pover of x, 
' —6a!*, by the term containing the highest power of a: in 
the divisor, 23?, we obtain — 3 as the second term of the 
quotient 

Multiplying the divisoi by —3, we have the product 
— 6a;* + 93! + 12; which, when subtracted from the second 
dividend, leaves no remainder. 

Hence, 6 x — 3 is the required quotient 

It is customary to arrange the work as follows : 

10ie'-21ai*-ll!C + 12| 2a!'-3a^-4, Divisor. 
lQic'-153:^-20a; | 5a!-3, Quotient 

- 6a^+ 9a! + 12 

- 6(b'+ 9x+12 

Note. Th« example might have been solved by arranging the 
dividend and dMsor according to tbe ateending powen of *. 

From the above example, we derive the following rule : 

Arrange the dividend ajui divisor in the same order of 
powers of some common letter. 

Divide the first term of the dividend by the first term, of the 
divisor, and wrife the resvU as the first term of the quotient. 

Multiply the whole divisor by the first term of the quotient, 
and subtract the produtd frora, the dividend. 

If there be a remainder, regard it ae a new dividend, and 
proceed ae before ; arranging the remainder in the same order 
of powers as the dividend and divisor. 

ex. 1. Divide9fi6* + a'-96»-6a'6by36' + a*-2oft. 

Arranging according to the descending poweis ol a, 
o'-5a'6 + 9a6i'-96» I a^-2a6 + 3 6' 
a'-2a'6 + 3a6* \a-3b, Ans.~' 

-3a»6 + 6a6* 

-3a'6 + 0a6'-9y 

Not* 1. In the above example, tlie last term of tbe second dlvl- 
dend is omitted, as it Is mereljr a repetition at the term dlnotly above. 



Note 2. The work may be verified bj maltiplying the quotient 

by the divisor, which ahoqld ot courae give the dividend, 

2. Divide8 + 183!*-66a^by -6a:* + 4 + 8x. 
Arranging accoiding to the asceading ponen ot x, 

-3x*, Ana. 



-16 a; 



EXAMPLES. 
Divide the following : 

3. 16a?-lla!-14 by 3a! + 2. 

4. 25m' + 40jiwH- 16 n' by 5m + 4n. 
8. 12ffl'-28a4-16 by 6a-5. 

6. 3?~6x'-19x + %ihj x-7. 

7. 8m» + 27n' by 2m + 3n. 

8. iB» - 64 y* by ai - iy. 

9. 8-16o + 6a' by 3o-2. 

10. 503^-18 by 3-6xy. 

11. 10a*6'-18a'6*-3a»6» by 2<^6-3a6». 

12. 2m.^— 8m°n + 18mn* by 2m' — Swim. 

13. 20 + 36a.*-49a by 12a' + 6-16a. 

14.. 2 a'6» - 3 aV - 7 a'b* + 4 a%' by <^b - o'&' - 4 oft". 

15. a' - 6* + 2 6c - c" by a + 6 - c 

16. 4y-16ic'y + 6V+6a:? by 3a^-j/»-2iEy. 

17. 39mn» + 30m' — 20n«-43m'n by 6m-6n. ' 
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18. 4o* - 9a' + 30a -26 by 2a' + 3o-6. 

19. ix + x' + Shy S + i>?-~2x. 

20. n*-16 by 2n' + 8+4n+n». 

21. 6m*-19m' + 22m + 6 by 3ot-& 

22. 3!' + y* + aV by j/' + as'-ay. 

23. l-16a*by l+2o'. 

24. 16a:*-81i/* by 2a!-3y. 

25. - 9m= - 16 + m* - 24m by 3m + ra* + 4, 

26. 9ii;*+4-13a? by 3a^~2 + ir. 

27. 2a*-a' + 8a-5 by 2a'-3a + 6. 

28. 133:'+7l3!-703;*-20+6a^ by 4+33:'-7ia 

29. 4 mV + n* + 16m* by 2mn' -f- 4m* + n*. 

30. a!' + 32 by3! + 2. 

31. 120a* + 26a"-llla'-14o + 24 by (3a + 2)(4a-3> 

32. (2m'-m-l)(3m' + m-2) by (2m + l)(3m-2). 

33. o' + 243 by 9a* + 81-3a'-27a + a'. 

34. 43r"'+V-163r+V+> + 12a!y""' by ai-+V-3ay-*. 

35. 6a»-6a6* by -36 + 3a. 

36. a' - a*6 - aft* + ft" by a' ~ 2 a& + 6". 

37. 8m*-14m'-18m + 21 by 4m' + 6m — 7. 

38. 16a*-96a» + 216o'-216a + 81 by(2a~3)'. 

39. 7x»-6(r*-28 + 81a^ + 33!-25ar* by 4-3ie'-5«. 

40. 2ir»-6!B»-ar*-9a^ + 3x-9 by 2a!'-iE + 3. 

41. 70a-50-a^-37a' by 6a-6~a*-2a^ 

42. 3^-81^ + 2433^-33;*!/ by 9a^' + x»+27y» + 3a!V- 

43. 14»*-23!C + 6ii^ + 6ar'-ll3r' + 6-12a!» 

by 5x-3ii^ + 2af-l. 
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44. 4a»-49a' + 76o*-16 by 2o' + 6(]^-6a-4. 

46. m''-6»ttV + 9mV-4M«by {m + n){m-n)(m + 2n). 

46. 8a'-10a6 + 18ac-36» + 86e-6c'by2a-36 + 6c. 

47. 3?'-f' + 2y*^ — x^hjaf — ^+ir. 

The operation of diviaion may be abridged in certain 
cases by the use of parentheses. 

48. Divide a;'+(a-ft+c)a?+(-o6-6c + co)a:-aAc 

by x+a. 
a^+Ca-6+e)a:»+(-a6-6c+ea)x-a*c I xfa 



+ aifi \ a!'+(-&+c)*-6(!. Ana. 



t-B+<i)at+(-a6 +ca)x 

—bcx~dbe 
Divide the following : 

49. 3^ + {—a + b — c)3^+(—ab — bc + ca)x + abc 

by 3?+(-a + b)x-ab. 

50. a? +(a + b + c)x? + (_ab + be + ca)x + abc hy x + c 

51. 3f+{3a-2b -cy+(~6ab + 2be-~3ac)x + 6abc 

by !i^+(3a — c)as — Sac. 

52. a(a + b)3? + (ab + i^ + bc)x — c(b + c) by aa! + (6 + c), 

53. m(m — n)!i? + (—mn + n* — np)x+p(n—p) 

by ma; — (n — p). 
64. a:» + (c[-6-c)a^ + (— oft + 6c-ca)a; + a6c 

by ie* — (6 + c) !B + 6c. 
55. !i?—{a + b + c)3?+(td> + bc + ca)x — at>c'byx~a. 

66. d'(6-c)d + a(-6' + c» + (P)-(6+c)d 

by ad — (b + c). 

67. o' + (m + n)a-2m' + llmn-12)i' by a-m + 4n. 
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EXAMPLES FOR REVIEW. . 

62. 1. Find the numerical value when a = i, b = 
c = - 3, and d = 5, of 

We have, (a + 6)* = (4 - 7)(4 - 7) = (- 3)C- 3)= 9, 



Then, (a + 6)*-£-=i5=9-C-4) = 9+4 = 13, Ant. 

c + d 

Find the numerical value of each of the following when 
a = 5, b = -i, c = -2, and ci = 3: 
2. (a-b)Q> + c)(c-d). 3. &>-c'+2cd-(P. 

4. (a + 36)(4c-d) + (a-c)(2ft + d). 
5. a' -3 a'* + 3 oft* -ft". 8. Sa'b-BVc + id^ 

- Sod 6 aft . . ... . „, 

- + 26 . a-5b ,„ 26o + 23d + 64c 
■ 4o + d 6c-d • lla + 246-7c' 



12. Add 9(a-&)-8(6-c), -3(6-c)-7(c-d), 

and 4 (c — d) — 5 (o — 6). 



»(a-»)- 


8t6-«) 


— 


i!(S_.)-7(e-J) 


- 6(o - » 


+ 4(e-d) 



4(0 - 6)- U((. - c)- 3(c - d). Ant. 

13. Add 4a'(o + a!)-6(&-y), - 3a'(a + a;)-2(ft-y), 

and ~7a*(a+x) + S{b-y).- 

14. Add 18(a;-y)'-ll(a. + y)*, _ 9(a;- !,)» + 7(a! + y)», 

and -~i{x — yy~5{x + y)'. 
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15. Subtract 5(a-b)-8(c+ d) from 2(a-6)-3Cc4-o> 

16. Multiply 3{x + y)-5hy 3(x + s) + 5. 

17. Multiply 7(o-6) + 4 by 9(o-6)-8. 

18. Divide 6(m+ n)' — (m + n)- 15 by 3(m + n)-5. 

19. Divide (x — yf + 1 by (a!-i/) + l. 

20. Add la + ^b-^c and J^a-Jft + ^c 

l°+ **>- i« . 

H^-iP + A""*"*- 

21. Add |a- j& + |c and ^a + |&~|c 

22. Add ^x-]fy-^z and -jai + fy-Jj;. 

23. From ta-ffc + $c take ^a-J6-|c. 

34. Subtract -A^s + 8 3/ + ia from -^x + ^y-^z. 

25. Multiply ^^ + ^3; + ^ by Ja-i. 

26. Multiply ia'-^ab +^l>' bj ia-{b. 
27.- Divide ^3T' + -r|j by fa! + f 

28. Divide 3o'-Ja'6+ffa&»-i6» by |a-|6. 

29. Multiply a^^'fi* - o'6»'+' by a*"' - b^''. 

30. Divide ie*"-* - x'y^*^ by ir* + J/*'+^ 

31. Divide «**' - aft»'-» by o^' - y*-'. 

32. Add 3(a;+l)'-2(.-K + l), 6(a! + l)-7, 

and -(a; + l)'-3(a; + l)+4. 

33. From 7(3! + y)= — 93;(a! + y) + 4 

take 12(x + yy + x(x + y)-~ll. 

34. SimpUfy 53!-[3x-[x-(7a;-8i^)t-(9iE-6^r^)] 

35. AM^c^-^x-^, ^i^^ + ^x-l 

and ^3!»-jx+A. 

36. Multiply si? ->- (b — <^x-bc by ar + o. 
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37. Divide o*^'6'-a'6*-'-by a-+»-6-*. 

38. Subtract ^a'-ia + ^ from ^a' + y^a-A- 

39. Multiply (m — n)' + 2(m -n) + l 

by (m — n)' — 2 (m — n) + 1. 

40. Multiply a^-arb'+l^ by a"+'6' + ai-*'. 

41. Simplify (a + 6)» - 2 (a + &) (a - 6) + (a - ft)'. 

42. SimpUfy a-[2a-(6-6c)-Ja-(-2ft-fic)-36^j] 

43. Multiply ^o'-^a-} by fa'-a — |. 

44. Divide |o*-fo" + ift'-8 by |o'~a — f 

45. Divide rf- ft* -6 a6 (a'- fcO + 10 «'*'(«-'') 

by (a + 6)' -4 aft. 

46. Divide 12(r»-+V"'-13a:*^y*-'-36ar+'y*-« 

by 4a!»"+V"* + 6a''*°J'*^'- 

47. Multiply (a + ft)x-2aft by x + ia + b). 

48. Divide (o-6)»-3(o-&)''c + 3(o- 6)c'-<:^ 

by (a— ft) — c. 

49. Divide a^ + aj*V + y*" by a^ + ary + j/*". 
«0. Multiply io*-5tKi!-iiE»by ^a' + JcKB + Ja?. 

61. Multiply 3?+(—a+b)x — ab hy x — c 

62. Multiply af - of + of iyy of - a? + ar. 

53. Divide Ja!*-iir* + 3a!-^ by ^t^ + ^x-^- 

54. Divide a!' + (a-6- c)ie'+(-a6 + ftc-ca)(j! + aftc 

by aj — c. 
56. Simplify (x + y + z)[(x + y +zy - 3(xi/ + yz + zx)l 
56. Simplify (o + 6+c)(-o4-6 + c)(a-ft + c)(a + 6-c> 

.. _ Coogk" 



VII. SIMPLE EQUATIONS. 

63. The Mrst Member of an equation is the expression to 
the left of the sign of equality, and the Second Member is 
the expression to the right of that sign. 

Thus, in the equation 2 a; — 3 = 3 x + 5, the first member 
is 2 ai — 3, and the second member is 3 « + 5. 

Any term of either member of an equation ia called a 
term of the equation. 

The sides of an equation are its two members. 

64. An Identical Equation, or Identity, is one whose 
members are equal, whatever values are given to the letters 
involved ; as (a + 6) (a — 6) = a* — fc*. 

€5. An equation is said to be mtiafied by a set of values 
of certain letters involved in it when, on substituting the 
value of eaeh letter wherever it occurs, the equation becomes 
identical. 

Thua, the equation a; — y = 5 is satisfied by the set of 
values * = 8, y = 3 ; for on substituting 8 for x, and 3 for y, 
the equation becomes 

8-3 = 5, or5 = 6; 

which is identical. 

66. An Equation of ConOlbon is an equation involving 
one or more letters, called imkTioion quantities, which is not 
satisfied by every set of values of these letters. 

Thus, the equation sr + 2 = 6 is not satisfied by every 
value of X, but only by the value as = 3. 

An equation of condition is usually called an equation. 
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67. If an equation contains but one unknown quantity 
any value of the uaknowo quantity which satisfies the 
equation is called a Boot of the equation. 

Thus, 3 is a root of the equation at + 2 = 5. 
To solve an equation is to find its roots. 

68. A Numerical Equation is one in which all the known 
numbers are represented by Arabic numerals ; as, 

23!-17 = «~6. 

69; A monomial is said to be roHondl and iiUegreA when 
it is either a number espressed in Arabic numerals, or a 
single letter with unity for its exponent, or the product of 
two or more such numbers or letters. 

Thus, 3, a, and 20^^!* are rational and integral, 

70. If each term of an equation, involving but one un- 
known quantity x, is rational and integi-al, and no term con- 
tains a higher power of x than the first, the equation is said 
to be of the^rst degree. 

us, X— — ( ^^ equations of the first degree, 
and a'iJ! + 6' = c) 

A Simple Equation is an equation of the first degree. 

PROPERTIES OF EQUATIONS. 

71. It follows from § 9, 1 and 3, that : 

1. The same number may be added to, or subtracted fiom, 
both members of an equation, without destroying the equality. 

2. BoUt members of an equation may be multiplied, or 
divided, by the same num.ber, vrithoui destroying the eqaaiity. 

72. Tranapoaition of Temu. 

A term may be transposed from one memfier of an equation 
to the other by changing its sign. 
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Let the equation be x + a = b. 

Subtractiog o from both members (§ 71, 1), we have 

x—b — a. 
In this case, the term + a has been transposed from the 
first member to the second by changing its sign. 
Again, consider the equation 

x~a = b. 
Addii^ a to both members, we have 
x = b + a. 
In this case, the term — a has been transposed from the 
first member to the second by changing its sign. 

73. It follows from § 72 that 

If the same term occurs in both members of an equation 
affected with the same sign, it may be cancelled. 

7^ The sign of each terih of an equation may be changed 
without destroying the equality. 

Let the equation bea — « = & — c (1) 

Transposing each term (§ 72), we have 
— 6 + c= —a + x. 

That is, x — a = c—b; 

which is the same as (1) with the sign of each term changed. 

SOLUTION OF SIMPLE EQUATIONS. 
7& 1. Solve the equation 

5x-7 = Sx + \. 
Transposing 3 a; to tlie first member, and — 7 to the second, we 

6a:-3a; = 741. 
UniUng similar lerms, 2 x = 8. 
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Dividing both members by 2 (§ 71, 2), we have 
X = 4, An*. 

From the above example, we derive the following rule- 

Transpose the unknown terms to the first member, and the 
known term» to the second. 

Unite the similar terms, and divide both members by the 
coejicient of the unknown quantity. 

2. Solve the equation 

14-5a; = 19+3a). 
Tiaiuposing, 6x — Zx = W — li. 

Uniting tenns, ^8 a; = 6. 

Dividing by - 8, * = ~ !• ■^"*' 

''■ in the 



Note 1. The result 
U- 


may be verified by putting «=- 


Thatta, 




»+7=»-f 


Or, 




Ifl = 1|I i which ta identical. 



EXAMPLES. 
Solve the following, in each caee verifying the answer: 
3. 9a:=7ai + 28. 10. rj!-29-16»- IT. 

• 4. 8i«-6=-61. 11. 13-6a! = lS»-6. 

6. 6» + ll = a! + 31. 12. 19-161 = 27-281. 

6. 9a!-r = 33!-37. 13. 9a;-23 = 20a!-18. 

r. 4«-3-8» + 33. 14. 30 + 17«-27a; + 22. 

8. 12-13» = 6-10s. 15. 24a:-ll=28 + ll«. 

9. 6>! + 9 = 14-2i. 18. 33i + 26 = 41 + 61«. 

17. 141 + 21-36= -29« + 44«-22. 
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18. 32x-39 = 25«-10»-141. 

19. 12ai-23a: + 66 = 16»-76. 

20. Solve the equation 

(2a!-l)' = 2(a: + 3)(2ii!-3)-3(6aT-l). 
Expanding (Note 2), 4a^-4ii:+l=4ii!* + aa-18-l 
Tranaposing, 

4a?-ia;-4!E'-6a;+18a;=-18 + 3-l. 
XToiting tenia, 8 a; = -16. 

Di?[dbg by 8, x = - 2, Am. 

Nota 2. To expand an algebraic ezpresBion is to pc 
OperaUons indicated. 

Solve the following equations : 

21. 2(5a;+l)-4 = 3(a;-7)-16. 

22. 10a;-(3a! + 2)=9ir-(6x-4). 

23. 8x-6(43! + 3) = -3-4{2a:-7). 

24. &x-&{Z~ix) = x-7{i-^x). 

25. 6ai(3a!-5) + 141 = 2.a:(9a; + l) + 13. 
36. 19-6x(43! + l) = 40-10x(2ai-l). 

27. 2(4a: + 7)-8{3!e-4) = 6(23! + 3)-7(23! 

28. (5ai + 7)(3a!-8) = (6a! + 4)(3a;-5). 

29. (43;-7)'=(2a:-5)(8a; + 3). 

30. (6-33!)(3 + 4a!)-(7 + 3a!)(l-4a!)=^-l 

31. (l-3a:)»-(a; + 6)' = 4(a! + l)(23!-3). 
38. 6(4-a!)*--6(2a! + 7)(a:-2) = 6-(2a! + 3 



76. IToF the solution of problems by algebraic methods, no 
general rule can be given, as much must depend upon the 
skill and ingenuity of the student. 
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The following suggestions vill, however, be found of 
service : 

1. Represent the unknown quantity, or one of the un- 
known quantities if there are several, by x. 

2. Every problem contains, explicitly or implicitly, j),«- 
cisety as many distinct statements as there are unknmon qtum- 
tities involved. 

AH but one of these should be used to express the other 
unknown quantities in terms of x. 

3. The remaining statement should then be used to form 
an equation. 

The beginner will find it useful to write out the various 
statements of the problem, as shown in Exs. 1 and 2, g 77 j 
after a little practice he will be able to dispense with these 
aids to the solution. 

77. 1. Divide 45 into two parts such that the less part 
shall be one-fourth of the greater. 

Here there are two UDbnown quantities, the greater part uid the 

In Eucordauce with tlie first suggeatlon ot § 76, we will represent tlie 
less part by x. 

The two HtatementB o( the problem are, implicitly : 

1. The sum of the greater part and the less part is 45. 

2. The greater part ia 4 times the lese part. 

la accordance with the second auggestion of g 76, we will use tbe 
second statement to express the greater part in terms of x. 

Thus, the greater part will be represented by 4 z. 

We now in accordance with the thiid suggestioii of g 76 use the jtrM 
statement to form an equatiou. 

Thus, 4x + z = 45. 

Uniting terms, 6x = ib. 

DiTidlog by 6, X — 9, the less part. 

WLenoe, 4* = 86, the greater part. 

. , _ ,Cooyk" 
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2. A had twice as much money as B ; but after giving B 
$ 35, he had only one-third aa much as B. How much had 
each at first ? 

Here there are two nakuown quantities ; the number of dollars 
A had at first, and the number B had at first. 

Let X represent the nmnbei of dollars B had at first. 

The first statement of the problem is : 

A had twice as much monej' as B at first. 

Then 2 z will represent the namber of dollars A bad at first. 

The second statement of the problem ia, implicitly : 

After A gives B 035, B has 3 times as much money as A. 

How after giving B J35, A has 2z-36 dollars, and B a; + 36 
dollars ; we then have the equation 

* + 86 = S(2k-35). 

Expanding, x + 35 = 6 z - 106. 

Transposing, — 6x = — 140. 

Dividing by — 6, x = 28, tlie number of dollars B had at first ; 
and 2 z = 56, tbe number of dollars A had at first. 

Not« 1. It must be carefully iKime in mind that x can only rep- 
resent an abMroDt number; thus, in Ex. 2, we do not say, "let x 
lepreaent what B had at first," nor " let x represent the sum that B 
had at first," bat " let x represent die number of dotlan that B bad 
at first." 

3. A is 3 times as old as B, and 8 years ago he vas 7 
times aa old as B. Required their ages at preseut 

Let X = the namber of years in B's a^. 

Then, Sx = the number of years in A's age. 

Also, X — 8 = tbe number of years in B's age 8 years ago, 
and 3x — 8 = the nnmber of years In A's age 8 years ago. 

Bat A's age 8 years ago was 7 timea B's age 8 yean ago. 
Whence, Sx-S = T(z- 8). 

Expanding, 8x-8 = 7x-66. 

Tranaposing, — 4 x = — 4B. 

Divldingiby — 4, x = 12, tbe number of years in B's agSL 

Whence, Sx = 36, tbe number of years in A's aga 

- ^ .1^ 
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Hote 3> In Ex. S, we do not say, "let x repreaeiit B's age," but 
" let X represent tiie number i^ yeari in B's age." 

4. A 8iim of money amounting to $4.32 consists of 108 
coins, all dimes and cents; how many are there of each 
kind? 

Let z = the nnmber of dimes. 

Ttkeu, lOB — x= the nomber of centft 

Also, the X dimea aie worth 10 x ceots. 
But the entire anm amoonta to 432 eentt. 
Whence, 10 x + lOB — x = 432. 

Tranopostng, 9 a: = 324. 

Whence, x = 36, the number of dimes ; 

and 108 — X = 72, the number of cents. 

PROBLEMS. 

5. Divide 19 into two parts such that 7 times the less 
shall exceed 6 times the greater by 8. 

6. What two numbers are those whose sum is 246, and 
whose difference is 72? 

7. Divide 38 into two parts such that iwioe the greater 
shall be less by 22 than 5 times the less. 

8. Divide $22 among A, B, and C, so that A may 
receive $2.25 more than B, and $1.75 less than G. 

9. A is 5 times as old as B, and in 13 years he will be 
only 3 times aa old a,s B. What are their ages ? 

10. B is twice as old aa A, and 35 years ago he was 
7 times as old as A. What are their ages? 

11. A had one-third as much money as B; but after B 
had given him $24, he had three times as much money 
as B. How much had each at first? 

12. A sum of money, amounting to $ 2.20; consists en- 
tirely of five-oent pieces and twenty-five-cent pieces, there 
being in &1116 ooins. How many are there of each kind ? 
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13. A is 68 years of age, and B is 11. In how many 
years will A be 4 times as old as B? 

14. A is 25 yeai3 of age, and B is 65. How many years 
is it since B was 6 times as old as A? 

15. A man has two kinds of money ; dimes and fifty-cent 
pieces. If he is offered $4.10 for 17 coins, how many of 
each kind must be give? 

16. Divide 76 into two parts such that if the greater be 
taken from 61, and the less from 43, the remainders shall 
be equal. 

17. What two numbers are those whose sum is 13, and 
the difference of whose squares is 66 ? 

18. Find two numbers whose difference is 6, and the 
difference of whose squares is 120. 

19. A is 14 years younger than B; and he is as much 
below 60 as B is above 40. fiequired their ages. 

20. A drover sold a certain number of oxen at C 60 eachj 
and 3 times as many cows at $35, realizing $1485 from 
the sate. How many of each did he sell ? 

SI. A man has $ 4.35 in dollars, dimes, and cents. He 
has one-fourth as many dollars as dimes, and 5 times as 
many cents as dollars. How many has he of each kind? 

22. A garrison of 4375 men contains 4 times as many 
cavalry as artillery, and 7^ times as many infantry as 
cavalry. How many are there of each kind? 

23. At an election where 5760 votes were cast for three 
candidates, A, B, and C, B received 6 times as many votes 

■ as A, and C received twice as many votes as A and B 
together. How many votes did each receive ? 

24. Divide $ 115 among A, B, C, and D, so that A and 
B together may have $ 43, A and C $ 65, and A and B $57 
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25. A man divided $ 1656 among his wife, thiee daugh- 
ters, and two sons. The wife received 4 times as much 
as either of the daughters, and each son one-third as 
much as each daughter. How much did each receive 7 

26. Divide $ 125 among A, B, C, and D, bo that A and 
B leather may have $ 65, B and G $ 52, and B and I) $ 54. 

27. A man has 4 shillings in three-penny pieces and 
farthings ; and he has 23 more farthings than three-penny 

' pieces. How many has he of each kind ? 

28. Divide 71 into two parts such that one shall be 4 
times as much below 56 as the other exceeds 37. 

29. A square court has the same area as & rectangular 
court, whose length is 9 yards greater, and width 6 yards 
less, than the side of the square. Find the area of the 

30. Two men, 84 miles apart, setting out at the same time, 
travel towards each other at the rates of 3 and 4 miles an 
hour, respectively. After how many hours will they meet ? 

31. Find three consecutive numbers whose sum is 108. 

32. In 7 years, A will be 3 (imes as old as B, and 8 
years ago he was 6 times as old. What are their ages ? 

(Let X represent the number of years In B's age 8 years a^.) 

83. A sum of money, amounting to $ 24.90, consists en- 
tirely of $2 bills, fifty-cent pieces, and dimes; there are 5 
more fifty-cent pieces than $2 bills, and 3 times as many 
dimes as $ 2 bills. How many are there of each kind ? 

34. Find two consecutive numbers such that the difference 
of their squares, plus 5 times the greater number, exceeds 
4 times the less number by 27. 

36. Find four consecutive numbers such that the product 
of the first and third shall be less than the product of the 
second and fourth by 9. 
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36. A laborer ^reed to serve for 32 days on condition 
that for every day he worked he should receive $ 1.75, and 
for every day he was absent he should forfeit S 1. At the 
end of the time he received S 28.50. How many days did 
he work, and how many days was he absent ? 

37. A meichant has grain worth 6 shillings a bushel, 
and other grain worth 9 shillings a bushel. In what pro- 
portion must he mix 21 bushels, so that the mixture may 
be worth 8 shillings a bushel ? 

38. A general, arranging his men in a square, finds that 
he has 43 men left over. But on attempting to add 1 man 
to each side of the square, he fii^ that he requires 108 
men to fill up the square. Required the number of men on 
a side at first, and the whole number of men. 

39. In a school of 535 pupils, there are 40 more pupils 
in the second class than in the first, and one-haJf as many 
in the first as in the third. The number in the fourth class 
is less by 30 than 3 times the number in the first class. 
How many are there in each class ? 

40. A man gave to a crowd of beggars 15 cents each, and 
found that he had SO centt left. If he had attempted to 
give them 20 cents each, he would have had too little money 
by 10 cents. How many beggars were there ? 

41. A tank containing 120 gallons can be filled by two 
pipes, A and B, in 12 and 15 minutes, respectively. The 
pipe A was opened for a certain number of minutes ; it was 
then closed, and the pipe B opened ; and in this way the 
tank was filled in 13 minutes. How many minutes was 
«ach pipe open ? 

42. A grocer has tea worth 70 cents a pound, and other 
tea worth 40 cents a pound. In what proportion must he 
mix 50 pounds, so that the mixture may be worth 49 cents 
a pound? 
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VUZ. IBIPOBTANT RULES IN HULTIPUOA- 
TION AND DIVISION. 



78. Let it be required to square a+b. 

a + b 
a + b 



ab + b* 
Whence, (o + by = a* + 2ab + V. 



That IB, the aqtuxre of the sum of two quantities is eqttal to 
the square of the first, plus twice the product of the two, plus 
the square of the second. 

Eaiample. Square 3 a + 2 &c. 
We have, (3a + 2bc)' =(3af + 2 x 8 a x 26e +(26o)» 
= 90* + 12abc + HAfl, Ana. 

7ft Let it be required to square a — b. 



-06 + 6* 
Whence, (a - 6)' = a' - 2 06 + 6*. 

That is, the square of the difference of two quantities is equal 
to the square of (Ae first, minus ttoice the product of the two, 
plus the square of the second. 



(4 X - 6)" = (4 k)5 - 3 X 4 « X 6 + 6« 
= 16^-40ir + 26, Jm. 
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80. I<et it be required to multiply a + bhy a — b. 



a*+ab 
-a6-ft* 

(a + b)(a~b) = a' -6». 

That la, the product of the sum and difference of two quanti- 
ties is eqiiai to the difference of their squares. 

Example. Multiply 6 a* + 6 by 6 a' — i, 

WehsTe, (6a= + 6)(fla' - 6) = C6aa)S- 6* = 36a*- 6», Aim. 

81. In conuection with the examples of the present 
chapter, a rule for raising a monomial to any power whose 
exponent is a positive integer will be found convenient. 

Let it be required to raise 5d?Wc to the third power. 

We have, (5 a'b'ef = 5 a^b'c x 5 a'W; x 5 a*6»c = 125 a'ft'c'. 

We then have the following rule : 

Raise the nuvnerical coefficient to the required power, and 
muUiply the eagDOwent of each letter by the exponent of the 
required power. 

EXAMPLES. 

82. Find by inspection the values of the following : 
1. (!B + 4)'. 9. (S+SmV')'. 

a. (o-Sy. 10. (aJ* + 2o'6»)». 

3. (6o-6&)». 11. (6icy-73»)» 

4. {2xy-if9f. 12. (4 a* +.11 6c)'. 

5. (Sm + 4n)(3m-4n). 13. {^3^ + 2^(^^xf^2^. 

6. {1-2 a*)*. 14. (7a6-6cd)'. 

7. (6a!* + 8)(5a!'-8). 16. (6a;» + lly«)(6a!'-lly^. 

8. (a*-6a)». 16. (9a» + 6o*)* 
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n. (7m'+12n)(7m'-12n). 20. (3a^ + 46')». 

18. {Sx' + 7ys^\ 31. (Gx^-Si?)'. 

19. (13a%-66y)». 22. (a" + (T) (a** - rf). 

23. Multiply a + b+chya + b-c 

= („ + 6)._c« CS80) 

= efi + iab + b'~^,An». (§78) 

24. Multiply a + 6-cbya-6+c. 

(a + 6 _ e)Ca - 6 + e) = [a +{6 --e)][a ~(6 -c)] 

= a'-C6-e)' (5 BO) 

= o"-(6'-26c + e^ (579) 

= a*-b* + 2be-,^,Atu. 
Expand the following : 

25. (a + 6 + e)(a-6 + c). 28. (a' + o- l)(o'-o + l). 

26. (x-y + z)ix-y-z). 29. (a)' + a!-2)(ie'-!e-2), 

27. (a + b + c)ia-b-c). 30. (1 + o+ 6)(l-a-6). 

31. (a!» + 2!r+l)(iE'-23;+l). 

82. (a + 26-3c)(o-26 + 3c). 

33. (a*+a6 + 6')(a'-aA + 6'). 

34. (3x + iy + 2z)(Sx-iy~2z). 



We find by multiplication : 




« + 5 


1-6 




rt-3 

i'-6a! 


+ Sa! + 16 


-31 + 16 


J? + 81 + 16 


>?-8» + 15 


1 + 5 


»-6 


•1-3 
xf + Sx 


it + S 


-3a!-16 


+ 3«-16 


z^ + 2<t-U 


x"-2a!-lS 
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In these reanlta it will be observed that : 

I. The coeffieient of x is the algebraic sum of the eecond 
terms of the multiplicand and multiplier. 

II. The last term is the product of the second terms of 
the multiplicand and multiplier. 

By aid of the above laws, the product of any two binomials 
of the form x + a, x + b may be written by inspection. 

1. Required the value of (x + 8) (as — 6). 
The coefBcient of x is + 8 — 6, or 3. 
Thelftsttermi3 8x(-6),or -40. 
Wheuce, (i + B) (* - 6) = a^ + 3 a - 40, Am. 

3. Required the value of (a — ft — 3) (a — 6 — 4). 

The coefficient of a - 6 is - 3 - 4, or - 7. 

The last term is (-3)x(- 4), or 12. 

Whence, (a - 6 - 3){fl - 6 - 4)=(a - 6)» - 7 (a - (>)+ 12, ..Ins. 



EXAMPLES. 



Find by inBpection the 


values of the following: 


3. (« + 6)(j! + 4). 


14 


(o + 4-r)(<. + 6 + 8). 


4. («-2)(. + 3). 


15 


(«-5a)(a!-lla). 


5. (a,-10)(.-l). 


16 


ix + y)(x-2y). 


6. (« + 6)(j!-6). 


17 


Ca + lU)(<.-6!i). 


7. (« + l)(a + 9). 


18 


(a + Tx)(a + Si). 


8. (»-7)(o+4). 


19 


(«-9-4)(«-s+10). 


9. («. + 5)(m-l). 


90 


(rr- 11 J) (a; + 9 4 


10. (j?-7)(i'-2). 


21 


(a:> + 3;,)(a? + 8j). 


U. («' + 3)(«'-10). 


22 


C«'-9m'){#-6m"). 


13: (06 + 2) (oA + 11). 


23 


(ab + 9 cd) (ai- 12 cd). 


13. (j!j-12)(r.s-3). 


24 


(« + y + 12)(rt + S-9) 
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81 We have by § 

a>-b*_ 



= a + h 



That 13, if the difference of the squares of two quantities be 
divided by the snm of the quantities, the quotient is the dif- 
f ere&ce of the quantities. 

If the difference of the squares of two quantities be divided 
by the difference of the quantities, lAe quotient is the ram of 



1. I>ividel6a'&'-9by4fly + 3. 

Wb huve, 16 a*6» = (4 od^)'. 

Whence, i9a''b*-9 ^ 4 „6, _ 3 ^^_ 

406' + 3 

EXAMPLES. 
Write by inspection the values of the following: 



'f^ 


, 25o'-36 
■ 5i.' + 6 


, l-64mW 
'■ l+8m« 


3 4-a' 


, S:f-mf 


, 4oW_»' 


'■ 2-a 


'■.S« + 4!, 


2a6'-c' 


, 16m'-49 
4m-7 


, 26o"-S' 
■ So-!,' 


-l^f^ 


jl 81j'-l%«' 


j3 144«y-ie9z« 


"• 9J+UX- 




12in,'-13z> 


,, 1216V-64a 


? [J 225o»-64W 


II6C + 80 




IStf + SW 


85. We find by actual diviaiont 






•" + " a- ai 


+ »". 



tv Google 
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That is, if the mm of the cubes of two quantities be divideA 

by the sum of the quantities, the quotient is the square of the 
Jirst quantity, uiuiiu (Ae product of the two, plus the square of 
the second. 

If the difference of the cubes of two quantities be divided by 
the difference of the quantities, the quotient is the square of the 
Jirst quantity, pins the product of the two, plus the square of 
the second. 

1. Divide 1 + 8a' by 1 + 2a. 

Wahave, l±l^ = l±i2«Q^ ,, g^, 

l + 2a l + 2a ^^ ' 

= l_2a + (2a)* 
= l-2a + 4a\An$. 

i. Divide 27 a? - 64 / by 3 a!- 4 y. 

W«h«»e, 27^-64 y'^(3x)--(jy)' 

3*-4y Sx-iy 

= (Sx)^ + {3x)(,iy) + iiy)» 
= 9x'' + 12x9 + 16^, .dnt. 



EXAMPLES. 
Find the values of the following : 



3. 


a"-l 
a-l' 


8. 


a'b-f 


13. 


8i«*-!2Bj/" 
2x-6<f ■ 


4. 




9. 


l + 64m' 
l + 4m 


14. 


aft + 8c 


5. 


m + 2 


10. 


216 -«? 

6-«! 


15. 


64«iW + 343 
4mn + 7 ' 


«. 


27-0' 
3-a 


U. 


a" +126 
+ 6 


le. 


729 a'- 126 a? 
9a" -6a: ' 


r. 


•f + f 
«■ + »■ 


13. 


l-343ci'6' 

i-rai." ■ 


17. 


512!bV + 27z* 

Google 
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86. We find by actual division : 

a+b 

a — b 

^±^ = a^ - 0*6 + a*b>'at^ + fi^ 
a + b 

"" ~ ^ = a^ + o'ft + a'^' + aA° + 6* ; etc. 
a — 6 

In theae results we observe the following laws: 

I. Tlie numbei of terms is the same as the exponent of - 

a in the dividend. 

U. The exponent of a in the first term is less by 1 than 

its exponent in the dividend, and decreases by 1 in each 

succeeding term. 

III. The exponent of 6 in the second term is 1, and 
increases by 1 in each succeeding term. 

IV. If the divisor is a — b, all the terms of the quotient 
are positive ; if the divisor is a + b, the terms of the quo- 
tient are alternately positive and negative, 

87. The following principles are of great importance. 
If n is any positive integer, it will be found that : 

I. a* — b" is always diw'sible by a — b. 

Thus, a' — 6", a' — 6*, a* — b*, etc., are divisible by a — 6. 

II. o" — ft" is divisible by a + b if nia even. 

Thus, a' — ft*, a* — b*, a* — ft*, etc., are divisible by a + ft. 

III. o" + ft" 18 divi^ble by a + b ifn is odd. 

Thus, a" + ft°, a' + ft", a' + b', etc., are divisible by o + 6. 

IV. a" + 6" is divisible by neither a + b nor a — b if n 
is evea. 

Thus, o* + 6*, a' + ft*, a* + ft*, etc., are divisible by nelthei 
o + 6 nor a — b. 
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8a 1. Divide o'-6' by a-b. 
Applying the laws of S 86, we haTe, 

5l^ = a" + o'b + otft" + o'ft' + a'b* + a6» + 6«, Ane. 

S. Divide 16a!*-81 by 2a: + 3. 



= Caa5)'-C2ie)'x8 + (23;)x8'- 
= 82* - 12x> + 18x ~ 27, Atu. 



EXAMPLES. 
Find Ijie ralues of the following : 



- o*-l 
■ a + 1 . 


9. 


le-a? 
2-x 


. if-1 
»-l 


10. 


l-16a 
l + 2a 


5 ''->' 


11. 


o' + S' 
a + b 


6 1-"' 
■ 1-ar 


12. 


l-m' 
1-m 


a'-tf 


13. 


32 + 0" 
2+0 


8 'T + f 


It. 


m»-B» 



«*}+«■ 



IS. 


64 a' -6' 


2a-6 


16. 


Slu'-S' 


3x + y 


17. 


cf-2iSif 


o-3« 


IS. 


81 a<- 2666' 
3a-46 


19. 


243i' + 32v' 


3. + 2S 




128m' -n" 
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(yX, ■ '■- '■■ ■■' .' 

IX. PAOTOBING. 

89. To Factor au algebraic expression is to find tro or 
more expressions which, when multiiplied together, will 
produce the given expression. 

90. A Common Factor of two or more expressions is an 
expression which will exactly divide each of them. 

9SL. A monomial can always be factored ; thus, 
12 a'&c' = 2x2x3xaxoxax6xcxc 

It is not always possible to factor a polynomial; but 
there are certain types which can always be factored, the 
more important of which will be taken up in the present 
chapter. 

92. Casb I. TFAen (Ae Uttm of tA« eivpreaaion have a 
common monomial factor. 
1. Factor Ux^-SBj?^. 
Each teno contalnB the monomial factor 7 xifl, 
JMviding tbe expression b; Txj/', the quotient is 2j/^~ 6lfi, 
Whence, U*v* -862^' = 7ij/a(2v» - 6*'), An$. 

EXAMPLES. 



Factor the following: 






S. af + ia. 


r. 


12a'-20o' + 4a'. 


3. 6«'-14a?. 


8. 


aVc' + o'yc' + a'ftc'. 


4. 30m'-6m'. 


9. 


12jV + 24«j'-42«y. 


». UM- + 6aV. 


10. 


14a»6* + 21a*6'-49a'6'. 


«. 66iy-32«y. 


11. 


81m'n + 64mW + 9mW. 



18. 48 aY- 144!)^ + 108 ay. 
18. 70aV-126oV-112a'ai». 
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93. Case II. When the ei^ression is the sum of two Irino- 
miais which have a common binomial factor. 

1. Factor ac — bc + ad — bd. 

By § 92, (ae- 6c) + Co.J - bd)=e(a - 6) + d{a- 6). 
The two binomials have the common (actor a — b. 
Dividing the expression hj a— b, the quotient iae + d. 
Whence, ae — be + ad — bd = (_a — b)(,c + d). Aw. 

If the third term of the given expression is negative, as 
in the following example, it is convenient to enclose the 
last two terms in a parenthesis preceded by a — sign. 

2. Factor 6 3? -16 3!' -8 a! +20. 

6a^-16a!"-8ie + 20=(aa:"- 15a:»)-C8x -20) 
= 3a«(2a;-5)-4(2x-6) 
=(2a;-6)(3»«-4), ^n*. 

EXAMPLES. 
Factor the following : 

3. ab + an + bm + mn. 9. 3a^ + 6a;' + a! + 2. 

4. ax — ay + bi'—by. 10. 10mx—15na!—2m+Sn. 

5. ac — ad — bc + bd. 11. a'h; + obex — a*by — i^cy. 

6. (^ + 0^ + + 1. 12. o=6c - ac'd + ofey - 6cd*. 

7. 4iB'-5a!'-4a! + 5. 13. 30a*-12a'-56a + 22. 

8. 2 + 3o-8a"-12a'. 14. 56 - 32 a; + 21 a? - 12 !b». 

15. a»6« + a'6c£p + a&Vd + c»(P. 

16. Zax — ay — ^bx-\-^by. 

17. 4(j!' + a;y-16in/-4y'. 

18. 20ac + t5&c + 4ad + 36d. 

19. 16m«-56mj/ + 10»U!-35ny. 

20. 46 o» - 20 a'!^ - 63 aft + 28 6». 



,,Cooyk" 



FACTORING. 69 

94. If an expression can be resolved into two equal 
factors, it is said to be a perfect square, and one of the 
equal factors is called its square root. 

Thus, since 9a*l^ is equal to Sa'ft x Sot, it is a perfect 
square, and 3 a'b is its square root. 

Note. 90*6* is also eqaal to(_-Sti'b)x(_- 8a»6); so that - 8o% 
•is also ita square root. In the examples of the preseou obapter, ve 
shall consider thepoiUive square root only. 

95. The following rule for extracting the square root at 
a perfect monomial square is evident from g 94 : 

Eairact the square root of the numerical coefficient, and 
divide the exponent of each letter by 2. 
Thus, the square root of 25 o'&V is 6 a*b^c 

96. It follows from g§ 78 and 79 that a trinomial is 
a perfect square when its first and last terms are perfect 
squares and positive, and the second term twice the product 
of their square roots. 

Thus, in the expression 4 a;" — 12 iry + 9 y*, the square 
root of the first term is 2x, and of the last term Sy; and 
the second tei-m is equal to 2(2x)(3jf). 

Whence, 4a;' — 12a3/ + 9yisa perfect square. 

97. To find the square root of a perfect trinomial square, 
we simply reverse the rules of §§ 78 and 79; 

Esstract the square roots of the firti and last terms, and 
connect the remita by the sign of the second term. 
Thus, the square root of4ai* — 12a!y + 9y*i8 2a; — Sj/. 

9& Case III. When the expression is a perfect trinomial 
square (§ 96). 

1. Factor o» + 2 a6* + 6'. 

By 3 97, the sqnare root of the expression m a + t*. 

Whence, a» + 2a6" + 6» =(o + ftJ)' =(» + 6')C'< + l^). ■*••■ 
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2. Factor 26a!»-40a!y« + 16/. 

The Bqiure root of the ezpreMion Is 6x ~ij/*. 
Whence, 25!b' -40ii/* + 18f« =(6 !-*>•)■ 

Hot«. Tbe e^ressioii may be written 10j^ — Ka^ + 25i?; ii, 
which case, aocotdiug to the rule. Its sqnare too! 1b 4 y* — 5 x. 
Ibna, another form of the result la 

16/ - 40ay» + 26a^ =(4^ ~ 6x){4p« - 6*). 

EXAMPLES. 
Factor the following : 

a. m' + 2mn+n*. 1«. Ua*b^ + 16 abod + t^. 

4. o»-2a* + 6». 16. 100 aj' - 60 a!" + 9 ai'. 

6. 9 + 6a! + a!*. 17. 49m*+ 112mV + 64«». 

6. a*-8o + 16. 18. 121o'6»+132a6c' + 36c'. 

7. 49a:*+14a^ + ff*. 19- 144aY-1203V+26xy. 

8. m»-10mn + 25n». 20. 64aV+176o6*c+1216*c'. 

9. 4a*-4oVc + 6V. 21. 493!V- 168a:3^ + 144z'. 

10. mV + 18»w5 + 81. 22. 36oy-156oV+169aV. 

11. 4 a* -20 03! + 25 a?. 23. (a + 6)'-4(a + 6) + 4. 

12. 9a' + 42a6 + 496*. 24. (a!-y)' + 10(a!-ff)+25. 

13. 81a!»-72a!y + 16j/». 25. 16(o4-!"!)* + 8(o + a!)+l. 

14. a^ + 12aV + 36!/V. 26. 4(o-6)«-12Ca-6) + 9. 

99. Case IV. When the eapresmon is tke difference of two 
perfect squaTet. 

By 5 80, a* - 6* = (a + 6) (a - 6). 

Hence, to obtain the factors, we reverse the rule of § 80 : 

Extract tke sqtiare root of the frat square, and of the second 
square; add the results for one factor, and subtract Ike second 
resuUfrom the first for the other. 



FACTORING. 

1. Factor 36 a' - 49 b*. 

The square root td WtfiiaOa, and of 49 M ia 7 b*. 
Whence, 36a'-MM = (6a + 76»)(eo-76«), Aru. 



EXAMPLES. 






Factor the following: 






a. 0--6'. 8. 49m'-16»'. 


14. 


144mV-49. 


3. if-1. 9. 25a'-64W. 


15. 


36a'-169«'. 


4. 9-m'. 10. 100xy-9j*. 


16. 


81«'"-196sV. 


5. lei'-j'. 11, 64m'-81»'. 


17. 


64a"!i'-226o». 


8. 4a'-26. 12. 121a'6'-4c'<i'. 


18. 


169- 144 a^". 


7. l-36a'6'. 13. 81 a^- 100/. 


19. 


196oV-1216y. 


SO. Paotot (2i-3!()' -(«-})'. 







We have, (Bx— 8p)*-{i- v)« 

= iSx-iy)(x-2v),Aiu. 

Factor the following : 

81. (a + 6)'-c*. 28. (o + 6)' - (o - d)'- 

22. (m-ny-se'. 29. (a ~ «)' - (6 - y)* 

83. o'_(ft_c)'. 30. (ir + y)'-(m + n)'. 

24. af-(y + zy. 31. (8a-5)"-(3n + 7)'. 

25. m'-{n-py. 32. (4 3: + iy-(x + 6)'. 

36. (Ix-Syy-y'. 33. {7a- 5ft)'- (5a- 26y. 

27. (a-6)'-(a! + i/)'. 34. {9x + 8yy - (2x - Syf. 

A polynomial may sometimes be expressed in the form 
of the difference of two perfect squares, when it may be 
factored by the rule of Case IV. 

Lj.i;z«t,G00ylf 
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35. Factor 2 mn + m' — 1 + n'. 

Since 2 mn is the middle term o[ a perfect trinomial square whose 
£iHt aud Uilrd terms are m^ uid n' (§ 96), we arrange the given ex- 
pression 80 that the first, second, and last terms shall be grouped 
together, in the order m' + 2 mn + »' ; thus, 

2mM+M'-l + w«=(m» + 2mn + n^)-l 

={m + n)^ ~ 1, by Caae III. 
= (m + n + l)Cm + »i-l), An>. 

36. Factor 12^ + 3^-9!^ -4. 

Web&ve, 12^ + j?-9y»-4 = !i^ -9p* + 12 j -4 

= k" -(3 V - 2)>, by Case in. 
= [x + C3v-2)][i«-(8y-2)] 
= (a! + 3y-2Xa:-3v + 2), Ana. 

87. Factora»-c' + 6*-d»-2cd-2ai. 
We have, a»-<!* + 6'-(P-2«i-2a6 

= a»-2o6 + 6'-c»-2c<i-d» 

={as - 2 aft + 6^- (c» + 2 cd + <P) 
= (a-6)'-Cc + <J)', by Case m. 
= [(a-6) + Cc + <!)][(«- 6)-Ce + d)] 
= Ca-b + c + d)(a-b-e-d), Ant. 

Factor the following: 

38. a*-2a6-(-6'-c». 43. 2mn-n*-l-l -m'. 

39. m* + 2mn + n'-pK 44. 9a*-24a6 + 166*-4c'. 

40. a* -a? -20^-1^. 45. 163?-4y'-|-20jfi!-26?». 

41. !i!'-y*-2' + 2y«. 46. 4n' + m'-a:*-4mn. 

42. e»-4 + 2aA + o'. 47. 4a'-6fc-9-6'. 

48. 10a!y-9a* + j(* + 26x'. 

49. a*-2a6 + ft'~c* + 2ed-d*. 
60. a' - B' + a;* - / -(- 2 a* + 2 fcy. 
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81. a? + m' — y* — n* — 2maj — 2ny. 
52. 2xg-a* + !J^-Zab-b' + ^. 

63. 4a' + 4a6 + 6'-9^ + 12c-4. 

64. 16y*-36-8a!i/-2» + a?-12». 
55. m" — 9n* + 25c^ — &* — 10am + 6&n~ 

100. Cabs V. When the expression is a trinomial of the 
form if + ax+b. 
We have by § 83, 

(x + 5)(x + S) = a? + 8x + lB, 

(x-B)(_x-3) = af-Sx + 15, 

(x + 6)(x~3) = a? + 2x-lB, 

and (x-S)(_x + S) = a?-2x-15. 

In certain cases it is possible to reverse tbe process, and 
resolve a trinomial of the form a? + ax + b into two binomial 
factors. 

The first term of each factor will obviously be a;; and to 
obtain the second terms, we simply reverse the rule of § 83. 

FiTid two numbers whose algebraic sum is the coefficient of x, 
and whose product is the last term. 

1. Factor iT* + 14 a; + 45. 

We find two numbers whose sum is 14, and product 46. 
By inspectioD, we determine that the numbeis are 9 and 6. 
Whence, a? + Ux + 45 = (e + 9) (k + 6), Ana. 

2. Factor aj* — 5 Si + 4. 

We find two Dumbera whose sum is - 6, and product 4. 
Sinoe the sum is negative, aud the product positive, the numbers 
must both be negative. 

By inspection, we determine that the numbers are — 4 and — 1. 
Whence, a^ - 6z + 4 = (a; - 4) (a; - 1), Am. 
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3. Factota!* + 6ai-16. 

We find two numben wboM Bnm is 6, koA product — 18. 

Slnoe the sum is positive, and product negative, the numbers must 
be of opposite sigo, and tbe poaitiTC nmnber must iiavs tlie greater 
absolute value. 

By inspection, we determine that tbe nnmbera are -f 8 and — 2. ' 

Whence, sfi + 6x - 16 = (x + 8) (x-2), Ant. 

4. Factor IB* -x- 42. 

We find two numbera whose sum is — 1, and product — 42. 
Tbe numbeiB must he of opposite sign, sjid the negative nnmber 
moat have the greater ahaolute vaiae. 

By inspection, we determine that the numbers are — 7 and + ft. 
Whence, a!'-x -i2 = {x-7) {x + Q), Ani. 

Hota. In case the nnmbers are large, we may proceed as follows : 
Bequired the numbers whose sum Is ~ 26, and product — 192. 
One number must be +, and the other — . 

Taking in order, beginning with tbe factois + 1 x — 192, all possible 
pidrs of factors of — 192, one of which Is + and the other — , we 
have: 

+ 1 X - 192, 

+ 2 X - M, 

+ 8x- 64, 

+ 4x- 48, 



Sinoe the mm of + 6 Mid 


-32ia 


-26: 


. tliey an the n 


required. 












EXAMPLES. 




Factor tlie foUowing : 










5. a? + 6i + 8. 






11. 


ai"-a!-6. 


6. «'-13» + 22. 






12. 


it" + 10x + 9. 


7. «" + 6ji-7. 






13. 


J-Ja-U. 


8. «'-4«-21. 






14. 


a- + o - 2. 


9. a?-lli + 24. 






19 


m' + llm + 3 


10. it' + 8«-20. 






10. 


»"-T« + 6. 
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17. iB»+3a!-40. 31. z»-21a + 110. 

18. f + lSy + TT. 32. a!* + 17a?-84 

19. o'-15a+54 38. a* + 25a' + 150. 

20. m*-2m-48. 84. m'-Hm'-ae. 

21. c» + 16c + 36. 85. n'' + 10n*-96. 

22. a?-12x + 32. 36. ai^ - 19 xy + Si. 

23. a^-6ir-66. 37. oV + 28a6 + 160. 

24. n» + 2n-63. 38. aV-27A + 50. 
26. m'-18m + 72. 59. aV + 6aW-126. 

26. a«-Sa-70. 40. mW - 11 mn» - 162. 

27. a!' + 4a!-96. 41. (o + 6)»+ 23(a+6)+60. 

28. 3? + 24a! + 96. 42. (a: - y)"+ 3 (a: - y) - 180. 

29. 6*-10&-24. 43. (a~6)'-22(a-6)+112. 

30. c' + 20c + 84. 44. (x + yy-2(x + y)-143. 

45. Factor a? + 6aAx-27o"6'. 

We find two qnantitieB whose aum iB9ab, and product — 2Ta%*.. 
B7in^>ectioii, wedetenDine thftt t^ quantities are — '3a6 and Soft. 
Whence, a? + 6 afce - 27 a'6" = (* - 3 aft) (x + 9 a6), .<liu. 

46. Factor l-3a-88a'. 

We find two quantillea whose snm Is —3a, aad product — 880*. 
B7 InspeotlOD, we determiae that the quantities are 8 a and — 11 a. 
Whence, l-8a-e8tf'=(l + 8o)(l- llo), Ans. 

Factor the following : 



47. 


o' + lZod + SfiW 


51. dJ + Som-eem". 


48. 


I- -11 00! + 28 a'. 


52. m' + 16i»n + 48«". 


49. 


if+ixg-Si/: 


53. ^-mi!-12m\ 


SO. 


l-2o-3rf. 


64. l-14<. + 33rf. 

. , Coogk- 
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58. 


a"-4o6-606-. 


61 


l + lSod + SOaW 


S6. 


n-x-n^. 


62. 


x'+ixa^mf. 


57. 


a5»-15a!y + 50y». 


63. 


aV+16a6c + 28c*. 


58. 


»' + 20ai + 99<.". 


64. 


i?_21a5B + 108jV. 


99. 


m'-16m» + 16ii'. 


65 


1 + 11 ly - 26 «y. 


60. 


a'_ai,_20K 


66. 


o'-eo-ic-^ieow. 



lOL If an expresBion can be resolved into three equal 
factors, it is said to be a perftd cu&e, and one of the equal 
factors is called its cube root. 

Thus, since 27 a%* is equal to 3 a'6 x 3 a'& x 3 a%, it is a 
perfect cube, and 3 a}b is its cube root. 

102. The following rule for extracting Hie cube root of a 
perfect monomial cube is evident from § 101 : 

Extract the cube root of the numerical coefficietU, and divide 
the expOTtejU of each letter by 3. 
Thus, the cube root of 125 a*ftV is 5 a^tfic 

103. Cask YI. When the expression is the sum or differ- 
ence of two perfect cubes. 

By § 85, the sum or difference of two perfect cubes is 
divisible by the sum or difference, respectively, of their 
cube roots. 

In either case, the quotient may be obtained by aid of the 
rules of § 85. 

1. Factor a* + 1. 

The cnba root of a* is a, vad ol 1 is 1 ; hence, one factor 1b a + 1. 
Dividing a* + 1 by o + 1, the quotient is a* - a + 1 (§ 86). 
Whence, o» + 1 =(a + l)Ca»-a + 1), An». 

2. Factor 27 a!»- 64?/*. 

The cube root of 27ii:*lB3z. and of 64 y> Is 4 y ($ 102). 
Hence, one lector \BSx — iy. 

Dlviding2Tx<-e4y>by3z-4y,thequotieDtiB9i^ + I2:qi + IBp* 
,S 86). 
Whence, Zl if -My* =(Sx-iv)(9x' + I2xj/ + 10 j/>^. Ant. 
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Factor the following: 



3. 


n> + »'. 


9. 


64i" + l. 


15. 


m' + 343i.'. 


4. 


of -If. 


10. 


l-126a>. 


16. 


126 6" -216 A 


9. 


a'-l. 


11. 


ZTji'-Ss'. 


17. 


343wi* + 8a!'. 


6. 


«?-sV. 


12. 


8a»6« + 125. 


18. 


2ro' + 343»'. 


7. 


Of + lf. 


13. 


216 - m". 


19. 


612i' + 27!/%". 


». 


l + m". 


14. 


126-64>(y. 


20 


64<i-S'-729A 



104. Case VII. When the expression is the sum or differ- 
ence of two equal odd powers of two quantities. 

'By § 87, the sum or difference of two equal odd powers 
of two quantities is divisible by the sum or difference, 
respectively, of the quantities. 

In either case, the quotient may be obtained by aid of the 
rules of § 86. 

1. Factor o" + 6". 

By § 87, one factor iaa + b. 

Bividing o* + 6* by a + ft, Ihe quotient ia 

a* - a'b + ifb' - ab' + b'. (5 86) 

Hence, a« + (>' = (a + 6)(a* -0»6 + a"6" -a6»+ 6<), Ant. 





EXAMPLES. 






Factor the foUowing: 






a. «■-»-. 


6. a' + i'. 


10. 


1+S2jf. 


3. a' + l. 


7. l-ai". 


11. 


243»'-l. 


i. 1-m'. 


8. m' + l. 


12. 


X' - 128. 


8. «y+z>. 


9. 32 -of. 


13. 


32 a' +243 6'. 



105. By application of the rules already given, an ex- 
pression may often be resolved into more than two factors. 
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If the terms of the expression bare a common monomial 
factor, the method of Case I should always be applied first. 

1. Factor2(KBV-8a3^. 

Wehave, Zox^" - 8aa^ = 2iM^(a:^ -4 j«), by Caaa I. 
Whence by Case IV, 

SoeV - Baxs/' =2ax^(x + 2y){x - 2y), Artf. 

If the given expression is in the form of the difference 
of two perfect squares, it is always better to apply first the 
method of Case IV. 

2. Factor a* - 6". 

We have, «* - 6* = (a» + 6») (a» - 6«), by Case IV. 
Whence by Case VI, 
a* - 6» = (a + 6) (o" -ab+ 6*)(a -b)(<fi + ab + 6'), Am. 

3. Factor ai* - y*. 

Wehave, »"-v' = Ca^ + y')(x*- V*). byCaselV 



MISCELLANEOUS AND REVIEW EXAMPLES, 
10& Factor the following: 

1. 35a*6' + 98a'ft»-49a%. 10. 4a'6' + 4a'ft'. 

2. 25a'm*-SliM. 11. a? + lBab + 56b^. 

3. a:' + lla; + 18. 12. i^y> - 23 xg + 132. 

4. a'bc+a^d-am-bcdP. 13. 108ar'-36a!' + 3ir'. 
6. e^^-eif. 14. 64o'6-121a»6'. 

6. 49 m* + 66 mn + 16 n*. 15. a^-l. 

7. a'-10a+24. 16. a* + aA/ + icy* + j^. 

8. ir' + 17a)'-38a!. 17. a'ft'-3a6* -180. 

9. a'-(6 + c)'. 18. 2a^ + 20aiy-78y». 
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19. 30i'-66a?+66»"-20«'. 28. 27 o' - 64 #. 
SO. 1-0'. 26. 32j?+j(». 

21.1GX*-!. 27. So'ft-ZSoV + ieaa*'. 

22. 64a'l>'-80ii*e + 26e'. 28. 1- Umn-60mV. 

23. 15ae-)-18ad-356c-42M.29. (x- yy-(m~n)'. 
24. 100 1? - 49 yV. 30. (1 +•■)■- 4 »". 

31. BiiffiV-mififif + nifyV. 

32. 3 aW- 3 ay. 50. 9 «• + 25/ -16 2'+ 30*!,. 

33. m' - 81. 51. 343 m" + 216 n". 

34. 8 3^ + 126. 82. (9 a' + 4)' - 144 a*. 

35. (j«+«)'+7(m+>i)-144. 58. (i" + « - 9)" - 9. 

36. oV-16o6is-64 6y. 64. (a>-2o)"+2(o"-2a)+l. 

37. 25 a:* + 110 35/ + 121 y». 55. aW + ay - 6V - 3^. 
38. 4a?-8i>'-2a< + 4a". 66. a!'-2S6. 

39. (63i-8j)"-(43!-9!/)'. 57. 36o'-4»'-49e" + 28ie. 
4O.63J + 61'. 58. m'-626. 

41. (a' + 9)' - 36 o". 69. (a?+3 1)" +4 (a!"+3 «) +4. 

42. 3!" - (« + 2)'. 60.a"-7a"_8. 

43. aV-4W-9a'i?+366W 61. 27 o" - 1000 6'o". 

44. (»'-6i»)'-2(«'-6«)-24 62. 128 - m'. 

45. 16a!'-72ary + 8l!/'. 63. 2o"6c-2i)"(;-46V-2 W. 

46. a« - 20" + 1. 64. (a'+7a)'+4(a'+7o)-96. 

47.64-3^. 66. it»+2«' + l. 

48. 4S3f+18«'+603?+243?. 66. (3? - 4)" - (3^ + 2)". 

49. 9(m-ii)'-12(m-n)+4 67. (a" - 6* + <0' - 4 oW 

68. Resolve sc^ — y* into two factors, one of which is 3; + y. 

69. Resolve cfi — b' into two factors, one of wliieh is a — 6. 

. , .Coo^k" 
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70. Resolve a? + ^ into two factors by the method of § lOt 

71. Resolve a? + y" into three factors by the method of 

§103. 

72. Resolve 1 — m* into two factors by the method of § 104. 

73. Resolve a* — 1 into three factors by the method of 

§103. 

74. Factor 3 (m + n)» - 2 (m' - n*). 

SCm + n)» - 2(ms - n") = 3(nt + «)' - 2<m + n)(m - «) 
= (m + n)t3(m + «)-2Cm-B)] 
=(m+n)(3m + 3»-2nn-2n) 
=(m + n)(m + 6n), Ant. 
76. Factor (a + b)* -{a- 6)'. 
By the method of g 103, we have 
(a + 6)»~Ca-6)' 

= [(« + 6)-Ca -6)][(a + 6)» +(a + 6)Ca - 6)+Co-6)«] 

= 8 6(3 a' + 6*), Am. 
Factoi the following: 

76. (m-xy + Sn?. 

77. a»-(o-6)». 
78.5(^-y*)+4(a;-y)'. 

79. (a" + 60 -2 aft (a + 6). 

80. o'+6'-o*-(P+2a6-2cd. 

81. (it + l)» + (a!-l)». 

82. (a!» + 3/0 + 3;(ie + y)'. 90. 

83. a" - a* - a' + 1. 91. 

92. a* + 26ft'-16c'-9d»-10a6-24cd. 

93. (l + a^+2(l-a)(i + a)K 



84. o'-6=+ic'-;/'+2aa!+26y. 
(iB — m)' — ir(a!' — m*). 



87. 



3? + a!'-a!'-l. 
(„»_l)_(a-l)» 
(3m.-2)» + (2m + l)''. 
(x'-f-T^'-iyV. 
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'/ : ■ - 

X. maHEST COMMON FACTOR. 

107. The Degree of a rational and integral monomial 
(g 69) is the number of tetters which are multiplied to- 
gether to form its literal portion. 

Thus, 2 a is of the first degree ; bdbot the second degree ; 
3 a'b*, being the same as 3 aabbb, is of the fifth degree ; etc 

The degree of a rational and integral moDomial is equal 
to the sum of the exponents of the letters involved in it. 

Thus, a*b<? is of the eighth degree. 

108> A polynomial is said to be rational and integrcU 
when each term is rational and integral ; as 2 a'6 — 3 c + d*. 

The degree of a rational and integral polynomial is the 
degree of its term of highest! degree. 

Thus, 2 a'6 — 3 c + (P is of the third degree. 

109. A Prime Paotor of an expression is a factor which 
cannot be divided without a remainder by any expression 
except itself and unity. 

Thus, the prime factors of 6 a' (a* — 1) are 2, 3, a, a, x + 1, 
and a! — 1. 

lia The Highest Common Factor (H. C. F.) of two or 
more expressions is the product of all their common prime 
factors. 

It is evident from this definition that the highest common 
factor of two or more expressions is the expression of high- 
est degree (§ 108) which will divide each of them without a 
remainder. 

HI. Two expressions are said to be prime to each oSier 
when unit^ is their highest common factor. 
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112. Required the H. C. F. of a*6V, a^if, and <^bi^. 

Besolvii^ each expression into its piime factors, we hare 
a*t?<? = aaaabbocc, 
o'li'c' = adbbbccccc, 
and (^6c* = aaabcccc. 

Here the common prime factors zxe a, a, b, c, c, and c. 

Whence, the H. C. F. = aabocc = a'tc". 

It will be observed, in the above result, that the eieponenf 
of each letter is tke lowe^ expaaent with which it occurs in any 
of the given expresaiotu. 

U3. In determining the highest common factor of alge- 
braic expressions, we may distinguish two cases. 

114. Case I. When the expreasions are monomiala, or 
volynomicUs which can be readily factored by inspection. 

1. Find the H. C. F. of 28 a'b', 42 ai^c, and 98 a'b*^. 
Wehave, 28 a»6» = 2^ x 7 x a"!)", 

42a6'c = 2x3x7 x lOfie, 
and 98o»6*(P = 2x7"xo*6*.P. 

B7 the nile of S 112, the H. C. F. = 2 X 7 x «&■ = 14 oM, .in*. 

EXAMPLES. 
Find the highest common factor of: 
2. 2a%5a't^. 4 46 o't", 120 a»c*. 

8. aOx'y, 16a^. 6. 182 aV, 84 «y(. 

6. 16 mV, 56 mV, 88 m'n'. 

7. 36a'6c", 72aVc, 180a6»c'. 

8. 126a=x»,21aVi/*, 147a'3^. 

9. 140 m'nh?, 175 m»n% 105 m*n:^. 
1 0. 117 d't V, 104 aVcf, 156 o'fiV. 
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11. FindtheH.C.F. of 

5 a^ - 46 a^ and 10 oV + 40 A" - 210 xj». 
We have, bx^ - 46*>y = 6*>s{a^ - 9) 

= 6^(^ + 3)(*-3). (S») 

aod 10aV + «'a^"-2103T" = 103^/*Cafl + 4»;-21) 

= 2x6xay"(«47)(iB-8). (§100) 
B; the rale of § 112, the B. C, F. is 6xs(x ~ 3), Ant. 

12. .FindtheH.C.F. of 

ia?~4a + l,Sc^ — l,aaA2am-m-2(m + n. 
We ha¥B, i<fi-ia+l = (2a- 1)^, (§ 08) 

8a»-l = (2a-l)(4a' + 2<i + l), (§108) 
and 2 om - m - 2 an + n = (2 a- 1) (nt - n). (J 98) 

By the rale 6tS 112, the H.C.F. iB2a-l, An*. 

Find the Mghest common factor of : 

13. 6a»6»-16aV,12a*fe + 21a''5". 

It 68 (m + n)' (m - n)*, 85 (m + «)» (m - n). 

15. a^-Sy^a^-exy + Sf. 

18. 3a'-21a»-a + 7, a' + 6a-91. 

17. 2a*3! + Aa^ + 2a!r?,3a*x + 3aa*. 

18. m*-27, m'-llm + 24. 

Ifl. a« + CMi-6c-M,a'-6o6 + 56'. 

20. a! + 4a!* + 4!i»,4 + 44a! + 723!». 

21. 80n'-6n',20n* + 6n'. 

82. a'+b'~(^ + 2ab, a*-6'-c» + 2&c. 

23. a!» + 2a!-24, a;" - 14 « -)- 40, a^-8a! + 16. 

24. 9a»-12a + 4, 9aV4 18o*-12a* 

25. s?-6x-27, a^ + 6a: + 9, ar" + 27. 
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26. a" + 13 a* -I- 40 a, a*-a'-30a', a? + 2 a* - 15 a'. 

27. m* — 4m, m^ + 9m' — 227B, 2m* — 4to*— 37»' + 6m. 

28. ai'-Sj/', 3?-iy', 11= - 9 ag^ + 14 y». 

29. 3a'-a'6 + 3o6-6', ZZa'-ft*, 9a*-6a* + i>'. 

30. 27 a^ + 126, 9 a:* -25, 9 2!' + 30 a; + 26. 

31. a!^-aV-20ay, 2aY+22irV+66ay, 3a;V-*8aY. 

32. 16 m* — n*, 16 m* — 8 mV + n*, 2 mx + 2my — nx — 7iy. 
88. o'-x', a»-o*a:-(Kc' + a^, 3o»-3a'a; + 6ar'-6a^. 

US; Case II. TTAew tte eayressions are poiynomia/a wAicA 
cannot be readily /adored by ivspection. 

The rule in Arithmetic for the H. C. F. of two numbera 
is: 

Divide the greater number by the less. 

^ there be a remainder, divide the divisor by it; and con- 
tinue thus to make the remainder the divisor, and the preceding 
divisor the dividend, unlU there is no remainder. 

The last divisor is the H. C. F. required. 

ThuB, let it be required to find the H. C. F. of 169 and 
646. 

169)646(3 
507 



156 
~13)39(3 



Then, 13 is the H. C. F. required. 

11& We will now prove that a rule similar to that of 
§ 115 holds for the H. C. F. of two algebraic expressions. 

Let A and B be two polynomials, the degree of A (§ 108) 
being not lower than that of B. 



t, Google 



HIGHEST COMMON PACTOE. 85 

Suppose that B is cont^oed in Ap times, with a remain- 
der C; that Ois contained in B q times, vith a remainder 
D ; and that D ia contained in C r times, with no remainder. 
To prove that D is the H. C. F. of A and B. 
The operation of division is shown as follows : 
B)A(j> 
pB 
G)B{q 
qC 

D)C(r 
rD 

We will first prove that Diaa common factor of A and B. 
Since the minuend is equal to the subtrahend plus the 
remainder (§ 35), we have 

A=pB+C, (1) 

B = qC + D, (2) 

and C=rD. 

Substituting the value of O in (2), we obtain 

B=^qrD + D = D((iT + l). (3) 

Substituting the values of B and C in (1), we have 

A=pD(cir + l)+rD = Dipqr + p + r). (4) 

From (3) and (4), P is a common factor of A and B. 
We will next prove that every common factor of A and B 
is a factor of D. 

Let ^be any common factor of A and B; and let 

A = mFaiidLB=nF. 
From the operation of division, we have 

C=A~pB, (6) 

and D = B-qC. (6) 
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Substituting the values of A and B in (6), we have 

CsmF— paF. 
Substituting the values of B and C in (6), we have 
B = nF—qiyik.¥—'pii.F) = F(n — ipn,-\'pqiC). 
Whence, J" is a factor of D. 

Then, since every common factor of A and £ is a factor 
of D, and since D ia itself a common factor of A and B, it 
follows that jD is the highest common factor of A and B. 

117. Hence, to find the H.C.F. of two polynomials, 
A and B, of which the degree of A is not lower than that 
of ^ 

Divide A by B. 

If there be a remaind^, divide the divisor hy it; and am- 
tinue thus to make the remainder the divisor, and thepreceding 
divisor the dividend, vntil there is no remainder. 

The last divisor is the H. C. F. required. 

Nota 1. Each dlTision should be continued until Uie remi^nder 
IB of a lower degree than the divisor. 

Nota 2. It Is of the greatest importance to untDge ttie ^ven 
polynomials in the same order of ponets of some common letter 
(§ 33), utd also to arrange each remainder in the same order. 

1. Find the H. C. F. of 

6«»-13a:-5and 18 »;■ - 51 a;* + 13 a; + 6. 



6)181* ■ 


-5l^ + 13x + &iSx- 
-88«»-15a: 

-12a!a + 28a: 


3 








2x- 6)6*" 
6xa 


-l&x- 
-IBx 


-6(8a 


■■ + 1 


- S Is the H. C.F. required. 


2x 
2x- 


-6 
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ITot« 3. If the terms of one of the given expresBions have & 
common factor which is not a common factor of the terms of the other, 
it may be removed ; for it can evidentlr form no part of the hi^kest 
common factor. In like manner, we may divide any remainder by a 
factor which is not a factor of the preceding divisor. 

2. Find the H. C. F. of 

6a?-25K^ + UxaadQ<a? + llcue-lQa. 
In accordance with Note 3, we remove the factor x from the flist 
ezpreasioa, and the factor a from the second. 



We divide this remiunder by 12 (Note S). 



-21a + H 

Whence, 3 x — Sia the H.C.F. required. 

ITota 4. If the given ezpreBBlons have a common factor which 
can be seen by Inspeotiou, remove It, and find the H.C. F. of the 
reflulting expressioue. The result, mnltiplied by the common factor, 
will be the H. C. F. of the given expressions. 

3. FmdtheH.C.F. of 

2 «■ - 3 a*& - 2 aft* and 2 a* + 7 (rt + 3 o6*. 
In accordance with Note i, we remove the common factor a, and 
find the H.C.F. of 2(i*-3ad - 2 (^ and 2a* + Tab + 36*. 







6 6)10 


6 + 66» 




2< 


11 + 6 


2a«4 


.3ab- 
■ ab 


-2b"(o- 


-36 


- 


■ iab 
4ob- 


-2b» 





Unltiplyin^ 2 a + b by a, the required H. C. F. Is a(2a + 6). 
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Not« 3. If the first term of the dlTidend, or of Miy renuunder, is 
not d[TiBible by the first term of the divisor, it may be made so by 
multiplying the dividend oi remainder by any term which is not a 
factor of the divisor. 

Not* 6. If the firat term of any renuunder is negative, the sign 
of each term of the remainder may be changed. 

4. FindtheH.C.F. Of 

. 8K»- 7!i? + ix-i 

2 

2a^-8a? + 2it-8}6ic»-14i" + 8»- 8(8 

6^*- Qg' + fla-M 

- 6»? + ax + 16 

23fi- 33?+ 2x- 8 
6 
5a«-2i- 16)101:' -15a^+ lOi- 40(2x 
10*"- 4i"- 32* 



-56j!' + 210j!-2O0(-11 
-66^+^2 + 176 
18 8)188 a - 876 
X- 2 



a:-2)6i>- 2T-ie(6a! + 8 



Whence, x - 2 la the H. C. P. required. 

In the above example, we multiply ^x" — 7z* + 4x — 4 by 2 in 
order to make il« first term divisible by 2i*. 

We change the sign of each term of the first remainder (Note 6), 
and multiply 2x<-32' + 2x — Sbyfito make its first term divisible 
by5»?. 

We multiply the renuunder - 11 x* + 42* - 40 by 6 to make iU 
first term divisible by 5x\ 
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EXAMPLES. 
Find the H. C- F. of : 

5. 2a?-5a! + 3, 2x'-7x + B. 

6. 2o' + 7a + 6, 6o* + llo + 3. 

7. iaJ + lSiB+lO, 6a? + 5x-U. 

8. a? + 5x-2i, 3? + ix'-:^x + 16. 

9. 3»b' + »»-2, 4m* + 2m' — m + 1. 
10. 18o* + 9o6-66', 24a*-29a6 + 76». 

n. 12a* - 5a>x ^llan? -i-Ga?, 15^ + lla'ai-Saa?-iaf. 

12. 4a!»-12ir' + 6a!, 2xl' + af -7a?~20x. 

13. 3!5'+133:V + 12V. 9a!^-22ay-8y'. 

14. 4a*--lla* + 6a + 12, 6a*-lla' + 13a»-4a». 

15. 2m*+5m'n-2mV+3m7i', 6m'n-7 vM+5mn*-2n\ 

16. 3ic'-4a!-4, 3j!*-7a!» + 6a!'-93!+2. 

17. 3<t' + 6a' + 12a* + 8, 6a* + 10a» + 19a'-10a-4. 

18. 2m*-3m^-8m!E'-3a?, 

3 m* - 7 m'a: - 6 mV - ma? - 6 a;*. 

19. 2a*-a'-4a' + 3a, 4a*-6a' + a' + 4a-S. 

20. TO* + 8m', m»- 2m* -16m"- 14m". 

21. 4a'-22<r%+6a*6'+20a6», 9a»6-42aV-18a6'+166*. 

22. 4a!» + 9a!-9, 2a!* + lla!' + 14iE*-5!i:-6. 

23. 3a*-6a'+4a'+4a-4, 3a'+3a'-lla'-2a" + f.fi. 

24. a? + 2o»-2a + 24, o* + 2a'-lla*-6o + 24. 

25. 2a!*-3a^ + 3aV-3a!i/' + j)*, 

2a!* + ar^ - 3 irV+ 5 an/" - 2 y*. 

26. 2fl!* + 3f-9a!* + a^ + l, 23!*-9a^ + 12a:^-3a!-2. 

27. 2af-7x' + 7x-2, af-33S' + 5a?-ix + i. 

28. <fx-<^-ii^-a*3*-2a3*, 

o^ + 3 oV — (A? — 4 oV — (M*. 
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118. The H. C. F. of three expressions may be found as 
follows : 

Let A, B, and G be the expressions. 

Let Q be the H. C. F. of A and B ; then, every common 
factor of 6 and O is a common factor of A, B, and G. 

But since every common factor of two expressions exactly 
divides their highest common factor (§ 116), every common 
factor of A, B, and C is also a common factor of O and C. 

Whence, the highest common factor of 6 and C is the 
highest common factor of A, B, and C. 

Hence, to find the H. C. F. of three expressions, find the 
H. C- F. of two of them, and then of this result and the third 
expression. 

We proceed in a similar manner to find the H. C. F. of 
any number of expressions. 

1. FindtheH-CF. of 
3?-7x + &, 3? + 3ai'-16iB + 12, and 3?-63? + lx-^. 

TheH.C.F. of3!»-7* + 6anda^ + 3af"-16a: + 12U3:«-8a + 2. 

TheH.C. F. of3!»-8ie + 2wid«'-6a^ + 7a;-3iax-l, Av*. 

EXAMPLES. 
FindtheH.C.F. of; 

2. 2ai'-17a: + 36, 4 sj" - 12 x - 27, 6 «' - 31 a: + 18. 

3. 8a» + 22a + 5, 12a'-13a-4, 20a' + 29o4-6. 

4. 15m'-4m-32, 18OT,' + 3m-28, 21m' + 26m-4. 

5. 6a* + 23a&-10ft', 5(i' + 33a'& + 46aJ"-246», 

5a' + 38o'6 + 69afe'-30b'. 

6. a?+a!»-14a;-24, nfi-Za? -&x-\-% 3? + A^t^ + x ■- &. 

7. a»-a'-5a-3, a' + 2a'-a-2, a»^2a"-2o + l. 

8. 2m' + 9m'-6m-5, 3m'+10m'-23m + 10, 

6m»-7m'-m + 2. 

2a!»- 19x>y + 54^^ - 45^. 
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XI. LOWEST COMMON MULTIPLE. 

119. A Common Hnltiple of two or more expressions is 
a,h expression which can be divided by each of them with- 
out a remainder. 

120. The Lowest Common Mnltiple (L. C. M.) of two or 
more expressions is the product of all their different prime 
factors (§ 109), each taken the greatest number of times 
that it occurs as a factor in any one of the expressions. 

IZL Required the L. C. M. of t^h\ ab'<P, and b»cW. 

Here, the different prime factors are a, b, c, and d; a 
occurs twice as a factor in a^c; b five times as a factor in 
ofi'd'; c three times as a factor in fi'cW; and d four times as 
a factor in fi^c'd*. 

Whence, the required L. C. M. is a'6'c*d* (§ 120). 

It will be observed, in the above result, that the exponent 
of each letter is the highest exponent with which it occurs in 
any one of the given expressions. 

122. It is evident from the definition of S 120 that the 
lowest coinmon multiple of two or more expressions is the 
expression of lowest degree (§ 108) which can be divided by 
each of them without a remainder. 

123. If two expressions are prime to each other (g 111), 
their product is their lowest common multipla 

124. In determining the lowest common multiple of 
algebraic expressions, we may distinguish two cases. 

125. Case I. When the expressions are monomials, or 
polynomiais which can be readily favored by inspei^vm. 
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1. Find the L-CM. of 28a*&', 54 6c», and 63cy. 
We have, 28 n*6" = 2" x 7 x a<i»», 

54bc> = 2 x3>x bd', 
aid 63c*d = 3'x7 X ey. 

Bftfaenileof 5121, the L. CM. =23x3>x7 it oftAM 





EXAMPLES. 


Find the loweat c< 


mmoD multiple of; 


2. SoS-, laV. 


6. 5&xy, 70 yz, 77?». 


3. 12«y, 64js>. 


7. mc^f, WaV, 75o'y. 


4. 24«i' 45»'. 


8. 16»y> 21s>z, 3Ss%". 


6. 72i.'S, %W 


9. 20 oV, 27 W, MM. 


10. 36 


wfnit, 40miiy, 48 .Wj. 


H. 66 oW, 84<»'6W, 126i>'cW. 


12. Find the L. 


CM. of ^ + x-&, ^-ix + i, and 


^-Sx. 




We have 


^ + .-«=(. + 3)(.-l!), (jlOO) 




■■-4. + 4=(.-2)', (§»S) 


and 


r^-8;. = i!(. + S)(.-S). (§91)) 


B7 the rule of 1 121, 


the L. C. M. = i(a - 2)*(* + 3)(* - 3), Ana. 



Find tlie lowest common multiple of: 

13. a' - 6", a* + 2 oil + 6*- 

14, m' + win, mn — n'. 
16. 3?-9, id' + 10x + 21. 

16. X'-Ua> + 81a?, a^ - 13 a.-" + 36 a). 

17. a'-3a6 + 26', ac + ad-be-bd. 

18. (^ + 2(Ke + ai', rf + a?. 

19. l-83!», H-9(r-22a!'. 
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20. m" + 13 m'n + 40 mw*, m,*n — mn^ — 30 n». 

81. 4ir'-25, 2ir'-6ie»-4a: + 10. 

82. a!» + 3 aaj* - 18 a"!c, oai* + 15 «'« + 54 rf*. 

23. 4<:^-2a6, 4a6 + 26', 4o'-6». 

24. 6a!»+10a!J/, 9ay-15y*, 363!V-1003V. 

25. 4m'-8m + 4, 6m' + 12m + 6, m*-l. 

26. a»-12a + 35, o» + 2a-63, ai-Sa-lOS. 

27. a;* — 4(w:* + 4aV, a!* + 4aa! + 4a', tKc"-4a»a!. 

28. 3a;»-6a!--72, 4a!' + 83!-192, 2a?-24x + 72. 

29. 3!V-3!3/'. ar'-i/', a!*-2iM/ + J*. 

30. x' + 3^-2»-2xjr, a!*-y'-z'-2j». 

31. 16m*-9n», 8ab^-6ab*n, 16m'-24nm + 9n'. 

32. (^-a, o»-9o*-10a, a* — (^-f-a'-o. 

83. a^ + 4a!y + 4y», a!' + a!y-2y», a!» + 8s». 

34. 2o»-2a»-4a, 3a*-6a'-9o» 4o» + 20o* + 16o* 

38. 27iE»-8, 9a!'-4, 9a?-12a! + 4. 

86. 4a!'-4m', 6a!+6m, 8x' + 8m*, 9x-9»i. 

37. a^-1^, a:i' + 2!cV+y*. a^-23!^/ + ff*. 

38. a" + y, a» - 6», (o' + 6*)* - o'6*. 

39. o^- 11 aa; + 18 a?, o»- 5 air - 14 a", c[*~8aV+ 16a!*. 

40. m' — n', wi' — »»% — mn* + n*, m' + m'n — mm' — n°. 

41. o'+i^-c*+2a6, a*-&'-c'-26c, o'-tf'+c»-2ac 

126. Case II. TTA^n the ^epresm-ojis are polynomials 
which cannot be readily factored by ijispection. 

Let A and B be any two expressions. 

Let F be their H. C. ¥., and M their L. C. M. ; and sup- 
pose that A ss aF, and B = ftii*. 
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Then, AxB = abF'. (1) 

Since F is the H. C. F. of A and B, a and 6 have no com- 
mon factors ; whence, the L. C. M. of aF and bF ia abF. 
That is, M= obF. 

Mnltiplying each of these equals by F, we have 

FxM=ai>F'. (2) 

From (1) and (2), AxB^FxM. (§ 9, 4) 

That is, the product of two expressions is equal to the prod- 
uct of their H. C. F. and L. C. M. 

Therefore, to find the L. C. M. of two expressions, 
Divide their product by their highest common factor ; or. 
Divide one of the expressions by their highest common fac- 
tor, and mvUipAy the quotient by the other expression. 

1. Find the L. CM. of 

&^-VIx + X2 and 12a:»-4a!- 21. 
6i^-17a!+12)I2Ea_ 4iE-21(2 
12 J^- 34 a; + 24 
16 )30x- 46 

2*- 3)6»>-17z + 12(SiB-* 
6ii!»- 9a! 



.Then the H. C. F. of Uie ezpreBsions U 2 x — 3. 
Dividing 6 1(> - 17 z + 12 by 2 a; - 3, the quotient is 3 at - 4. 
Whenoe, the L. C. M. =(3z - 4)(12x« - ix - 21), Ans. 

EXAMPLES. 
Find the L.C.M. of: 

2. 2a!*-3«-35,2a:'-19a:-|-46. 

3. 3a'-13a + 4,3(i' + 14a-6. 

4. 6o" + 25aft-|-246', 12a' + 16a6-36'. 

5. 6a^ + ll3:^-2V>83^ + 21a!y' + 10j/». 
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6. 12m*-21m-46,4m'-llm'-6wH £. 

7. 2a?-6a'-18a-9,3a«-14a*-o + 6 

8. 2o*i! + aV + 2aa!' + 3j!*,2a^ + 6oV + 2aic'-x*. 

9. 2a»-Sa6 + 36*,a* + o»6-5a'6' + 2<i6» + 6*. 

10. 63!'-73!' + 5(r-2,4a!*-5a;^ + 4a!-a 

11. 2a'-6a» + a + 2,4a»-9«-4. 

12. 3 m* — 7 m^ + 4 mn', 6 m'n — 4 m*»* — 14 mn* — 4 n*. 

13. a' + 2o*-5a» + 12o',3o« + lla'-6a'-7a» + 4a'. 

14. 3a^-2a?-12al'-x + 6,3x^ + 7a? + 6x'-2x-4. 

127. The L. C. M. of three expressions may be found as 
follows : 

Let Af B, and C be the expressions. 

Let M be the L. C. M. of A and ,S; then, every common 
multiple of M and is a common multiple of A, B, and C. 

But since every common multiple of two expressions is 
exactly divisible by their lowest common multiple, every 
common multiple of A, B, and C is also a common multiple 
of Jf and a 

Whence, the lowest common multiple of M and C is the 
lowest common multiple ot A, B, and C. 

Hence, to find the L. C. M. of three expressions, find the 
L.G. M. of two of them, and then of this reauU and the third 
expression. 

We proceed in a similar manner to find the L. C. M. of 
any number of expressions. 

EXAMPLES. 
Find the L. CM. of: 

1. 2x' + x~15,2a!' + 7x+3,2<t^ + 9x + 9. 

2. 3a' + o-2,6(i= + lla + 5,ya' + 5«~4. 

3. 2m'-5m4-2, 3m«-10m + 8, 4m' + 10m-6. 

4. 23*-S:>^-3x,'ix^-n3?~3x',6af -3*^20?. 

5. a»-2a»-5a + 6,a'-3a'-a + 3,a' + 4a' + a-6. 
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Xn. PRAOTIONa 

12a The quotient of a divided by b is written ^ (§ 3j. 

The expression j- is called a Fraction ; the dividend a is 
called the nwmeraUyr, and the divisor b the denominalor. 

The numerator and denomioator are called the terms at 
the fraction. 

129. Let 2 = 3!. (1) 

Then since the dividend is the product of the divisor and 
quotient (g 64), we have 

a = bx. 

Multiplyii^ each of these equals by c (g 9, 1), 

oc = bcx. 
Begarding ac as the dividend, be as the divisor, and x as 
the quotient, this may be written 

g- (^) 

Prom (1) and (2), g = |. (§9,4) 

That is, if the terms of a fraction be both tmiUiplied, or both 
divided, by the same ea^ressioti, the value of the fraction is not 
altered. 

130. By the Law of Signs in Division (§ 55), 

+ a^-tt^ +«_ -« 
+ 6 -6 -6 +6 

That is, if the signs of both terms of a fraction be changed, 
the sign before the fraction is not changed ; but if the sign of 
either one be changed, the sign before the fraction is changed. 
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If either term is a polynomial, care mnst be taken, on 
changing its sign, to change the sign of each of its terms. 

Thus, the fraction — —ti ^J changing the signs of both 
numerator and denominator, can be written ~ (g 41). 

131. It follows from g§ 49 and 130 that 

If either term of a fraction ia the indicated product of two 
or more exfpressionB, the signs of any even number of them 
may be changed without changing the sign before the fraaion ; 
but if the signs of any odd number of them be changed, the 
sign before the fraction is changed. 

Thus, the fraction — may be written 

g — 6 b — a b — a ^ 

(d-c)(/-e)' (d-c)ie-f)- (d-c)(/-e)' 

EEDtTCTION OF PRAOTIOira. 

132. To Seduce a Fraction to its Lowest Terms. 

A fraction is said to be in its lowest terms when its numer- 
ator and denominator are prime to each other (§ 111). 

133. Case I. Wh&i the numerator and denominator can 
be readily f adored by inspection. 

By § 129, dividing both terms of a fraction by the same 
expression, or cancelling common factors in the numerator 
and denominator, does not alter the value of the fraction. 

We then have the following rule : 

Res<Ave both numerator and denominator into their factors, 
and cancel aU tliat are common to both. 
, 24 a'^ , 
l^d 
2Ja'&'c_2'x3 
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CancelUng the common factor 2< x a^b'', we obtiUn 

2, Reduce — — ^ to its lowest terms. 



Note. If aJl tlie factors of Uie numeratoT be cancelled, unity re- 
mains to fonn a numerator ; thus, ^^ = 

If all the factors of the denominator be cancolled, the diTislon is 
exact. 

EXAMPLES. 
Beduce each of the following to its lowest terms : 



7m*nV - 56a*mV .» 60m'wV 

2m%y" ■ 84 a*m«»i"' ' g'lm^nV' 



12. 



126 a'A'c' 



54igV - 120ir'yV ., 

3ti;°6 — 6aV ^^ to' — to* — 56m 



"■ T5^V+20^- ^* 



a' + 4a — 5 

3^-811^ + 123! 

»'-12i + 36' 
2Sa' + 20a« + 16' 



la. 



m* + TO*-42m» 


^ + y' 


2a^-2aY + 2x3/»- 


64a»+112a'3; + 49<Kc* 


64a^a;-493^ 


a*-14ma; + 45TO' 


a"- 2Mw;-16m' 


a=-8 ' 
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2S. 



(a'-9K»' + 5» + 6) 
(a- + 6a + 9)(a'-a-6) 
:c'-g' + »' + 2n J. (» + t)'^(e + .0' 

^ 27a» + 646» „- 12a^ + 8g^-3j!-2 



9a' + 24a6 + 16&' ' ISa^-ga'-Sai + l 

28. Eeduce (^-l^-'St + h ^ j^ ,„„, j^^^ 






Changing the signs of the factora of the numerator (g 131), we have 

ax - bx ~ ay + by _ (b - a)(y - X) _ y - 
^-(fi ~ (6 + o)(6 - a) ~ 6 + a 

Reduce each of the following to its lowest terms : 
aa 9 — m' no 2 (w; — 26c — ad+bd 
"■ m--7n, + 12 '*■ ^^^43 



30. 



14»'-<J!' 

'■ 4a!'-28« + 49' 
J-T»ii+6g'. 



33. 


1- 


■ lie 


+ 18a» 




8a 


-1 


34. 




E|^-, 



13^ Case II. IT^en the numerator and denominaUfr can- 
not be readily factored by itiapection. 

Since the H. C. F. of two expressions is the product of all 
their common prime factors (§ 110), we hare the following 
rule: 

Divide both numerator and denominator by their highest 
common fad:or. 

1. B«duce '*~ — ".„ to its lowest terms. 
60' — a — 12 
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Dividing 2a^ — 6a + S by 2a — 3, the quotient is a — 1. 
Dividing 6(i>-a-12 by 2a -3, the quotient iB 8a -|- 4. 



EXAMPLES. 
Reduce each of the following to its loveBt terme : 
y Sa' + Uab + Sb' 



6«'-23j!-42 


2a' + a-10 


4a' + 8a-6 


2«'-»v-16s" 


it^-Wi!y + 2J^ 


6m'-t3m + 6 


9m- + 6ra-8 


I' + Sst-lO 



4a' + 15a»- 


-4S' 


3#-ir»' + 4» + 4 


Sl'-Wi!"- 


-lla!-2 


2a' + 9»'- 


-2o-3 


6af + 2Scf- 


-220 + 3 


m' + m» + m + 6 


ra' + 6m' + 6m-4 


o' + 2o»t- 


■ 2a^-!f 



13& To Sedace a Fraotion to an Litegral or Kixed Ez- 
preBsioa. 

An lateral Expreuion is an expression which has no 
fractional part ; as 2xy, oi a + b. 

An integral expression may be considered as a fraction 
whoae denominator is 1 ; thus, a + 6 is the same aa ^-i — 

A Mixed Ezpresiion is an expression which has both 
integral and fractional parts; as a+-, or as 4-^- 

136. We have by § 30, 
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Begarding b + c aa the dividend, a as the divisor, and 
- + - as the quotient (§ 54), this may be written 



137. A fraction ma; be reduced to an integral or mised 
expreBsiou by the operation of division, if the degree (§ 1U8) 
of the numerator is equal to, or greater than, that of the 
denominator. 

1. Beduce i^ ^— to a mixed expression. 



By S ISa, 



6a^ + 16a:-2 _gj^ l&x 



B — -J — — to a mixed expression. 



-5*+l 
A remainder of lower degree tban the divisor ma; b« written over 
the divisor in the form of a fraction, and the result added to the 
quotient. 

43^-(-3 , 43^ + 3 

U the first term ol the numerator is negative, it is usual to ehangt 
the itgn of each term of the numeratoT, at the same time changing iha 
dgn before tlie fraction (§ 130). 

■-Sx!' + 4x-6 _ 
4i6« + 3 



Thu, 



EXAMPLES. 
Beduce each of the following to a mixed expression: 
8 12!B'-16g + 7 ^ 15a' + 6a'-3a-) 

439 '3a 
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5 Saj-H-l «■ + »* , o'-2y 

2!BH-3 ■ aj — y ' a + 6 

J 16a' + lla'-15a-6 ,. 12itt' + 19»i'-7«i 
3a + 4 ■ 4iii" + l 

13. ^±^ 

,, 18a'-3<.' + 38 



9. 


4n 


>• 




2m- 


■Sn 






2«'- 


.3«" 


-6 




«?- 


-JB — 


1 


11 


12o'- 


-6o 


-6 



3a»-4o + 5 
«■ + &* 






138. To Bednce a Mixed Expreuion to a Fraction. 
The process being the reverse of that of § 137, we have 

the following rule : 

Mvltiply the integral part by the denominator. 

Add the numerator to the product when the sign before the 

fraction is +, and subtract it token the sign is —; and write 

the restdt over the denominator. 

1, Reduce J"- - • + at — 2 to a ftaotiona] form. 
9 1. _ » • 



a + 6 + 2x'-7z + 8 



If the numerator is a polynomial, it is convenient to en- 
close it in a parenthesis when the sign before the fraction 



2. Reduce — 6 to a ftactional form. 

a + b 

WehaYe.«-*-°'-'^-^ = f'' + ^)<''-^^-<'^-'^-*^ 
«+» a+b 

a + b 

a + b 

EXAMPLES. 
Bedace each of the following to a f ractkmal form ; 

8. .-4 + 2±2.. u. . + 2,_l^±|li 

So a + Sjf 



»■ '"' + ^-2;r:s- 13. 2rf + 3«-i|^;£^ 

6. 3«-2-ll|±l 14. SLl^+a-el 

7. l_3<ln». ,, , ., a^ + il* 

8. m«-ii»i + »»--^- 16. o'+o"S+ii4'+6'+-^ 
2a-&x as' + aj + l ^ "^ 



18. ffl+3n- 



m'-27«' 
m'— Smn+9n 



139: To Beduoe Fraotioiu to their Lowest Common Dd- 
nominator. 
To reduce fractions to their Lowest Common Denominator 

(L. C D.) is to express them as equivalent fractions, having 
for their common denominator the lowest common multiple 
i^ the given denominators. 
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J , , and ^^ ta 

tJieir lowest common denomiiiator. 

The L. C. M. of 3 a% 2 06', and 4 a% is 12 a'ft' (§ 125). 

By § 129, if both terms of a fraction be multiplied by the 
same ezpreasiou, the value of the fraction is not altered. 



Mnltiplying both terms of 



4cd . 



lip abed l%a*mx , 156wy 
12 0^6" 12a''6" 12a»6*' 

It win be seen that the terms of each fraction are mnlti- 
plied by an expression which is obtained by dividing the 
L. C. D. by its own denominator ; whence the following rule : 

Firtd the lowest common midtiple of the given denominators. 

Divide &ia by each denomirutlor separatdy, midtiply the 
corre^tonding numerators by the quoHerUs, and write the 
results over tile common denominator. 

Befbre applying tiie role, each fraction sboold be lednced 
to its lowest terms. 

IM. 1. Eednoe -^ and . ^° — 2 to their lowest 
common denominator. 

We have, ii*~4=(a+2)Ca-S), and a*-6a+6 E(a-2}(«-8). 

TbentheL-CD. b (/t + i)ia - iXa ~ 3). (! 1S6) 

' Dividing the L. C. D. by (a + 2>(a - S), the qootlent ta o - 3 ; 
and dividing it by (a - 2) (a - 8) , the quotient lBa + 3. 

MnltJpljring 4 a by a — 3, the prodnct is 4 a(a — S) ; and mnMply 
IngSabf a + 2, the product is 3a(a + 2). 

Then the reqalred f raotions m 

itC^-S) and ^'■f'' + ^) An». 

(« + 2)Ctt-ai(a~8) (a + 2)(a-2)Ca-8)' 
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EXAMPLES. 
Bednce the following to their lowest common denominatot . 
Say 3a8 iyz - 3x 5x 

~6~' IT W 6a? + 2x' Sas"-! 

8. 1 J _2 _6 ^ aa V ftgy 

2m^ 3mn* 6)»*»* ' «+y' (a'+y)*' (ic+y)' 

^ 2o-go 4a + 3i> g 2a 46* 

9a*6 12ac» ' * a'-ft"* a» + ft»* 



K l5^ 96y 8<a^ 

10. 2 ^ ^_ _^ 

3rf-12af a!'-6!0 + 8 a:"- 



11. 



-ay + &y iE»— 2a!y + y* 



i« a + 5 a + S tt — 2 

(^-o-6 o» + 7a + 10' o' + 2a-16* 



ADDITION AND SUBTRACTION OF FRACTIONS. 
143. We have by g 136, 



_ft-t-c 



In like manner, 



_6 — fl 



Whence the following rule : 

To odd or ati^tratt fractions, reduce them, if necessary, to 
eguivaientfracti(ms having the lowest common denominator. 

Add or subtract the numerator of each resulting fraction, 
according aa the siffn before the fraction ts + or —, and write 
the result over the lowest common denominator. 

The final result should be rednced to its lowest tenna. 
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142.1. Su»plily*|±3+l|^ 

■raeLCD. l8l2o*6». 

Moltiptylng the terma ol the flnt taction by 8 6*, and tlw temii 
of the second b; 2 a, we bave 

4a43 l-a6J _ 1206*4-96' 2a-12a&* 
4a'6 6a6« 12a"6' 12tf'6' 

_ 12tt6' + 96' + 2n~12a6' _ 06' + 2a , 
12a25« 12a"5' ' 

If a. fraction whose numerator is a polynomial is preceded 
by a — sign, it is convenient to enclose the numerator in a 
parenthesis preceded by a — sign, as shown in Ex. 2. 

If this is not done, care must be taken to change the sign 
of each term of the numerator before combining it with the 
other numerators. 

2. Simplify—^ j^. 

Tfa« L. C. D. Is 42. 

wi,»«. 5ai-4v 7x-2y _ 36x-2Sv 21x-6p 

_ 3bx-26y-(_21x-0s) 

42 
_ 86iE-28y-2lz + 6y 
~ 42 

_ 14a!-2 aj^ 7ic-np ^^ 



EXAMPLES. 
Simplify the following: 



' 12 16 



go's! 
., _ ,Coo^k" 



FRACTIONS. 107 

as — 3m . ix + m - 2q-9 . 3a— 5 4a+7 

24m 323; ■ ' 7 14 28 ' 

2a-6 ■ 2b-e 2c-a ,» x+1 3g-4 . &x+7 
o6 "^ 6c CO ' ■ 2ic Ba? Saf ' 

,- gg + l 2& + 3 7c-4 
' 6a 8b 12c ' 

12 3a!-y 4a!-5y 6g' + 2y' 
"■ 6a! "*■ lOy 163!y ' 

13 6a? + l 5x-2 8x-3 7» + 4 

3 6 9 12 ' 

14. 3o + 4 4a-3 5a + 2 6a-l 
3 "^ 4 6 6 

.- 2a-3& 3a + b ia-5b . 5a + 7b 



We h»Te, i' + a; = z{x + 1), and K* - a; = x(x - 1). 
Then the L.C.D. is zCz 4 1)(!C - 1), or !c(i« - 1). 
Hultiplying tlie terms of the fiiBt fraction b; x — I, and the tenns 
of the second by * + 1, we have 

1 1 _ x-l x + 1 

■ifi+X a^-X Jl(iE»-l) iB(iB'-l) 

^x-l-{x + l)^x^l^x-l^ -2 j^ 
x(x'-l) »(»»-l) z(^-iy 

Bj changing the sign of the numerator, at the same time chang- 
ing the sign before the fraction (| 130), we nu^ write the answer 
2 

x(_x'-l) 

Or, by cbaaglDg the sign of tfae anmeratoT, and of the factor x* — I 
of the denominator (f 131), we may write it ■ -i\ ' 
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2 



17. Simplify ^- ■ + ^ 

Wehave, a«-8a+2=(a-l)(«-2), a'-4o+3=(o-l)(o-3).a 
|i-5a + 8 = (a-2)Ca-8). 
Then the L. C. D, is (« - i)(o - 2)(o - 8). 
Whence, — — | 



0+3 tfi-fa+e 



(a-l)(a-2)(a-8) 



a-3-2(tt-2}+a-l _ a-3-2a + 4 + a 
(o - l)Ca - 2)Ca - 3) (a - l)(o - 2)Ca - 



Simplify the following : 
18. 





3a + 6 4o-7 




m — n m+t 


19. 


m 1 
m-1 m + 1 


24. 


1-x 1+x 
\ + x i.-x 


20. 


3 4 
21 + 1 6.i!-6 


25. 


ia' + \ 2a-l 
4oJ-l 2a + l 


'^^ 


a 5 
a + 6 a-i» 


26. 


2x-s !,Cs-3«) 




«?-», 




3a 2a'-6ii-3 
I. + 4 a"-3o-28 


27. 


o+ft a— 6 




4ii'-96' (20 + 3S)" 




^ sf+ix-n 




1 




«"- 


3x-54' 




"'■ #-6ii« + 9o 




X 




3^ + 4aa!-21a» 


30. 


»" + 6' a 6 
o' + ofi a + 6 a 


32. 


a b 26" 
a-6 + 6 <.•_(.■ 


31. 


X 3x 6«" 
l + i l-« 1-a? 


33. 
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35. 



2x 3x' + 4 

x + 2 (a; + 2)' (x + 2)''' 



3- _2 1 1 39 _J, (2 a -by 

■ a-3 a + 6 a ' 2a + b 8a*4-ft' 

■jB — 2 x + 2 H!* — 4 'a — a; a + x a? — a? 

38 ai + y a^ + y* , ^ ^ 2(x + y) ^ (a; + y)' , 

a!-y ar*-/ ' ai-j/ (as-y)' 



m-n (m-n)* (m-n)' 
a! + l a;-3 x-5 

x + 2 x-i a:*-2a!-8' 





(a-bUb-c) (6-c)(c-«) 


■ (.-a)(«-S) 


u. 


^-2 «-3 1 




1-3 »-2 Si'-Sa^ + e 




46. 


11 2a 
a + b a-b a' + b' 




17. 


1 3x , ax 






1 «'-4 






o + l a"-a + l a' + l 




no 


a! + 2 y + z 


« + .» 



(*-y)0-2) (a:-y)(a:-3) {x-z)(^~z) 
50. » + 2 2(a^-l) ^^ 



a!' + 4ic + 3 ir* + a^-6 ai'-aJ-S 
In certain examples, the principles of §§ 130 and 131 
enable ns to change the form of a fraction so that the given 
denominatoiB shall be axraaged in the same order of powers. 

.. X'OOgIc 



3 . 26 + tt 
a-b b'-e^' 



ItO 

51. Simplify 

Changing the signs of the tenns in the second denominator, at i 
same time changing the sign before the fraction (§ 180), we have 
8 2b + a 
a-b rf" - 6>' 
The L. C. D. is now a' - V. 
Whence, -? 26±£^8(a + &)-(26 + a) 

_ 3a + 36-36-ffl _ 2o + 6 
a" - 6" a' - 6"' 



Ant. 
1 



62. Simplify = = 

^ ^ {x-y){x-z) (y-x)(y-«) (^-x){z-s) 

By g 131, we ohai^ the sign of the factor {« ~ x in the second de- 
nominator, at the same time changing the sign before the fraction ; 
and we change the aigns of both factors of the third denominator. 

The expression then becomes 

I + I I 

The L. C. D. is now (x — tf)(x — «)(v — e) ; whence the leeolt 

_ ( , f-*) + (x-z)-(x-^) _ y-z+x-z-x+v 

= gf-g' = afs-') = 2 Aw. 

(.x-v)(x-z)iy-z) (z-y)(x-zXv-z) (i-p)(a:-*)' 

Simplify tlie following: 



aft — ft" ft — o 6 

58. -?- + —? ?— . 

a + 1 1 — o a' — 1 

59 _£ £ i"* , 

2 + x 2-x s>?-i 

60. -^ 2 2^. 

4m — wi' m' — 16 a; + y x — y y" — a^. 

Google 



M. 


3«-6 8-4» 


95. 


Co 4 
a--9'3-<. 


56. 


, ' .+ ,\ 







FRACTIONS. 






61. 1 
a 


1 
2o-3 


2o"-9 
9a-4a» 


.62. ™ 

m + 2 


m-2 


2 
4- 


63. 


1 

(a -6) (a 


T^+(F^ 


1 






64. 


«> 2. 
l-«? l + i + i" 


1 

x-1 






65. 


1 


-») to- 


1 + 


1 


^' 


66 


a 

(a-S){o 




i> 1 


c 






-o) + (S- 


o)(6-a) (e- 


-o)(c- 


-6) 



=11!' 
Ill 



MDLTIPUCATION OF PBACTIONS. 
143k Required the product of ^ and -• 
Let 2,|.«. (1) 

Multiplying each of these equals bjbxd (§9, 1), we have 



Or, Biaoe the factors of a product may be written in any 
order, 



{i-^y(^^-'>y'-''-^ 



Whence, (a) x (c)=xxb xd. (§ 9, 3) 

Dividing each of these equals by 6 x d (§ 9, 1), we have 

(2) 



bxd 
Prom (1) and (2), Sx^-i^- (! 9, 4) 

' h n h -V It 



We then have the following rule for the multiplication of 
fractions: 

MvUiply Ute numerators together for the numeraior of the 
product, and the deiwrninators for its denominator. 
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if^n faotOTB in the Dumeratore and denominatoTs 
cancelled before performing tlie multiplication. 
I or mixed expressions should be expressed in a 
form (§§ 136, 138), before applying the rule. 

ipa'y86«x» ^ 2x6x3x a'Mahf ^BJfa ^ 
' Ota" 4aV 3a>;2>xa»taV ^V"' 
ase, Uie faotAra caucalled are 2, 3, a*, 6, x", and j/. 

1 the product of -—2 , 2 - 2^, and x" - 9. 

*^ x* + a!-6 35-3 

^a^ + i-fl V 1-3/ 



{x + 3)(a-2) a-3 ^ ■ '^ 
ase, the factors canoelled are x + 3 and x 

EXAMPLES. 
y the following ; 



t 20yw' g tt'+a-30 5 a 

t* 3a?m*' ' 3a a'-4a-6 

^ 8« ,Q 9m'-l m' + 5TO 

102 9ai ■ m'-25m 3m-l 

■ 7c* lOa"' ■ 3r-83;+12 x'-Se ' 

60« 96* ic*-a;3(^ar' + 2a!y + y* 
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a'+(ifc-20y ^. a'-4&' ^^ te* - g* a* - 2j; +4 

1-4 101 + 6 3«'-27 



tt' + 2a a'-16 a* + a 

a'-3a-4 o"-a o' + Oa + S 
/ 2»- + 3!A / Sx + S,\ 

(» + y)'-z' ^ j'-(i(-»)' 

g-t. a.-y / 2„i \ 

o' + S" o + d l^ o* + (.6 + 6V 



16 le* 



h^m^^'-^} 



DIVISION OP FRAC3TI0NS. 

145. Required the quotient of - divided by -• 
a 

Let 2 + 1 = ,. (1, 

Then since the dividend is the product of the divisor and 
quotient (g 64), we have 

Multiplyii^ each of these equals by - (§ 9, 1), we have 

(2) 
From (1) and (2), ^ + ^ = ^ x 'i- (§ 9, 4) 

L),L,i,z..tvGoogk" 



a d c 
bed 
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Therefore, to divide one Jraction by another, multiply the 

dividend by the divisor inverted. 

iDtegraJ or mixed expieasions should be expressed in a 
fractional form (§§ 135, 138) before applying the rule. 
a'6» 



— IS-SS- 


»5L»x!»* = -li±, ^»» 
6«V 80^6' 3(i*c 


2- Divide 9+^ by 3 + ^. 


We have, 




(»^^)^(-.-i^) 


9l»-(ly' + 6v' 3*-3tf + 6» 


.■-^ .-, 


I.-,. "Zx + ty 


(3. + 2k)(3.-2») .-, 






EXAMPLES. 


Simplify the followii^ : 






'• (^-D-(lf-i> 


, 21 a»' 14 oW 
106'm 16 6W 


. <i' + 10(. + 21 a'-i 
■ o'-4a' + 3a a'-o 




1-10 a' + 2o 

a'_5o6_14y _ a'-3a6-28&* 
a'-|-Ba6-246' ' a" - 8 oft + 15 i»*' 
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(-^^*M5||> 



-e'-2&c 

_ 6« _ c" + 2 6c 



COMPLEX FRACTIONS. 



147. A Complsx Fraction is a fraction having one or 
more fractions in either or both of its terms. 

It is simply a case in division of fractions, its numerator 
being the dividend, and its denominator the divisor. 

14a 1. Simplify — ^- 



It is often advantageous to simplify a complex fraotioa 
by multiplying its numerator and denominator by the lowest 
Q multiple of their denominators (§ 129). 



a. Simplify "^ ^ ■ 

a-b'^a + b 

The L. C. M. of o + 6 and a - 6 is (a + 6){a - 6). 

HtiUIplj'ing botb tenns by (a + h')<jt ~ b), we have 

aCa + b^-aCa-b) _ a^ + ab~a' + ab _ 2ab ^ 
6(« + b)+a(.a - 6) ab + h^ + a^-ab a> + 6'' 

EXAMPLES. 
Simplify the following : 

3. ^. 4 -J^. 5. ~4. 
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f + 1-^ ^-13 + * 



2»_2 + 3^ « « — ft g » — y 

3y 2x . & ffl+6 ,, x + y x 

2_3 ^ + a^" _? a= + y 

y IB a a + 6 x — y x 

„-i=i ^ + 8!!. „-- 2»L 

' + <" u !^ ' 14. '-" 

, , , , , 2 2a + 6 ^2a-& 



a-1 ■ a-36 a + 36 



17. Simplify 



'^rti 



a + l _ it + l 



Id examples like tbe above, begin by almpllfj'ing the lowett complei 
fraction; first multiply both terms of by a, giving ^ , and 



r both terms of - 


+ JTi 


i>»« + i,8ii«.gj^iij 


the following : 






2 




15 1 1 






'-I^ 






L),iz..tvGoogk- 





PRACTIONa 


1 8(o* + i*) 


i + j «* + s* 


So'-S* 


„ x-y ^--f 


1 2(a + 2« 
3a+b 


x + V (« + j)* 


x+a x-a 

x~a x+a 
^ + a' 1 




(."-")• 




l-«* l + a? 
1+af l-a? 


o + S <i* + 6* 
„ a-6 o'-S* 
""■ a + b^^ + f 

a-b+^^lf 


1-:. l+« 
l+» l-i 



MISCELLANEOUS AND REVIEW EXAMPLES. 
Its. Beduce each of the following to a fractional form : 

ia + o a^ — ab + tr 

Simplify the following : 

2 1 2a 6ax 

■ 2a-3x {2a-3xy (2a~-3xf 

4 (1-m-y) 5 («'-2)'--«' 

(l + a3?)'-(a! + y)' a*-Sa'-i 

g /J l + A^+Z^i-iN 

■ \3f ay ix'J \Sy 2x) 

8 a + 6 I c + d . 2(qc-M) 

■ 0-6 c-d (li-o)(c-ii) 

. 6xt-(.x + 2,Y ,„ (i'-6a,-4)*-H4 

•* + 8s* ' ■ (a? + «-U)'-81 
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11. 5 + 3a 4a 

o' — 3rt + 2 a'-7a + 10 a»-6o-f-B 

\ 2a + Sj\ 2a-Sj 

13. t±£-<'-f. 15. (t-i^.y.^it>Ji+y\ 

17. ('.J^ + _5_Yi^=i-^-Y 
^,»-2 «-8A3i-8 1 + 2^ 

18. / 2 1 \,/ 1 L.'l. 

^a!' + 3!i! + 2 x + lj Va!* + 3ie + 2 fli4-2.^ 

H. 



2(m-«) 2(m + »)^ «>(«,•-«■) 

20 (o + i> + c)'-(a + ft-c)' 

■ («-4 + c)'-(o-6-<!)-' 

a, 2tt(2o-3to)+3ft(36+2o^) 

■ (2a-3fta!)'+(:>6 + 2aa!)' 

82. ^n2 + i+» (» + ')' 

as + z a!-y (x-y)(x + z) 

(a + b)' „ iif-Wnf + nn-S 



g' + f 6a?-17»' + 8» + 6 

a-6 a'-6" 

86. 1('-J_ + J-V- § 

a\x — a a! + 2a/ a^ + oa; — 2 a' 

ag a'-6aft + &y . / a'-&y a'-a&-66^ 
■ a'-4a6 + 4ft" ■ l,a'-46» a* + ab-6ti')' 

'■ iE' + 2icy + y* V ^ aV / 

.., _ ,Coo^k" 



FRACTIONa. 



»«■ li^i-^H^i^M^^^'-''- 



m* + 2mn + 4w' 



tt — 3 n m» — 8 n» m' - 4 n* 

X — y 3^ + y 



■ a(a-ft)(o-c)'^6(ft-c)(6-a)' a:° + y' a; - y 

3? — y' x + y 



■ (x-y)(y-z) (jf-zX^-x)^ (z~x){x^y) 

33 fi ^ V i '^ ^ v °''+'^ 

S4. 1 I 1 I 2 4 

(First add the flrat two frMtions ; to the result add the tblid toK^ 
tioo, and to thia result add tlie fourth frftcdon.) 

85. -«- + _^ + -2«!_ + _*«!_. 
0-2 a + 2a' + 4o* + 16 



(First comhine the first two fractions, then the last two, and Uieii 
add OkOM reaolts.) 

3- _J 1 2a 2a 

■ a~b o + i a'-fi" a' + y* 

4a!-3 ^ 2x~5 



' 6a!» + 13a!-6 12x' + 5a! 
(Find the L.C, M. of the denominators by the method of § 126.) 



40. 



3a-f^2 5o-l 



6o' - a - 12 10a' - l&a + 6 
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ZIII. SIMPLE EQUATIONS (Oontiiiued). 

SOLUTION OF EQUATIOira OONTAININO FRACTIONS. 
150. Oleanng of Fraetioiu. 

3 4 6 8 

The lowest common multiple of 3, 4, 6, and 8 is 24. 

Multiplying each term of the equation by 24 (g 71, 2), 

we have 

16a! -30 = 20a! -27, 

There the denominators have been removed. 

We derive from the above the followii^ rule for clearing 
an equation of fractions : 

Multiply each term by the kyioeM common. mvUiple of the 
given denominators. 

' ^ Ix & 

nnnnrinn .: =. 

6 4 
The L. C. M. of 6, 3, 6, Mid 4 is 60. 
Hnltipljing ettch term of the eqn&tion b]r 00, we bavtt 

70as-100 = 36a! -16. 
Transpodng, TQx - 36x = 100 - 16. 

Uniting terms, 34a! = 86. 

DiTidlng by 34, « = ^ = |, ^lu. 

CXAMPLES. 

Solve the following equations : 

6a! 3a! , 11 
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SIMPLE EQUATIONS. 



K t-C £ UlC 



3« 
2 


a) 5a! 1 
'3 4 "^S 


8. 


5 118 
18a! 6a; 4 9a; 


4a! 
9 ' 


2_6a! 3a; 
3 6 2 ■ 


9. 


3i^ 5 a; Ta; 4a; 
2 14 3 6 ?■ 


2 


4i 2» 11 
3 6 6' 


10. 


2« a; 3 7» 3x 
5 2 10 8 4 


3 


-1 = 1.-J-. 
10 4i 


11. 


2 3 4 5 1 
3x ix 6a; 6.C 20 



If a fraction whose numerator is a polynomial is preceded 
by a — sign, it is convenient, on clearing of fractions, to 
enclose the numerator in a parenthesis, as shown in Ex, 12. 

If this is not done, care must be taken to change the ' 
nga of each term of the numerator when the denominator is 



12. Solvethe equation ^5^- i^l^ = 4 + ?A±^ 

Tbe L. C. M. of 4, 6, and idia 20; multiplying each term bj 
we have 

16 ic - 6 - (16 X - 20) = 80 + 14 !B + 10. 

Whence, ISas - 6 - Ida; + 20 = 80 + 14a; + 10. 
TrtuiBpoaing, 16x - 16z - 14z = 60 + 10 + 6 - SO. 
UniUng termB, - 16x s 76. 

Dividing bj — 16, z = — 6, Aiu. 

Solve the following equations : 



13. 



5x 2a!-2 



14. 

15. 2x-^^^ = f, + l. 
18. 



3a; + 7 _ 8a;-4 - 

3 7 

23;-5 3a;-8 _ 2 

7 6 3 

a; + 2 ^ 9 3a! + 14 

10 36 14 ' 



llit. + 4 14a!+3 lQa! + 7 
3 4 8 
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9 12 6 ~ ♦■ 



Mi^ + l) 



^ '-l^-i(3.-l).J^-|(7.-2,. 
5,, 2a; + 4 . 7a:-l_13iC + 5 ll»-3 



2g 7a! — 8 7g + 6 _ g-S 4iB + 9 
14 4a; 2 7aJ 

2 3a! 6a!' 



Tbe L. C. M. of X - 2, z + 2, and z« - 4 is za - 4. 

HuItipl;iDg each term by ;^ — 4, we have 
2(z + 2)-5(!E-2)-2 = 0. 
WheniM, 2a; + 4-5» + 10-2 = 0. 
Trwiaposing, 2* -6i =-4- 10 + 2. 

Uniting tenoB, — 3x = — 12. 

ig by — 3, x = i. Ant. 

deiiOiniaa,toi9 are partly monomial and partly polj- 
.t is often advantageous to clear of fractions at first 
; multiplying each term of the equation by the 
of the monomiai denominators. 
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SIMPLE EQUATIONS. 

x+1 2x- 



29. Solve the equation 



The L.C. M. ot the luonomlaJ denominatora is 1&. 
Multiplying eacb term t; 16, we bwre 



Transposing and uniting terms, 4 = 



80a -60 ^ 
16 



Multiplying by 7 as -18, 28i-M = 80x- 80. 
Transposing, 28x - 30x = 01-60. 

Uniting terms, — 2x = 4. 

Dividing by - a, z = -2, Atu. 

Solve the f ollovii^ equations : 



30. 


S»+2 3« + 4 


„ Tij'+10«-24 6 , 


31. 


2a! + 3 4a! + 5 
3a!-4 6a!-l 


oc ««+' . , o r»-13 
'^ 6 "^ 2(2.+l)- 


32. 


3ir» + 6a! + 4 


37 ; + 2^ + T 9»-2 
3+3^-4 9 


33. 


6s + 6 3i-2 
2.(«-l) «■-! 


S8 * 2 1 
3«-5 1-2 ai-3 


34. 


3fl> 2a! 2a^-5 
2j!+S 2j!-3 4«"-9 


,„ 23! + 7 5x-4 as+e 
14 3«+l "T" 




40 ' * 

*°- —2 2«-l 


3 

S« + 2 




41. .Mr"L+ 


.5lli-i±|=0. 



a? + 3a!-28(c-4 
ij 5a; + l 4ai + 7 3ic-2 _ 
6 6a; + 11 3 " 



tv Google 
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44. 


2«-16 2x + l2 x'-2x~t8 


4S. 


«-2 »-l 2» + 4_. 
» + 2 an-l+i--! 



46 2 + 3g 2-33; _ 36-4g 

3-as 3+a! iE*-9 * 

47 2ar' + 33!-l 2a^-3a! + l ^o 

2aj + l 2ir-l ^ 

48 (j'+l)(i« + 3) _ »-6 „ 7(3ir-8) 3(ar-2) 
*^' (aj + 6)(a! + 7)~« + 2 3(a:-3) "^ 3^-1 ~ 



4rf — 3a; + 2 4a!-3 ' 6x-i 9x+6 9a?-i 



(First combine tbe fractions In the first member ; then the fractions 
In the second member.) 

3x + S 3a-2 _ 6»-5 Tx 



53. 



7 14 28 4(4ii!-3) 



SOLUTION OF UTEBAL EQUATIONS. 

152. A Literal EcLoation is one in which some or all of 
the known quautitdes are represented by letters; aa, 

2z + a = ba?-10. 

153. 1. Solve the equation (6 — ca;)*— (a — C3!)'=6(& — a). 
Pertoimlng the opeiaUons Indicst^d, we have 

W - a 6ce + oW - (a* - 2 OCT + cV) = 6» - aft. 
Whence, tA-2bai+Afi~<fi+2aac-d^ = 6l^-ab. 
Tran^mglngandnnltiiig terms, 2aez—2iicz = a^ — ub. 
Factoring both memlwrs, 2ci;(a — &)= a(a— b). 

Dividing by 2c(a-t), z= "('' ~ ^) =^, Ant. 



SIMPLE EQUATIONS. 



EXAMPLES. 








Solve the following equations : 










2. a(Bbx-2a)=b(2a- 


-3 to). 








3. ix + ay + (b + cy=(x 


r-a)'+(6- 


-c)«. 






I. ^ + _2^ = 3. 6. 


x'-b b 


— x^ 


.2» 


X 


J 3x-4 5m-2n ^ 


a!-l-^ 


=L? = 


= J-. 





3x + i 5m + 2 

g 5a;-2o 93!-5g' . 3(x + 2a'<) 5x^q 
2a Ba" a? 6a 

to CUE abx 

10. 2(a!-ft)(2a-36-3a!)-(2a-33!)(6 + 2a!)=0, 

11. (a! + m)(a! + n)-(a! — )n)(a! — n)=2(m + n)'. 
12. 



-b x+b ^ 4o'-6' 
-2o x + 2a a^-ia" 



2x + 3a ^ 3x + 4b j^^ 2wj!-3 ^g 9t>x + 2 

2x-3b 3x-ia' nx-1 Sna;-! 

15. «ZL^+>n«+«Zl« = o. 
as — c a! — o a; 

16. (ai + a)» + (x-a)'=s2iB(a:>-a*)-24a». 

„ 3as(a-6) a~26 «-6^ 
a^-6' £C + 6 ^6-a; 



18. 



-26ca! 5x Sac- 



46c 6 c 126c 

19. (a; - 2 a + 3 &)* - (x - 2 a) (a; + 3 6) - 6 dfi = 0, 



„ o b V-af 
«-o »-6 V-bx 


aa. 


(2»-3n.V «-3m 
(2a!-3n)* a!-3n 




as. 


2(a+») «+6 »-a 
a: as— 6 x+a 



x — a x — b x(!B — a—b) 

^ ^ + ia + b ix + a + 2b^g^ 

x+a+b x+a—b 

SOLUnOK OF EQUATIONS mVOLVHia VECJMJdA 
X54. 1. Solve the equation .17 a! -.23 = .113 a + .112. 
TnuBpoBisg, .17x - .113x = .23 -f- .112. 

Uniting temu, .067 x = .342. 

landing by .067, x = -^ = i. Am. 

EXAMPLES. 
Solve tlie following equations : 

2. 2.9a!-1.98 = 1.4a;-1.845. 

3. .063=4- .117 = .186iB-.2a!-.139. 

4. .6 at -. 265 + .03 = ,4 + .66 a;-. 187 a^ 

5. .4(1.7a!-.6) = .95ic + 5.16. 

e. .08(36 X- 2.3) = .9(7 a! + ,18) -.997. 

7. 2.8«-:29£+^0184^5^_(^ 

.7 

- „oQ .43! + .708 18 .3 

8. 3.89 ^__=___. 

g .7 31 + . 371 .3a; -.256 ^ ,, 
.9 .6 ■ ■ 

10 2-3£ 3ai-14 _ aJ-2 10a!-9 
1.5 9 1.8 2.25 
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SIMPLE EQUATIONS. 



PROBLEMS. 



ISS. 1. Divide 43 into two parts such that ihiee-eighths 
of one part may equal two-ninths of the other. 



Lot 


»= one part. 


Then, 


48-1= the other. 


By the condltloiu. 


¥=|c"-)- 


Clearing of Unctions, 


27z = iex48-ieas. 


TranspoHing, 


431 = 16x48. 


Dividing by 48, 


X = 16, one part. 


Whence, 


43 - X = 27, the other part. 



2. The fifth part of a number exceeds its eighth part by 
3 ; what is the number ? 

3. What number is that from which if four-sevenths of 
itself be subtracted, the result will equal three-fourths of 
the number diminished by 18 ? 

4. What number exceeds the sum of its third, sixth, and 
fourteenth parts by IS ? 

5. Divide 45 into two parts such that the sum of four- 
ninths the greater and two-thirds the less shall equal 24. 

6. Divide 66 into two parts such that five-eighths the 
greater shall exceed seven-twelfths the less by 6. 

7. Divide $ 124 between A, B, and C so that A's share 
may be five-sixths of B's, and C's nine-tenths of A's. 

8. A man travelled 768 miles. He went four-fifths as 
many miles by water as by rail, and five-twelfths as many 
by carriage as by water. How many miles did he travel in 
each manner ? 

9. A's age is three^eighths of B's, and eight years ago 
it was two-sevenths of B's age ; find theii ages at presMit. 
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10. A has S 62, and B $ 38. After giving B a certain 
sum, A has only three-sevenths as much money as B. What 
sum was given to B ? 

11. I paid a certain sum for a picture, and the same price 
for a frame. If the picture had cost $ 4 more, and the 
frame 30 cents less, the price of the frame would have been 
one-third that of the picture. Find the cost of the picture. 

IS. A can do a piece of work in 8 days which B can per- 
form in 10 days. In how many days can it be done by both 
working together ? 

Let z = the nnmber of da^s required. 

Then, - = the part both cim do in one day. 

Also, ~ = the part A can do in one day, 

the part B can do in one day. 



10 



By the conditions, 



_1 



10 



6x + i<c = «>. 
9x = «}. 

Whence, x = 4J, the nnmber of daya required, 

13. The second digit of a number exceeds the first by 2 ; 
and if the number, increased by 6, be divided by the sum of 
its digits, the quotient is 5. Find the number. 

Let z = the flist digit. 

Then, z -H 2 = the second digit, 

and Sx + 2 = the sum of the digits. 

The nnmber Itself is equal to 10 times the flret digit, plus thesecond 

Then, 10n-(a;-H2), or 11 a; + 2 = the number. 

By the oonditions, il|±^^ = 6. 



Whence, 
Then, 



11 z -)■ 2 = 24, tbe number required. 
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14, A can do a piece of work in 18 days, and B can do 
the same in 24 days. In bow many days can it be done by 
both working together ? 

16. A can do a piece of work in 3J hours which B can do 
in 3f hours, and C in 3| hours. In how many hoars can 
it be done by all working t(^ether ? 

16. A tank can be filled by one pipe in 9 hours, and 
emptied by another in 21 hours. In what time will the 
tank be filled if both pipes be opened ? 

17. A vessel can be filled by three taps ; by the first 
alone in 7J minutes, by the second alone in 4^ minutes, and 
by the third alone in 4f minutes. -In what time will it be 
filled if all the taps be opened? 

18. The first digit of a number is 4 less than the second; 
and if the numbei be divided by the sum of its digits, the 
quotient is 4. Find the number. 

19. The second digit of a number ie one-fourth of the 
first ; and if the number, diminished by 10, be divided by 
the difference of its digits, the quotient is 12. Find the 
number. 

20. If a certain number be diminished by 23, one-fourth 
of the result is as much below 37 as the number itself is 
above 66. Find the number. 

21. What number is that, seven-eighths of which is as 
much below 21 as thiee-tenths of it exceeds 2^? 

22. B is 24 years older than A ; and when A is twice his 
present t^e, B wiU be | as old as he now is. How old is 
each? 

23. The denominator of a fraction exceeds the numerator 
by 6. If the denominator be decreased by 20, the resulting 
fraction, increased by 1, is equal to twice the original ttuo- 
tioD. Find the fraction. 
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24. Divide 44 into two parts such that one divided by 
the other shall give 2 as a quotient and 5 as a remaindei. 

Let X = the divisor. 

llieii, 44 — z = the dividend. 

Now since Qie dividend is equal to the product of tiie divisor and 
quotient, plua tbe remainder, we liave 



Whence, x = 13, the divisor, 

and 44 — z = 31, the divideitd. 

25. Two persons, A apd B, 63 miles apart, start at the 
same time and travel towards each other. A travels at the 
rate of 1 miles an hour, and B at the rate of 3 miles an 
hour. How far will each have travelled when they meet ? 

Let 4z = the number of miles that A travels. 

Then, 8 z = the number ol miles' that B travel*. 

By the conditions, 

4z + 3x = 68. 



Whence, 4 x = 36, the number of miles that A travels, 

and Sx = 27, the number of miles that B travels. 

Nota. It is often advants^oos, as in Ex. 25, to represent the 
unknown qimntit; by some multiple of z instead of by x itself. 

26. Divide 49 into two parts such that one divided by 
the other may give 2 as a quotient and 7 as a remainder. 

27. Two men, A and B, 66 miles apart, set out at the 
same time and travel towards each other. A travels at the 
rate of 16 miles in 4 hours, and B at the rate of 9 miles 
in 2 hours. How far will each have travelled when they 
meet? 



,„Coo^k" 



SIMPLE EQUATIONS. 181 

28. Divide 134 into two parts such tliat one divided by 
the other may give 3 aa a quotient and 26 as a remainder. 

39. The denominator of a fraction is 7 leas than the 
numerator ; and if 5 be added to the numerator, the value 
of the fraction is ^. Find the fraction. 

30. The second digit of a number exceeds the first by 4 ; 
and if the number, increased by 39, be divided by the sum 
of its digits, the quotient is 7. Find the number. 

31. I paid a certain sum for a hotse, and seven-tenths Aa 
much for a carriage. If the horse had cost $ 70 less, and 
the carriage $ 50 more, the price of the horse would have 
been foui-fifths that of the carrif^. What was the cost of 
each? 

32. A can do a piece of work in 15 hours, which B can 
do in 25 hours. After A has worked for a certain time, B 
completes the job, working 9 hours longer than A. How 
many hours did A work ? 

33. A man owns a horse, a carriage worth $100 more 
than the horse, and a harness. The horse and harness are 
together worth three-fourths the value of the carriage, and 
the carriage and harness are together worth 9 50 less than 
twice the value of the horse. Find the value of each. 

34. The rate of an express train is ^ that of a slow train, 
and it covers 180 miles in two hours less time than the 
slow train. Find the rate of each train. 

35. Two men, A and B, 57 miles apart, set out, B 20 
minutes after A, and travel towards each other. A travels 
at the rate of 6 miles an hour, and B at the rate of 5 
miles an hour. How far will each have travelled when 
they meet? 

36. A grocer buys eggs at the rate of 4 for 7 cents. He 
sells one-fourth of them at the rate of 5 for 12 cents, and 
the remainder at the rate of 6 for 11 cents, and makes 27 
cents by the transaction, How many eggs did he bi^? 
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37. At what time between 3 and 4 o'clock are the hands 
of a watch opposite to each other ? 

Let z — the Dumber of minute-Bpaces passed over by the minute- 
hand from 3 o'clock to the required time. 

Then, Bince the hour-hand is 16 minute-spacee io advance oF the 
minuM-band at 3 o'clock, x - 15 — 30, or x - 45, will represent the 
iiui&ber of minute-spaces pasaed over by the hour-hand. 

But the mlQate-hand moves 12 times as fast as the hour-hand. 

Whence, a: = 12 (x - 4.-)). 

1 = 12* -640. 
-llx = -510. 

X = 4i>^r. 
Then the required Ume is 40^ minuies after 3 o'clock. 

38. At what time between 1 and 2 are the hands of a 
watch opposite to each other ? 

39. At what time between 6 and 7 is the minute-hand of 
a watch 6 minutes in advance of the hour-hand ? 

40. At what time between 4 and 5 are the hands of a 
watch together? 

41. At what time between 5 and d.30 are the hands of a 
watch at right angles to each other ? 

^. The sum of the digits of a number is 15; and if the 
number be divided by its second digit, the quotient is 12, 
and the remainder 3. Find the number. 

43. A man has 11 hours at his disposal. How far can 
he ride in a coach which travels 4^ mUes an hour, so as to 
return in time, walking back at the rate of 3| miles an hour ? 

44. A, B, and C together can do a piece of work in 1^ 
days ; B's work is one-half of A's, and C's three-fourths of 
B's. How many days will it take each working alone ? 

45. At what time between 9 and 10 are the hands of a 
watch togetlier 7 
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46. A, B, C, and D found a sum of money. They ^reed 
that A should receive $ 4 less than one-third, B ¥ 2 more 
than ODe-fourth, G $3 more l^an one-fifth, and D the 
remainder, $ 25. How much did A, B, and C receive ? 

47. At what time between 8 and 9 are the hands of a 
watch opposite to'each other ? 

48. A vessel can be emptied by three taps ; by the first 
alone in 90 minutes, by the second alone in 144 minutes, 
and 1^ the third alone in 4 hours. In what time will it be 
emptied if all the taps be opened ? 

49. A and B start in business, B putting in | as much 
capital as A. The first year, A loses S 500, and B gains ^ 
of his money; the second year, A gains ^ of his money, 
and B loses $ 205 ; and they have now equal amounts. 
How much had each at first ? 

50. A man buys two pieces of cloth, one of which con- 
tains 6 yards more than the other. For the larger he pays 
at the rate of $ 7 for 10 yards, and for the smaller at the 
rate of S 5 for 3 yards. He sells the whole at the rate of 
9 yards for $ 11, and makes $ 5 on the transaction. How 
many yards were there in each piece ? 

51. A man loaned a certain sum for 3 years at 5 per cent 
compound interest ; that is, at the end of each year there 
was added ^ to the earn due. At the end of the third 
year, there was due him (2130.03. Find the amount 
loaned. 

52. At what times between 7 and 8 are the hands of a 
watch at right angles to each other ? 

53. At what time between 2 and 3 is the hour-hand of a 
watch one minute in advance of the minute-hand ? 

64. Gtold is 19^ times as heavy as water, and silver 10}^ 
times. A mixed mass weighs 1960 oz., and displaces 120 oz. 
of water. How many ounces of each metal does it contain ? 
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fi5. A merchaDt iDcreaaes his capital antiuaUy by oa» 
tliird of it, and at the end of each year takes out $ 1800 
for expenses. At the end of three years, after taking out 
his expenseB, he finds that his capital is $ 3S00. What w&s 
his capital at first ? 

56. A and B together can do a piece of work in 2^ days, 
B and C in 2^ days, and C and A in 2J- days. How many 
days will it take each working alone ? 

57. A alone can do a piece of work in 16 bouis ; A and 
B t<^ther can do it in 9 hours, and A and together in 10 
hours. A commences work at 6 a.m. ; at what hour can he 
be relieved by B and C, so that the work may be completed 
at 8 P.M. ? 

58. A man invests -^ of a certain sum in 4^ per cent 
bonds, and the balance in 3^ per cent lionds, and finds hia 
annual income to be S 117.60. How much does he invest 
in each kind of bond ? 

I The ajmital income from p doUars, hireflted at r pei cent, Is lefK 
»»,»dby^.) 

59. An express train whose rate is 36 miles an hour starts 
64 minutes after a slow train, and overtakes it in 1 hour 
48 minutes. What is the rate of the slow train ? 

60. At what time between 10 and 11 is the nunut&-hand 
of a watch 26 minutes in advance of the hour-hand ? 

61. A woman sells half an egg more than half her eggs. 
She then sells half an egg more than half her remaining 
e^s. A third time she does the same, and now she has 
sold all her ^gs. How many had she at first ? 

62. A man invests two-fifths of his money in 6} per cent 
bonds, two-ninths in 6^ per cent bonds, and the balance in 
3f per cent bonds. His income from the investments la 
$ 916. Find the amount of his property. 
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63. A man starts ia business with 9 8000, and adds to 
his capital annually one-fourth of it At the end of each 
year he sets aside a fixed sum for expenses. At the end of 
three years, after deducting the fixed sum for expenses, 
his capital is reduced to 9 6475. What are his annual 
expenses? 

64. If 19 oz. of gold weigh 18 oz. in water, and 10 oz. of 
silver weigh 9 oz. in water, how many ounces of each metal 
are there in a mixed mass weighing 127 oz. in air, and 
117 oz. in water ? 

65. A fox is pursued by a hound, and has a start of 63 
of her own leaps. The fox makes 4 leaps while the hound 
makes 3 ; hut the hound in 5 leaps goes as far as the fox 
in 9. How many leaps does each make before the hound 
catches the fox ? 

(Let 4 z = the number of leaps made tj the fox, and tx = the 
number made by the bonnd.) 

66. A merchant increases his capital annually by one- 
third of it, and at the end of each year sets aside $ 2700 for 
expenses. At the end of three years, after deducting the 
sum for expenses, he has ^ of his original capital. Find 
bis original capital. 

PROBLEMS INTOLVIHa UTSKAL EQUATIONS. 

156. 1. Divide a into two parts such that nt times th« 
first shall exceed n times the second by b. 
Let X = one part. 

Then, a ~ z = the other pact. 

Bj the oondltlons, ntx = n(a — x) + ft. 

mx = an — nz + b. 
«tt-|-M! = an + 6. 
*(«• + «)=<■» + 6. 
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Wbenoe, x = - — "^ ^ , one put, 

mud a e-a ■» + 6^ twi + an -an-6 



— — -, the otber part 



Not«. The resQlU can be need m /ormuIiE for soMng any prob- 
lem at the above form. 

Thus, let it be required to divide 25 into two ports such that 4 times 
tte first shall exceed 3 times the second by 37. 

Here, a = 26, m = 4, n = 3, and A = 37. 

SnbetitntiDg these values in the results of Ex. 1, 

tl,.«i.tpi« ,?5iL|+8!,Zi±si=!iJ.n, 



and the second part ' 



.2Sx4-37_100-87_e3_ 



2. Divide a into two parts such IMt m times the fint 
shall equal n times the second. 

3. A is m times as old as 6, and a years ago he was 
n times as old. Find their ages at piesent. 

4. A can do a piece of work in m hours, which B can 
do in n hours. In how many hours can it be done by both 
working t<^ther? 

5. A vessel can be filled by three taps; by the first 
alone in a minutes, by the second alone in b minutes, and 
by the third alone in c minutes. In how many minutes 
will it be filled if all the taps be opened ? 

6. A. has m dollars, and B has n dollars. After giving 
A a certain sum, B has r times as much money as A. What 
3um was given to A ? 

7. A gentleman distributing some money among beggars, 
found that in order to give them a cents each, he would need 
6 cents more. He therefore gave them o cents each, and had 
d cents left. How many beggars were there ? 
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8. A man has a hours at his disposal. How far can he 
ride in a coach which travels b miles an hour, so as to return 
home in time, walking back at the rate of c miles an hour ? 

9. A courier who travels o miles in a day is followed 
after n days hj another who travels b miles in a day. In 
how many days will the second overtake the first ? 

10. What principal at r per cent interest will amount to 
a dollars in t years ? 

11. In how many years will p dollars amount to a dollars 
at T per cent interest ? 

12. At what rate per cent will p dollars amount to a dol- 
lars in { years ? 

13. Divide a into two parts, such that one divided by the 
ot^er may give 6 as a quotient and c as a remainder. 

14. Two men, A and B, a miles apart, start at the same 
time, and travel towards each other. A travels at the rate 
of m miles an hour, and 6 at the rate of n miles an hour. 
How far will each have travelled when they meet ? 

15. A grocer mixes a pounds of coffee worth m cents a 
pound, b pounds worth n cents a pound, and c pounds worth 
p cents a pound. Find the cost per pouud of the mixture. 

16. A banker has two kinds of money. It takes a pieces 
of the first kind to make a dollar, and b pieces of the second 
kind. If he is offered a dollar for c pieces, how many of 
each kind must he give ? 

17. Divide a into three parts, snch that the first may be 
m times the second, and the second n times the third. 

18. A and B together can do a piece of work in m hours, 
B and C in n hours, and C and A in p hours. In how many 
hours can each alone do the work ? 
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ZIT. SIlfULTANEOUS EQUATIONS. 

CONTAININQ TWO UNKSOWW QUANTITIia. 

157. If a rational and integral monomial (S 69) involres 
two or more letters, its degree with respect to them is denoted 
by the sum of their exponents. 

Thus, 2a*b'xy^ is of the four^ degree with respect to 
tcand jf. 

1S8> If each term of an equation containing one or more 
unknown quantities is rational and integral, the degree of 
the equation is the degree of its term of highest degree. 

Thus, if X and y represent unknown quantities, 

ax — by = ciBaa equation of ihejirat degree. 

a^ + lxs — 2isan equation of the second degree. 

2ir* — 3a!y'=6i8an equation of the third degree ; for the 
term 3 x^ is the term of highest degree, and 3 j^ is of the 
third degree. 

159. An equation containing two or more unknown quan- 
tities is satisfied by an indefinitely great number of sets of 
values of these quautities. 

Consider, for example, the equation x + y = S. 

If JB = 1, we have 1 + y == 5, or y = 4. 

Itx-2, we have 2 + y = 6, ory = 3; and ao <hl 

Thus the equation is satisfied bj any one of the seta of 
values 

x = 2, y = 3; etc. 

For this reason, an equation containing two or mote un- 
known quantities is called an indeterminate equation. 
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160; Two equations, each containing two unknown qoan- 
titles, are eaid to be ladependeiit when one of them is satis- 
fied by seta of valuea of the unknown quantities which do 
not satisfy the other. 

Consider, for example, the equations x + y = 5,x — y = 3. 

The first equation is satisfied by the set of ralnes 
x = 3,y = 2, which does not satisfy the second. 

Therefore, the equations are independent. 

But the equations x + y = 5, 2 x + ',iy = 10, are not inde- 
pendent; for the second equation can be reduced to the 
form of the first by dividii^ each term by 2; and hence 
every set of ralnes of x and y which satisfies one equation 
will also satisfy the other. 

161. Let there be two independent equations (§ 160), 
each of the first degree, containing the unknown quantities 
X and y,asx + y = 5,x — y = 3. 

By § 169, each equation considered by itself is satisfied 
by an indefinitely great number of seta of values of x and y. 

But there is only one set of values of x and y, i.e., x = i, 
y — 1, which satisfies both equations at the same time. 

A. aeries of equations is called Simnltansoiu when each 
contains two or more unknown quantities, and every equa- 
tion of the series is satisfied by the same set ctf values of 
tiie unknown quantities. 

162. To solve a series of simultaneous equations is to find 
the set of values of the unknown quantities involved which 
satisfies all the equations at the same time. 

1631 Two independent, simultaneous equations may be 
solved by combining them in such a way as to form a single 
equation containing but mte unknown quantity. 
This operation is called EllminatioiL 
There are three principal methods of elimination. 
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(5x-3y = 19. 


(1) 


\7x + iy= 2. 


(2) 


20* -12?= 78. 


(3) 


21x+Up= 6. 


W 
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164. I. SUminatioit bjr Addition or Subtraction. 

1. Solve the equations 

Mnltiplying (1) by 4, 
Multlpljing (2) by 8, 
Adding (8) uid (4), 41x=: 82. 

Whence, a; = 2. 

&ubBtitatiiigtheTa1ueo(a;In(l), 10-3v= 19. 
-8v= 9. 
Wheuoe, y = — 3. 

Tbe above Ib an example of elimination b; addition. 

2. Solve the equations li0:«_7y = -24. (2) 

' MuIUpljlngCl)by2, 30x + l6y= 2. (8) 

Multiplying (2) by 3, 30g-2Iy = -72. (4) 

Subtracting (4) from (3), 37 y = 74. 

Whence, ' f= 2. 

SabsUtutbig the value of y in (2), 10 x - 14 = - 24. 
lOi = - 10. 
Whence, x=— 1. 

The above is an example of elimination b; subtraction. 

BULE. 

If necessary, mvltiply the given equations by such nuTttbers 
as wili Toake the coefficients of one of the unknovm , quantities 
in the residting equations of equal absolute value. 

Add or subtract the resulting equations according as the 
coefficients of equal abstdute value are of unlike or like sign. 

Note. U the coefficients which me to be mttde of equal absolute 
4alue are prime to each oUter, each may be need as the multiplier for 
the other equation ; but If they are not prime to each other, such 
multipliers ahould be used as will produce their lowest common mul- 
tiple. Thus, in Ex. 1, to make the coefficients of y of equal absolute 
value, we multiplied (1) by 4 and (2) by 3 ; but iu Ex. 2, to make the 
coefScients of x of equal absolute value, since the L. C. M. of 10 and 
1& ia 30, we multiplied (1) by 2 and (2) by S. 
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EXAMPLES. 
Solve by the method of addition or subtraction : 

( 6x+ 49=22. tl7i! + 10}: 30. 

1 Sai+ j = 9. ■ ll3i-35y = -40. 
f I- 6j = -10. fllj!- 6}- 4. 

\ 2.- 7!i = -16. I 9«+ 6s = m 

I T«- 2!, = 31. f 8«+ 9y = -4. 

■ I 4»+ 3j( = -3. ■ I Sj- 9».7T. 
f 6i + lls--28. ( 8«- 9» = 1. 

■ I 6si-18a! = 8. 1 8»-10!( = -6. 
f 6»+ 2j = -a (21«- 8j = 92. 

■ 1 6»- 3y--6. ■ 1 9x + 17y = l». 

I 4!r + 159 = T. fWK-Uj — 27. 

■ ll4»+ 6j = 9. ■ llOs-lli-36. 
rl2«- 6s=10. f22» + 16s = 9. 

■ i30» + lIjf.-69. ■ U8«i + 26j = 71. 

r 3«+ 7sf = 2. f 6»-24, = -123. 

■ 1 7«+ 8s = -2. Il9«-36v = -81. 



165. n. BlimiAation by Sobstitntion. 

1. Solve the equations 



(1) 

\Sy-Sx = -n. (2) 

Traosposing - 6« in (2), 8y = 6j— 17. 



SabBUtutlag this in (1), 7z 

Clearing of fr&ctlonH, 663 
Expanding, 66 



8nbttittttlngtlie«lu8ofitiiiC8), y = — ^" -. ' ■i = -4. 
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BULE. 

From, one of the given equations Jlnd tfie value of one of the 
unknown quantities in terms of the other, and substitute this 
vaiue in place of that quantity in the otlier equation. 

EXAMPLES. 
Solve by the method of substitutioa : 

r 3«+ 2s = 17. f 8.- 3j 6. 

■ I ix+ s=ie. ' ■ 1 4»+ 6s = 7. 
„ f •- 6j-2. „ I lx+ Sy. 10. 



'■ 1 3j,- 


8j! = 2S. 


■ 


llla!+ 6y = -19. 


( 2«- 


3y--14. 


1!. 


f 6aj-10y = 5. 


M 3x + 


7j = 48. 


Il5!,-14« = -16. 


m::! 


5J-6. 


13. 


r 9«+ 8y = -6. 


2J-29. 


ll2j! + 10y = -7. 


f 2« + 


6s=13. 


U. 


(16«-ll!,-66. 


'■ I 7«- 


4S--19. 


U2«- 7y-37. 


r 1 '"+ 


7!, = -23. 


15. 


( 7i- 8j = -43. 
1 Sy- 6» = 36. 


'• 1 s«+ 


4y 23. 


f 6x + 


9s = 8. 


le. 


1 6«- 9j = 19. 


'■ t 6j- 


9«--r. 


Il6«+ 7!, = -41 


,6.+ 


8y = -6. 


17. 


f 5*- 8y = 60. 


12!, 6. 


I 6«+ 7J--11. 



166. III. Eliinination by Compariwn. 

. „, I . (2a!-6j = -16. (1) 

1. Sohe the equation, [s^ + Ty^a. (2) 

TrauBposing-S^io (1), 2x = 6^-18. 



Transposing Tj/ '° (2), 
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SIMULTANEOUS EQUATIONS. 
Whence, ^_ 6-7jf 

Equating the TalueB of as, ^JLni? = §^ill?. 

Clearing of fiactione, ley - 48 = 10 - 14 y. 

a9y = 68. 



SnbHtitating die TAlne olybi (3), X= =-B. 

EVLE. 

.FVom eacft o/ the given eqttaiions^nd the value of the same 
unknoian quantity in t&ias of the other, arid place these valiiea 
equal to each other. 

EXAMPLES. 
Solve by Uie method of comparison : 
f 2x+ y = 9. Il2x- 6y=19. 

■ 1 5x+ 3y = 25. ' \ Ay- Zx = -ll. 
I x+ 2y 2. f 6«- 7y = -12. 

■ 1 4»- 7y = 37. ■ llOs- 9y = -12. 
f eat- 5y = -10. fl6a!+ 8y = -14. 
1 6a.- 2y = -17. . ' t 6!B + 12i/ = 1 
flla+ 4y = 3. f 5a;+ 3^ = 27. 

't 8K+ 93/ = -10. 'I 8y- 3a! = -26. 

f 7a!+ 3y = -9. r 2a;+ 5y = -27. 

■ i 6y- 93! = 28. ■ tll3!+ 6y = -41. 
fl2a>-25y = l. f Sa:- 9y = 6. 

■ i 4a! + 10y = -7. ' j 7a!+ 4)/ = 29. 

r 6a;- 5y = l. flO^ + 18y^-lL 

■ 1 9a! + 10y = 12. ' ll4y-15a! = -4. 

f 3a!- 8y = -17. r 9»- 7y = -86. 

■ I 7a!+ 6y = -15. ' \ 4a;-lly = -93. 

,Coo^k" 



MISCELLANEOUS EXAMPLES. 

167. Before applying either method of elimination, each 
of. the given equations should be reduced to its simplest 
form. 



1. Solve the equationB l^ + S y + i 

[x(i,-2)-y(x~5)=-13. (2) 
From (1), 7 j» + 28 - 8* - 9 = 0, or 7 y - 3a! = - 19. (8) 

From (2),a¥-2a:-iEV + 6v=s-18,OT 6v-2!i:=-18. (4) 
MultlpIyiDg (3) by 2, Up -Ox =-38. (6) 

MulUplying <*) by 8, 16v-6iB = -S9. (fl) 

SubtrsctiDg (6) from (S), 1/ = - 1. 

SubsUtutiDg the valna of y In (4), -6-2at=-18. 

-2* = - a 
Whence, S x 4 



Solve the following: 






. 


2? + ?i!__L 
3 4 2 

4 6 2 


i. 


.4i^-4t-»- 

» ' .a 

2»-3 2JH-13 


f8« + 7j, = 12. 


e. 


6+«-y.. 7 
l-«-y 4 
2i!H.3» = -l. 


. + 6y 25 + « 
L 13 11 
3«-!( = 2. 


7. 


3-2i 4 + 6s , 
6 11 




,(. + l)(y + 9)- 
l2« + Sy + 9.0 


(»+s 


)(j-T) = 112. 
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SIMULTANEOUS EQUATI0K8. 



2 

3 


_^.8. ^^ 
fi=i 11. 


10a!-t^ = ll. 
8!,-l±2 IT. 




«+S-2 1 
x-J 3 


3« + .v-3 . 1 
2y-« 11 


18. 


^ + 8.2,-!^-. 
3. 2fci«-2, 4. 


14. 


5-?i.l. 
6 7 


15. 


8-., 2i + 3 v + 3 
S 4 4 

1 + 4, « + 7 3 
11 3 


16. 


|(3« + !l)-|(2« + y + l) = i- 
3>,-|(4.+ j, + D = 5y. 


17. 


3«-!(2« + s + 6)=6j. 
l(3» + 2,)-l(2j-«) = -8. 


18. 


« + 2y + 4-i|^2»-3(!, + l)J-0. 
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13 „ (.8j! + .06j-.6366. 

B' + i" 7 "■ i.09.-.4,= .l. 



24. 



7a; + 3.v + 12 3^ 

« — 6y — 4 

3J + 4.V S „ 
3»-4y 13 ■ 

S« + 6 llg-5 _.. 

10 21 

7x S5.V-12 „ 
5 26 

1-2 lO-i .v-10 .„ 

5 3 4' 
V + 2 2« + y i + 13 _„ 

6 32 , 16 ■ 



f2^-3^4jH:_6_a 

as. J 1+2 1-3 , " 

|(2»-3} + lX3« + ll}) + 26j"-(3ii + 8!/K2«-!,) 

(.32i,-2.4»-°°°» + ^'' — .8.--^' + "^ 

.07» + .l 1 .04!) + .l _„ 
( .6 .3 ■ 



28. 
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168k Literal Simnltaneoiu Equatioiu. 

In solvii^ literal simultaneoua equations, the method of 
elimination by addition oi subtraction is usually the best. 



1. Solve the equations 

Multiplying (1) by V, 
MolUplylng (2) 'tis b. 
Subtracting, 



Multiplying (1) by a>. 
Multiplying (2) t^ a, 

g (8> from (4), 



( (Kc + 6y = c. 
1 a'x + b'p = c'. 

ab'z + bb'v = b'o. 

a'bx + bb's = 6c'. 



ae' — tt'c 
06' - a'b 



(1) 
(2) 



of* - a'6ai = 6'c - bef. 




Ve-bef 

ab' - a'b 




aa'x + a'by = a'c 
aa'x 4- ab'y = acf. 





Solve the following: 



3. 


C3x+iy = 7a. 
l2«-6j-66. 


S. 


ra«-6y = l. 
Ito + a3/==l. 


4. 


jmt +«y =p. 




S. 


faiB + 6y = »a. 


\ae—dy = n. 


a 


a<'-b)x-H = 



x+ay 
6-2 ' 



? + 






l(a-b)x-(a + b)y = cf + lf. 
I ay + 6a! = 0. 
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I26fl) + 2ay = 36'-a'. \ bx + y = a(l + aS). 



19. 



!«. 



la>-j = 2(<.'-(^. 

f (6 — o)iB— (o — c)y = 6c — rf. 
1(6— c)» — ay== — ac. 

|(S + «)«+(S-«)j = 2«*. 
1 (o + c) a — (o — c)y = 2 ac. 

fwu! + ny = mn (wi* + v,*). 
a! + S -«.»(>« + »). 

.-6y-2S. 

, + »y = °'-'''» + °*' + »' . 

f(a + 6)a!-(a~6)y = 3afi. 

1 a + 2b' 

-6_a-2s 



169. Certain equations in wMcli the unknown quantities 
occur in the denominators of fractions may be readily solved 
without previously clearing of fractions. 



1. Solve the equations 



10 

X 


-h'- 


(1) 




i5=_i. 


(2) 



h 



- '. \^ 



SIM0LTANEOU8 EQUATIONS. 



MiilUpljtog(l)by6, 






Multiplying (2) by S, 




|+S=-a 


Adding, 


?= "■ 


•nun, 




74 = 37*, 




• l«(l). 


6-! = 8. 


Then, 








EXAMPLES. 



Solve the following : 



f9 


10 




-4 








y 




6 


IS 




- + — = 


= 1 


X 


V 




10 


9_ 








= 4. 


X 


y 




8 


is_ 


_9 



Hi'- 



h ^ a. V-it 
ax fty a'fe* 



= 2a-36. 
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XV. SIMULTANEOUS EQUATIONa 

OONTAIHING HORE THAN TWO UNKNOWN 
QUANTITUSa 

170. If ve have three independent simple eqaations, cod- 
tainii^ three nntnown quantitiea, we may combine any two 
of them by one of the methods of elimination explained in 
SS 164 to 166, so as to obtain a. single equation containii^ 
only two unknown quantities. 

We may then combine the remainii^ equation with either 
ctf the other two, and obtain another equation containing 
the same two unknown quantities. 

3y solving the two equations containing two unknown 
quantities, we may obtain their values; and substituting 
them in either of the given equations, the value of the 
remaining unknown quantity may be found. 

We proceed in a similar manner when the number of 
equations and of unknown quantities is greater than three.* 

The method of elimination by addition or subtraction is 
usually the most convenient. 

r 6ie-4y- 7z = 17. (1) 

1. Solve the equations 1 9a!-7y-16z = 29. (2) 

llOa!-5y- 'Sz = 23. (3) 

Mnltlplytog (1) tiy 8, 

Midtiplying (2) by % 

Subtracting, 2y+ llss-T. (4) 

MulUplying (1) by ft, 80* -20v -86« = 86. (5) 

Multiplying (3) by 3, 80a! -16y- »»= 69. (8) 

Subtracting (5) from (((), 6p + 26c = -16. (7) 

Multiplying (4) by 6, 

MiilUplylng (7) by 2, 

Subtracting, 



18x- 

18x- 


-12{f-2I« = 
-Uy-S2« = 


61. 
58. 


SOx 
SOx 


2y+ll« = 
-20v-86« = 
-16y- »» = 


-7. 
86. 
69. 


■ 


6y + 26« = 
lOy + 662 = 
10if + 52i = 


-16. 
-36. 
-32. 
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SubBtitnting In (4), 8v-ll=- ?■ 

Whence, y s S. 

SabBtituting in (1), e« - 8 + 7 = 17. 

Whence, a= 3. 

In certain cases the solntion may be abri<^ed hy meaiiB 
ai the artifice which is employed in the following example. 



S. Solve the equations 



« + !» + y = 6. (1) 

y+a + w = 8. (3) 

z+u + x = 9. (4) 



Adding, 8u + 8x-|-3p-t-8« = 30. 

Dividing hy 8, u + x + ]i + z = lO. (fi) 

Subtracting (3) from (&), u a 8. 

Sabtroctlng (3) from (6), x = 3. 

Subtracting (4) from (6), f = 1. 

Snbtracdng (1) from (5), * = 4. 

EXAMPLES. 
Solre the following : 

|3a! + 2y = ia <2x-y + z = -9, 

3y-2z = 8. 8. ]!e-2y + z = 0. 

2a)- 3s = 9. [x-y + 2z = -ll. 

I3x + iy + 5z = — 21. (x-y + z = 9. 

x + y-z = -U. 7. a:-2y + 3«=!32. 

y-8z=!~20. [a!-4y + 5z = 62. 

fl2a!-4ff + » = a f3a! — y-3=!7. 

5. Jai — y — 2a = -l. 8. |a!~3y-s = 21. 

ieai — 2y = 0. las — y — 3z = 27. 

. , _ Cooglf 
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ix~3z = 2. 




y X 


4y + 2»=-3. 

1+ 2ff-3«-6. 
3i-22j + 6z = 4. 


18. 


I-+ 5.1. 

2» J 
^ + f = 8. 


7«- 6J-3J-16. 






6a)+ y + 4z = — 5. 




« + 2y 6 


3x-Gy + 6z = ~20. 




14 5 


a!-3j-42 21. 


19. 


s'^Sz 3 


2x-3y-U--10. 




\-i-A 


3x + iy + 2z = -5. 




4«+2!, + 3z = -21. 




i-as-o(a' + l). 


6a! + 4y + 3z = 7. 


SO. 


jr-o. -«■(«■ -1). 


9a:- 3/ + 6s = -39. 




j-a. = -a"(a + l). 


8«-7j-128 2. 

2«-6j-5!--ll. 
10« + 9y-8s = 50. 
4j!-8s + »-16. 


21. 


o(3!-c)+6(y-c)=s0. 
6(y-a)+c(2-a)=0. 
o(»-6)+a(«-6)=0. 


i + 3!,-7z = 31, 
3a!+ y + 52 = -49. 
20x + 2y~5z = -35 


28. 


» + «+ J-7. 
x + y+*=-8. 

2 + u + :c = -10. 


9»: + 4!, = 10» + ll. 






12y-63=s6a:-9. 




1-1-1.,^ 


15j + 3>! = -8j-16. 




X J « 


5a: + 16y + 6s = 4. 


23 


1-1-1 = 6. 

y z « 


10>: + 4}-12!-_7. 
16ai_12,-3»--10. 




l_l_l_c 
> « y 
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SIMULTANEOUS EQUATIONS. 



«-2i = -13. 




«-3j = 13. 




J-4a=6. 




Z-61..23. 




7ai+4y-3«=0. 




5x+ii/+iz~5u= 


=0. 


2a!+.-«-0. 




2«+4y-3z-M= 


-8 



[»x-9y + 13z = - 



1.1 1 



5 + 2-36. 



+ |.6-^^. 


33. 




„ «-13 1. 
"22 


(a+ax+ah/=2a*+l. 


+ |-i = -»- 




3x-p , 5y + 42 19 
6 +■ 2- 2- 


-M = 2«. 


34. 


2X + &Z x-iy 7 
6 4 4 


-1-1 = -'- 




4iB-z 3y-5K 49 
3 2 3 
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XVI. PROBLEMS. 
mVOLTINQ SIMUI/TANEOUS EQUATIOira. 

171. In solving problems where two or more letters are 
uaed to represent unknown quantities, we must obtain from 
the conditions of the problem as many ijidependent equations 
(g 160) as there are unknown quantities to be determined. 

172. 1. Divide 81 into two parts such that three-fifths 
of the greater shall esceed five-nintha of the lesa by 7. 

Let X = the greater paxt, 

and V = tlie lesa. 

Since the sum of tlie greater and leas parts is 81, we tiave 

* + V = 81. (1) 

And since three-fifths of the greater exceeds flve-niiithB of the less 
by 7, 

Solving (1) and (2), x = 46, ir = 36. 

3. If 3 be added to both numerator and denominator of 
a fraction, its value is -J; and if 2 be subtracted from both 
numerator and denominator, its valne is ^. Bequired the 
fraction. 

Let X = tbe numerator, 

and y = tbe denominator. ' 

By ttie conditions, ^^ = |, 



Solving these equations, z = 7, y = 
Therefor*, the fraction is ^. 
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S. Divide 69 into two parts such tliat two-thitds of the 
leas shall be less by 4 than f our-Berenths of the greater. 

1. Find two numbers such that two-fifths of the greater 
exceeds one-half of the leas b; 2, and fom-thirds of the less 
exceeds thiee-f ouiths of the greater by 1. 

5. If 5 be added to the numerator of a certain fraction, 
its value is f ; and if 5 be subtracted from its denominator, 
its value is 4- Find the fraction. 

8, If 9 be added to both terms of a fraction, its value is 
4 i and if 7 be subtracted from both terms, its value is |. 
Find the fraction. 

7. A grocer can sell for $ 57 either 9 barrels of apples 
and 16 barrels of flour, or 15 bari'els of apples and 14 bar- 
rels of flour. Find the price per barrel of the apples and 
of the flour. 

8. A.'s age is | of B's; but in 16 years his age will be 
f of B's. Find their ^es at present. 

9. If twice the greater of two numbers be divided by 
the less, the quotient is 3 aud the remainder 7 ; and if five 
times the less be divided by the greater, the quotient is 2 
and the remainder 23. Find the numbers. 

10. If the numerator of a fraction be trebled, and the 
denominator increased by 8, the value of the fraction is | ; 
and if the denominator be halved, and the numerator de- 
creased by 7, the value of the fraction is ^. Find the 
fraction. 

11. Three years ago A's age was J of B's; but in nine 
■years his age will be Y- of B's. Find their ages at present 

12. A. and B can do a piece of work in 9 hours. Aftei 
working together 7 hours, B finishes the work in 6 houra 
In how numy hours could each alone do the work ? 
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13. A man invests a certain sum of money in i^ per cent 
stock, and a sum $ 180 greater than the hrst In 3^ per cent 
stock. The incomes from the two investments are equal 

Find the sums invested. 

14. My income and assessed taxes together amount to 
$ 64. If the income tax were increased one-fourth, and the 
assessed tax decreased one-fifth, they would together amount 
to $63.80. Find the amount of each tax.' 

Ifi. If B gives A |> 12, A will have f as much money as 
B ; but if A gives B $ 12, B will have ^ as much money as 
A. How much money has each ? 

16. A man pays with a $ 5 note two bills, one of which 
is six-sevenths of the other, and receives back in change 
seven times the difference of the bills. Find their amounts. 

17. Find three numbers such that the first with one-third 
the others, the second with one-fourth the others, and the 
third with one-fifth the others may each be equal to 25. 

18. A sum of money was divided equally among a cer- 
tain number of persons. Had there been 3 more, each 
would have received Slless; had there been 6 ftwer, each 
would have received $5 more. How many persons were 
there, and how much did each receive ? 

Let X = the number of persona, 

and J/ = the number of dollars received by eaolk. 

Then, uy = the number of dollars divided. 

urn of money coald be divided among x + S persons, each of 

pould receive ^ — 1 dollars ; and among x — 6 persons, each 

1 would receive ^ + 5 dollars. 

ice, (a; + 3)(9 - 1) and (i — 6)(v + 5) will also represent the 

oC dollars divided. 

Solving these equations, 

a! = 12, J = 5. 
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19. A man bought a certain number of egga. If he had 
bought 56 more for the same money, they would have cost 
a cent apiece less; if 21 less, a cent apiece more. Hov 
many eggs did he buy, and at what price each ? 

20. A boy spent his money for oranges. If he had got 
15 more for his money, they would have cost 1^ cents each 
less; if 5 fewer, they would have cost 1^ cents each more. 
How much did he spend, and how many oranges did he get ? 

21. A sum of money is divided equally among a certain 
number of persons. Had there been m more, each would 
have received a dollars less; if n less, each would have 
received b dollars more. How many persons were there, 
and how much did each receive ? . 

22. A purse contained $6.55 in quarter-dollars and 
dimes; after 6 quarters and 8 dimes had been taken out, 
there remained 3 times as many quarters as dimes. How 
many were there of each at first? 

23. A dealer has two kinds of wine, worth 50 and 90 
cents a gallon, respectively. How many gallons of each 
must be taken to make a mixture of 70 gallons, worth 76 
cents a gallons ? 

24. A grocer bought a certain number of eggs at the rate 
of 22 cents a dozen, and seven-fifths as many at the rate of 
14 cents a dozen. He sold them at the rate of 20 cents a 
dozen, and gained 24 cents by the transaction. How many 
of each kind did he buy ? 

25. A and B can do a piece of work in 10 days, A and C 
in 12 days, and B and C in 20 days. In how many days 
can each of them alone do it ? 

26. A resolution was adopted by a majority of 10 votes ; 
but if one-fourth of those who voted for it had voted against 
it, it would have been defeated by a majority of 6 votes. 
How many voted for, and how many ag^nst it ? 
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27. The smu of the tliree digits of a, number is 13. If 
the number, decreased by 8, be divided by the sum of its 
second and third digits, the quotient is 25; and if 99 be 
added to the number, the digits will be inverted. Find the 
number. 

Let X = the first digit, 

g = the second, 
and e = the tblid. 

Then, 100* + lOy + e = the number, 

and 100 z 4 lOy + x^ the number with its digits inverted. 

By the conditions of the problem, 
I + S + 1 = 18, 
lOOz +10l> + g-8 _2c 

and 100!c4-10v + e + 0B = 1O0b+ lOy + iB. 

-Solving these equations, x = 2, i/ = S, b = S. 
Therefore, the number Is 283. 

28. The sum of the two digits of a number is 16 ; and if 
18 be subtracted from the number, the digits will be inverted. 
Find the number. 

29. The sum of the three digits of a number is 23; and 
the digit in the tens' place exceeds that in the units' place 
by 3. If 198 be subtracted from the number, the digits will 
be inverted. Find the number. 

30. If the digits of a number of two figures be inverted, 
the sum of the resulting number and twice the given num- 
ber is 204 ; and if the number be divided by the sum of its 
digits, the quotient is 7 and the remainder 6. Find- the 
number. 

31. If a certmi number be divided by the sum of its two 
digits, the quotient is 4 and the remainder 3. If the digits 
be inverted, the quotient of the resulting number increased 
by 23, divided by the given number, is 2. Find the munbei. 
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32. Two Teasels contain mixturea of wine and water. In 
one there is three times as much wine as water, and in the 
other five times as much water as wine. How many gallons 
must be taken from each to fill a third vessel whose capacity 
is 7 gallon^ so that its contents may be half wine and half 
water? 

33. If a lot of land were 6 feet longer and 5 feet wider, 
it would contain 839 square feet more ; and if it were 4 feet 
longer and 7 feet wider, it would contain 879 square feet 
more. Find ita length and width. 

34. A and B are building a piece of fence 189 feet long. 
After they have worked together 9 hours A leaves off, and 
B finishes the work in 12|- hours. If 12 hours had occurred 
before A left off, B would have fished the work in 4^ hours. 
How many feet does each build in one hour ? 

35. The sum of the three digits of a number is 17. The 
sum of 3 times the first digit, 5 times the second, and 4 
times the third is 70; and if 297 be added to the number, 
the digits will be inverted. Find the number. 

36. The rate of an express train is five-thirda that of 
a alow train, and it travels 36 miles in 32 minutes less time 
than the slow train. Find the rate of each in miles an hour. 

37. Divide. $396 among A, B, C, and D, so that A may 
receive one-half the sum of the shares of B and C, B one- 
third tiie sum of the shares of C and D, and C one-fourth 
the sum of the shares of A and D. 

38. A merchant has two casks of wine, containing together 
d6 gallons. He pours from the first into the second as much 
as the second contained at first; he then pours from the 
second into the first as much as was left in the first ; and 
i^in from the first into the second as much as was left in 
the second. There is now three-fourths as much in the first 
as in the second. How many gallons did each contain at 

fiMt? 
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39. A crew can row 10 miles in 60 minutes down stream, 
and 12 miles in an hour and a half against the stream. 
Find the rate in miles an hour of the current, and of the 
crew in still water. 

Let z = tlie number of mileB an hour rowed bf the crew in 

still water, 
and y = the number of miles an lioui of the current, 

Tlien, x + y = tbe number of miles an hour of the crew rowing 
down stream, 
and x — y = the num'ber of miles an hour of the crew rowing up 

stream. 
Since the number of miles an hour rowed by the crew is equal to 
the distance divided b; the time in hours, we hare 



and z-y = \i-i--='%. 

Solving these equations, x = 10, y = 2. 

40. A crew can row a miles in m hours down stream, Mid 

6 miles in v, hours gainst the stream. Find the rate in 
miles an hour of the current, and of the crew in still water. 

41. A vessel can go 63 miles down stream and back again 
in 20 hours ; and it can go 3 miles against the current in 
the same time that it goes 7 miles with it. Find its rate in 
miles an hour in going, and in returning. 

42. If a number of two figures, diminished by 3, be 
divided by the sum of its digits, the quotient is 6, If the 
digits be inverted, the quotient of the resulting number 
increased by 18, divided by the sum of the digits, is 7. 
Find the number. 

43. The digits of a number of three figures have equal 
differences in their 'order. If the number be divided by 
one-half the sum of its digits, the quotient is 41 ; and if 
594 be added to the number, the digits will be inverted. 
Find the number. 
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44. I£ I were to make my field 5 feet longer and 7 feet 
wider, its area would be increased by 830 square feet ; but 
if I were to make its length 8 feet less, and its width 4 feet 
less, its area would be diminished by 700 square feet. Find 
its length and width. 

45. A certain sum of money at simple interest amounts 

in 3 years to $ 420, and in 7 years to $ 480. Required the 
sum and the rate of interest. 

46. A certain sum of money at simple interest amounts 
in m years to a dollars, and in n years to b dollars. Re- 
quired the sum and the rate of interest. 

47. A and B together can do a piece of work in 8J days ; 
but if A had worked f as fast, and B f as fast, they would 
have done it in 7^ days. In how many days could each 
alone do the work ? 

48. A sum of money at simple interest amounts to $ 2080 
in 8 months, and to $2160 in Id months. Find the sum 
and the rate of interest. 

49. A train running from A to B meets with an accident 
which causes its speed to be reduced to one-third of what 
it was before, and it is in consequence 5 hours late. If the 
accident had happened 60 miles nearer B, the train would 
have been only 1 hour late. Find the rate of the train 
before the accident, and the distance to B from the point 
of detention. 

het 3x = the number of miles an hour of the train before Uie 

accident. 
Then, X = the Dumber of mllee an hour after the accideat. 
Let y = the number of miles to E from the point of detention. 
The train would have done the last y milea of its journey in ^ 
hours ; but owing to the accident, it does the distance in ' hours. 

Then, l = ii + ^ « 

Lj.i;z«t,G00ylf 



It the accident had occurred 60 miles nearer B, the distance to B 
from the point of detention would have been y — 60 miles. 

Had thera been no accident, the train would have done this in 

- hours, and Oie accident would have increased the time to 

An An JA 

Subtracting (2) from (1), ^ = ^+4, or ^=i- 

Whence, x == 10. 

Then Uie rate of the train before the accident was 30 miles an honr. 

Substituting in (1), X = X + 6, or ^ = 6. 

Whence, y = 76. 

50. A train miming from A to B meets with an accident 
which delays it 45 minutes ; it then proceeds at five-sixths 
its former rate, and arrives at B 75 minutes late. Had the 
accident occurred 45 miles nearer A, the train would have 
been 90 minutes late. Find the rate of the train before the 
accident, and the distance to B from the point of detention. 

51. The nnit's digit of a number of three digits is 7, If 
the digits in the hundreds' and tens' places be interchanged, 
the number is decreased by ISO. If the digit in the hun- 
dreds' place be halved, and the other two digits interchanged, 
the number is decreased by 273. Find the number, 

52. A, B, C, and D play at cards, having together f 46, 
After A has won one-third of B's money, B one-fourth of 
C's, and C one-fifth of D's, A, B, and C have each $10. 
How much had each at first? 

53. A, B, and G have together $ 24. A gives to B and 
G as much as each of them has; B gives to A and G as 
much as each of them then has ; and G gives to A and 6 
as much as each of them then has. They have now equal 
amounts. How much did each have at first ? 
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54. The fore-ii7heel of a carrii^ makes 8 revolutions 
more than the hind-wheel in going ISO feet ; but if the cii- 
cumference of the fore-wheel were ^ as great, and of the 
hind-wheel ^ as great, the fore-wheel would make only 6 
revolutions more than the hind-wheel in going the same 
distance. Find the circumference of each wheel, 

55. A and B together can do a piece of work in m days, 
B and C in n days, and G and A in p days. In what time 
can each alone perform the work ? 

96. A piece of work can be completed by A working 3 
days, B 7 days, and C 1 day ; by A working 5 days, B 1 
day, and C 7 days ; or by A working 1 day, B 6 days, and 
G 11 days. In how many days can each alone perform the 
work? 

37. A man has a sum of money invested at a certain rate 
of interest. Another man has a sum greater by $3000, 
invested at a rate 1 per cent less, and his income is $ 45 
less than that of the first. A third man has a sum less by 
$ 2000 than that of the first, invested at a rate 1 per cent 
greater, and his income is $ 40 greater than that of the first 
Find the capital of each man, and the rate at which it is 
invested. 

68. A and B can do a piece of work in a hours. After 
working together b hours, B finishes the work in c hours. 
In how many hours could each alone do the work ? 

59. A crew row up stream 26 miles and down stream 35 
miles in 9 hours. They then row up stream 32 miles and 
down stream 28 miles in 10 hours. Find the rate in miles 
an hour of the current, and of the crew in still water. 

(Let X and y represent the nomber of miles an hour of the crew 
rowing up and down atream, legpectivelf .) 

60. A sum of money, at 6 per cent interest, amounts to 
9 6900 for a certain time, and to $ 7100 for a time longer 
by i years. Find the principal and the time- 
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61. A gives to B and C twice as much money as each of 
them has; B gives to A and C twice aa much as each of 
them then has ; and C gives to A and B twice as much as 
each of them then has. Each has now $ 27. How mnch 
did each have at first ? 

62. A party at a tavem found, on paying their bill, that 
had there been 4 more, each would have paid 75 cents less ; 
but if there had been 4 fewer, each would have paid $ 1.50 
more. How many were there, and how much did each pay ? 

63. An express train travels 30 miles in 27 minutes less 
time than a alow train. If the rate of the express train 
were f as great, and of the slow train J as great, the express 
train would travel 30 miles in 54 minutes leas time than 
the slow train. Find the rate of each in miles an hour. 

64. A and B run a race of 450 feet. The first heat, A 
gives B a start of 136 feet, and is beaten by 4 seconds ; the 
second heat, A gives B a start of 30 feet, and beats him by 
3 seconds. How many feet can each run in a second ? 

65. A sum of money consists of quarter-dollars, dimes, 
and half-dimes. Its value is as many dimes as there are 
pieces of money ; its value is also as many quarters as there 
are dimes ; and the number of half-dimes is one more than 
the number of dimes. Find the number of each coin. 

66. A man invests 9 6100, partly in 3J- per cent stock at 
$ 90 a share, and partly in 4 per cent stock at $ 120 a share, 
the par value of each share being $100. If his annual 
income is $ 1S5, how many shares of each stock does he 
buy? 

67. A and B run a race of 336 yarda. The first heat, A 
gives B a start of 28 yards, and beats him by 2 seconds ; 
the second heat, A gives B a start of 12 seconds, and is 
beaten by 48 yards. How many yards can each run in a 

second ? 
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XVII. INEQUALITIES. 

173. Deflnidotu. 

The Signs of Inequality, > and <, are read "ie greater 
than" and "is less than," respectively. 

Thus, o > 6 is read " a is greater than b"; a < 6 is read 
" a is less than b." 

The Sign of ContinBation, ■■■, signifies "and to on," or 
" continued by the same taw." 

174. One number is said to be greaier than another when 
the remainder obtained by subtracting the second from the 
first is s, positive number; and one number is said to be less 
than another when the remainder obtained by subtracting 
the second from the first is a negative number. 

Thus, ii'ii — b is a positive number, a>b; and if a — 6 
is a negative number, a<b. 

175. An Inequality is a statement that one of two expres- 
sions is greater or leas than another. 

The First Member of an inequality is the expression to 
the left of the sign of inequality ; the /Second Member is the 
expression to the right of that sign. 

Any term of either member of an inequality is called a 
term of the inequality, 

176i Two or more inequalities are said to »ub^^ in the 
same sense when the first member is the greater or the less 
in both. 

Thnfi, a> b and c> d subsist in the same sense. 

177. An inequaiity will continue in the savne sense ajier 
tAe same quantity has been added to, or subtracted from, both 
iMimbers. 
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For consider the inequality a > ft. 

Then by g 174, 0—6 is a positive number. 

Hence, eacli of the numbers 

(a + c)-(b + c), and (a - c) - (6 - «) 
is positive, since each is equal to a — ft. 
Therefore, o + c>6 + c, anda-c>ft-c (S 174) 

178. It follows from § 177 that a term may be transposed 
from one member of an iriequaiity to the other by changing its 
sign. 

179; If the signs of c^ the terms of an inequality he dumged, 
(A€ aign of inequality must be reversed. 
For consider the inequality a — ft > c — d. 
Transposing every term, we have 

d-ob-a. (5178) 

That is, b-a<d — c 

ISO. An inequaiUy wiH continue in the same sense after 
both members have been midtiplied or divided by the same 
positive number. 

For consider the inequality a >ft. 

By § 174, a — ft is a positive number. 

Hence, if m is a positive number, each of the numbers 

m (o — ft) and , 

^ ' m 

or, ma — vUt and , is positive. 

' mm' 

Therefore, ma>mA, and — > — 

laL It follows from %% 179 and 180 that 1/ both memftera 
o/on inequality be muitiplied or divided by the sa 
number, the sign of inequality must be reversed. 
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182. If any mvmber of inequalities, subsisHng in the tame 
sense, be added member to merger, the reauUing inequality 
wUl also subsist in the same sense. 

For consider the inequalities o > 6, o' > b', a" > 6", ••-. 

Then each of the numbers a—b, a' — b', a" — b", ■■-, is 
positive. 

Therefore, their sum 

a-b+a'-b' + a"-b" + —, 
or, a + a' + o" +-—(b + b' + b" + .-), 

is a positive number. 

Whence, a + a' + a" + — > b + b' + b" + ■-. 

183. It is to be observed that, if two inequalities, subsist- 
ing in the same sense, be suHraxted member from member, 
the resulting inequality does not necessarily subsist in th<) 
same sense. 

Thus, if a>6 and a'>b', the numbers a~b and a'—b' 
are positive. 

But (o — 6) — (o' — 6*), or its equal {a—a')— (6 — 6'), may 
be positive, negative, or zei-o ; and hence a— a' may be greater 
than, less than, or equal to b — b'. 

EXAMPLES. 

184. 1. Find the limit of x in the inequality 

Haltlplylng both membeis by 3 (§ ISO), we have 

2lii!-23<2i + 15. 
Transpoalng (| 178), and uniting terms, 

191 < 38. 
Dlndlng both memberB by 19 (§ 180), 

X<2, Am. 
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2. Find the limits of z and y in the following: 
\Zx + 2y>?,l. 



Multiplying (1} by 8, 
Multiplying (2) by i 
Swbtnwting {% XIT 





a) 




w 


9a! + 6j(>lll. 

^x + ay= 66. 




6iB> i5- 




x>9. 




6a; + 4:/> 74. 
6z + 6v= W. 




-6if>-25. 




B<5. 





a!+3y = 



Multiplying (1) by 8, 

Multiplying (2) by 8, 

Subtracting, 

Dividing both members by - 6 (j 181), 

Find the limits of z in the following : 

3. (6at-l)'-28<(4a:-3)(9ir + 2). 

4. (3a)4-2)(4!i;-6)>(2i'-3)(6a; + l) + 5. 
8. (5a;+l)' + 15>(3a!-2)»+(4x + 3)'. 

6. (a!-2)(a;-3)<« + 4)<(x + l)(a! + 2)(ai-4). 

7. 6 mat — 5 on > IB a/m. — 2jiiC,if Sm-l-nis negative. 

8. — ^ ^^<2, if a and 6 are positiTe, and o>6. 

a b 

Find the limits of x and y in the following : 
9 f4a! + 9y<40. jg f7x4-2y>26. 

l6a;-y = 2. ' l3is + 6y = 19. 

11. Find the limits of x when 

6a!+7<:9x-13, and ll3:-20<63! + 25. 

12. A certain positive integer, plus 21, ia greater than 8 
times the nnmber, minus 35; and twice the number, plus 
11, is less than 7 times the number, minus 19. Find the 
number. 



,,Cooylf 



INEQUALITIES. 169 

13. A teacher has a number of his pupils such that 8 times 
their number, minua 31, is less than 3 times their mimbeF, 
plus 69 ; and 13 times their number, minus 45, is greater than 
7 times their number, plus 57. How many pupils has he ? 

14. A shepherd has a number of sheep such that 4 times 
the number, minus 7, is greater than 6 times the number, 
minus 89; and 6 times the number, plus 3, is greater than 
twice the number, plus 114. How many sheep has he ? 

15. Prove that if a and b aie unequal positive numbers, 

Since the sqnara of anj number ia poaitlve, 

ia-~by>0. 
Thatta, d'-2ab+b'>0. 

Trangpoelag -8o*, a' + 6»>2o6. 

Dividing each term of the ineqiutUt; by at> (§ 180) , we liare 

16. Prove that for any value of x, except 1, a;' + 1 > 2 a^ 

17. Prove that for any valu^ of a;, except f, 9a^ + 4 > l^m. 

In each of the following examples, the letters are under- 
atood as representing positive numbers. 

18. Prove that ^ + — > 2, if 6 is not equal to \ a. 

19. Prove that (a+2b)(a-2b)>b{6a-t$b), if 6 is 
not equal to ^a. 

20. Prove that o(9o -46) >4&(2a - 6), if ft is not 
equal to fa. 

21. Prove that (c^ - ft*) ((? — d^ < (ac - ftd)', if be does 
not equal ad. 
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XVIIL INVOLUTION. 

185. InTolnttoQ is tlie procese of raiaing a given expres- 
aion to any required power whose exponent is a positive 
integer. 

This may be effected, as is evident from § 6, by taking 
the expression as a factor as many times as there are units 
in tbe exponent of the required power. 

INVOLUTION OF MONOMIAIB. 
18& 1. Findthe valueof (5a»6y. 
By i e, (6 aiftS)' = 5 a»6» x 5 a"!)" x 5 a"6" = 126 a'&", Ant. 

2. Find the value of (- a)*. 

(-a)* = (-«)x(-a)xC-a)xC-a)=a'(S49), ^n.. 

3. Find the value of (- 3 m*)'. 

(-3m«)» = (-3m»)xC-3m*)>;{-3m«) = -27mW(§4»). ^n»- 
From the above examples, we derive the following rule : 
Raise the abaoltUe value of f%e numericcU coefficient to the 

required potoer, and multiply the exponent ofea^ letter by the 

exponent of the required power. 

Oive to every power of a positive term, and to every Even 

power of a negative term, the positive myn, and to every Odd 

power of a negative term the negative sign. 

EXAMPLES. 
Find the values of the following : 

4. {a'6V)'. 8. (2m^y. 12. (p?*^)". 

6. (aV^O" 9- (-a'i»'c*)'. 13. (-6a?^y. 

6. (-mVT- 10. (rfV)». 14. (2a'a*)» 

7. (-12a'"6*')' 11. i~33?yV)*. 15. (-SMwiy)* 
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A fracdon may be raised to any required power by raU- 
ing both, numerator and denominator to the required power, 
and dividing the first retvlt by the seamd. 

16. FindtheTalueof /"-I^Y- 
Find the values of the following : 

"Cw)" "(-^^T ^'(-^J- 

SQUARE OF A POLYNOMIAL. 
187. We find hj multiplication : 

a +6 + C 

0+& + C 



« 


' + 


aJ + 


ac 








+ 


ab 




+ »• + 


Sc 






+ 


oc 


+ 


60 + ,? 



. o* + 2aA + 2ac + 6' + 26c + c» 
The result, for convenience of enunciation, may be written : 

(o+6 + c)*=a' + &' + c* + 2o6 + 2oc + 26c. 
In like manner we find : 
(a + ft4.c + d)' = a" + 6' + (? + d' 

+ 2a6+2<»: + 2ad + 26c + 2M+2cd; 
and so on. 

We then have the following rule : 

The square of a polynomial is equal to the sum of the squares 
of its terms, plua twice the product of each term by eadi of the 
foUottnng terms. 
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EXAMPLES. 
1. Square 2si? — 3x — 5. 
The squarea of the terms are ix\ 9x', and 25. 
Tw[ce the first term into each of the following terms gfves the 
reaults — 12 1' and — 20 z». 

Twice the second term into the following term gives the teault 30 x. 
Then, (2*i'-3a;-6)» = 4x' + eiE' + 25-12ic»-20!r> + 80i 
= 4!E*-12aj»-llaj* + 80!B + 25, Aut. 
Square each of the following : 

2. a-6-c. 11. o'-4a6 + 36*. 

3. x~y + z. 12. 2x" + 3xy + y*. 

4. ■ti' + 2x + l. 13. 3!» + 63!»-7. 

5. m + 2n-$p. 14. 4a*--5aV -3ai". 

6. 2a' — a + 4. 15. a-b-o-d. 

7. Sa!* — Sm — 1. 16. a + b — e + d. 

8. 3a? + 4ic + 2. 17. a;" - sj" - a; + 2. 

9. 6n* + n-5. 18. a« + 2a»~3a-4. 
10. 20-56-C 19. 2a!'-5i«* + 4a!-3. 

CUBE OF A BINOMIAL. 
188. We find by multiplication : 

(a + 6)* = a' + 2ai + 6' 





a +6 




o' + 2a"6+ oW 

a»6 + 2a6' + 6» 


(«+*)" 
(«-»)' 


= a'-2o» + 6' 
o -6 




- a'6 + 2a6'-6» 



{o - 6)' = a» - 3 a=6 + 3 a6* - 6' 
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That is, tke cube of the sum of two quantities is equal ta 
the cube of tke first, piiis three times tke square of tke first 
times tke second, plus three times tke first Hmes tke square of 
tke second, plus tke cube of tke second. 

Tke cube of the difference of two quantities is equal to 
tke cube of tlie first, minus tkree limes tlie square of the first 
times the second, plus tkree times the first times tke square 
of tke second, minus the cube of tke second. 

EXAMPLES. 

1. Find the cube of a + 2 6. 

We have, (a + 25)' = 0" + 3a»C2 6)+ 3a(2&)* + (26)» 
= «« + 0a«ft + 12«6» + 86', Am. 

2. Findthecube of 2i»-3?^. 

(Bx'-av")' =(2 3^)' - 8(2aJ')S(3y»)+ 3C2i")(8b')» -(3p«)» 
= 8i»-3ez»B^ + 64jV-27i/", Ana. 
Cube each of the following; 

3. ax-yhy. 1. s^-\-5. 11. 3a^-5a!. 

4. a! + 2. 8. 6a-6. 12. 4a!* + 5y!!'. 

5. Za-1. 9. 5x-\-2y. 13. 2x-l'^. 

6. m-4n. 10. 4m-3n». 14. 5a* + 66*. 
The cube of a trinomial may be found ly the above 

method, if two of its terms be enclosed in a parenthesis 
and regarded as a single term. 

15. Find the cube of a? - 2 a; - 1. 

(i"-2a-l)« = [(a:>-2!«)-l]» 

= (!i3 - 2a:)»- 3(i" -2!i!)s + 3(x' - 2s!)- 1 

=:3fi-lix^+12r*-63»-Sx^+l23fi-l2x^ + 3x^-6x-l 
= vfi-03fi + 9x* + ix^-9x''-6x-\. Ana. 
Cube each of the following : 

16. + 6-c. 18. ic-y + 2z. 20. 2ar' + ar-3. 

17. a? + 3! + l. 19. a'_3o-l. 21. 3-4x + a!'. 
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XIX. EVOLUTION. 

189. If an expression when raised to the nth power, n 
being a positive integer, is equal to another expression, the 
first expression is sa.id to be the nth Root of the second. 

Thus, if a" = 6, o is the nth root of 6. 

130. Evolution is the process of finding any required 

root of an expression. 

191. The Rftdioftl Sign, -y/, when written before an ex- 
pression, indicates some root of the expression. 

Thus, Va indicates the second, or square root of a; 

-v*^ indicates the third, or mbe root of o ; 

■\/a indicates the fourth root of a ; and so on. 
The index of a root is the number written over the radical 
sign to indicate what root of the expression is taken. 
If no index is expressed, the index 2 is understood- 

EVOLUnON OF MONOMIAIB. 

192. 1. Required the cube root of (i*6V. 
We have, (a6»c»)' = a'6»<?. 

Whence, v'S^ftV = alfi^. (§ 180) 

2. Required the fifth root of - 320". 
We have, (- 2a)» = -32«». 
Whence, v'— 32 a* = - 3 a. 

3. Required the fourth root of a*. 

We have either (+ a)* or (— a)* equal to a*. 
Whence, ■v'a* = ±a. 

The sign ±, called the d<yuble sign, is prefixed to an ex- 
pression when we wish to indicate that it is either + or — . 
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193. From $ 192 we derive the following rule : 

Extract the required root of the absolute value of the numeri- 
cal coefficient, and divide the exponent of each letter by Ute 
index of the required root. 

Qive to every even, root of a positive term the sign ± , anil 
to every odd root of any term the sign of the term, itself. 

EXAMPLES. 

1. Find the square root of 9 a^fr'c"'. 

By the rale, V9aHfle^ = ± 8 a>6 V, Ana. 

2. Find the cube root of - 64 aV- 

Find the values of the following : 

3. V49a*6*. 9. 

4. \/1263V- 10. 

5. </- m"ny». 11. 
ft </16<i»m». 12. 

13. 



- o°6'«c". 



VlUaf'K?'-^. 
14. -V256a«-ft'*'. 



To find any root of a fraction, extract the required root of 
both numerator and denominator, and divide the first restiit 
6y the second. 



15. Find the value 
We have, 



of -^ 



Find the values of the following : 
V816V 

3^'. 19 ."/ITS!. 
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The root of a large Dumber may sometimes be found bjf 
reBolving it into its prime factors. 



22. Find the square root of 254016. 

We haTe. V2640ia = V2f x S* x V = 2" > 

. 88. Find the value of ^/72 x 76 x 13 



»x1 = 60i. An*. 



We have. V72 x 76 x 135 = ^(2' x 3^) 
= -f!'x3.x 

Find the values of the following : 


X(3x5-)x(3<x6) 

"5» = 2x32x5 = 90,^lnB 


24. V3136. 26. V63504. 


28. V42x 66x147. 


25. Vism. 27. V48x 64x72. 


29. ■5'13824. 


30. V15abx216cx35co. 
32. -e/gms. 33. ^20736. 


31. V213444. 

34. </fm. 


35. -v'eS X 162 X 196. 


36. ■{'66 X 98 X 112. 


37. V(o' + 5a+6)(a- + 2a- 


-3)(o' + a-2). 



SQUAEB EOOT OP A POLYNOMIAL. 

194. Since (a + 6)* = a' + 2a6 +&*, we know that the 
square root of a' + 2 ofi + Ji* is a + 6. 

It is required to find a process by which, when the ex- 
pression a' + 2 ait + 6' is given, its square root may be 
determined. 

a^ + 2ab + l)'\a + b The first term of the root, a, is found 
^3 by taking the square root of the flret 

2a + b\2ai + lf tem oJ the gly.» .ipr«lon. 

„ ^ Subtracting the square of a from 

I ^OO + y jiig giyg^ eipresaion, the remwnder 1b 

2a6 + b", or (2o + 6)6. 



EVOLUTION. 177 

Adding ttiis to 2 a, ne obtain the complete divisor, 2a + b. 
Multiplying tills by b, and aubtracting the product, 2ab + t^, from 
the lemainder, there ure no terms remaining. 

From the above process, we derive the following rale: 

Arrange the expression according to the powers of some 
letter. 

Extract the square root of the first term, write the re»uU as 
the first term of the root, and subtract its square from, (he given 
expression, arranging the remainder in the same ord^r of pow- 
ers as the given expression. 

Divide the first term of the reTnainder by twice the first term 
of the root, and add the quotient to the part of the root already 
found, and also to the triai-divisor. 

Multiply the ixymplete divisor by the term of the root last 
obtained, and subtract the product from the remainder. 

If other terms remain, proceed as before, doubling the part 
of the root already found for the next trialdivisor. 

EXAMPLES. 
195. 1. Findthesquarerootof 9ir*-30aV + 26d». 

9a!* -300^ + 260" I 8i"-6a», Ans. 

98* 



8a!'-6a»] -80<rtE» + 25a« 



The first term of the root Is the square root of 8z* or Si?. 

Subtracting tbe square of 3z^, oiQx*, from the given espresaion, 
the first term of the remainder is — 30 a"!". ■ 

Dividing this by twice the first term of the root, or Ox?, we obtain 
the second t«rm of tbe root, — Bo*. 

'Adding this to6z<, we have the complete divisor, 6z' — So*. 

Moltlplfing this complete divisor by —5 a*, and snbbaotdng tha 
product from the remainder, there is no remainder. 

Hence, 3 a;' - 5 a" Is the required square root 

2. Find the square root of 

123f-223^ + l-2Q3i' + 9a^ + Sx + 12a?. 
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Arranglsg accord iug to the desceDding powers of x, we hsvei 

^a?-rl2z^-20x'-22x>i+l2x''+Sx+l I Zx'+2x!'-ix-l, Ant. 

9g* _J 

6»»+2a;'' I 12x» 

I 12z°+ 4x* 

a^^+ix-'-ix I -24«* 

I -24z'-16g'+16;E* 

6ai»+4!t"-ai-l I - ax^- i^ 

I - ez"- Ja^+8a!+l 

It will be obBerred that eocA tria^ dmaor is equcd to the 
preceding comj^ete divisor, with its last term doubled. 

To avoid needless repetition, the last fire terms of the 
first reinaiader, the last four terms of the second remainder, 
and the last two terms of the third remainder are omitted. 

Rote. Since every square root has the double sign (§ 192), the 
reaalt may be written in a different form by ohangiag the sign of each 

Thus, in Ex. 2, the onawer may be written 1 + ix-2x? — 33f. 

Fiad the square roots of the following: 

3. 4*' + 4a? + 5a^ + 2fl! + l. 

4. 1 — 6a + lla'— 6a' + a*. 

5. 9x^-24:0? +4:0? +16x + i. 

6. 20a?-70a! + 4ic* + 49~3a!*. 

7. a* + 6»4-(?-2a6-2ac + 26c 

8. 9a* + l-4a» + 4a'-6a' + 12a'. 

9. a^-4a!%' + 10aJa» + 4a!'a*-20aw» + 25«'. 

10. 9:>^ + 2&f + 16^ + 30 xy-2ixz-^ye. 

11. 49m*-14m»n-55mV+ 8mn* + 16n'. 

12. 49<i'-30o' + 16 + 9o*-40a. 

18. 25ar*-20a!V-26aV + 12ici/* + 9/. 
14. 16ni* + 8mV-23mV-6MW!» + 9a!'. 



,,Cooyk" 



ETOLUnON. 



15. 


20 (»6» + 9 o* - 26 aW + 25 6* - 12 flifi. 


16. 


».' + 8». + 12-^ + i,. 


17. 


l-2« + 3a'-4i' + 3a!'-2# + «'. 


18. 


12a^ + 12a:-8a^ + 9 + 28a^ + a^+] 


19. 




20. 


aj* a^ 31a^ 2iB 4 
9 3 60 6 25 


21. 


t<f+ 12M + 25<.>S-+ 4oW- Ua'S' 


99. 


a* , o'i) , 13a*&' , oft* , 6* 



24. 






Find to four terms the approximate square roots erf: 

25. 1 + ix. 27. 1-x. 29. a^+6. 

26. l + 2a. 28. l-3o. 80. 4<^-26. 

SQITAHB ROOT OF AN ARITHMETICAL NUMBER. 

196. The square toot of 100 is 10 ; of 10000 is 100 ; etc. 

Hence, the square root of a number between 1 and 100 is 
between 1 and 10 ; the square root of a number between 100 
and 10000 is between 10 and 100 ; etc. 

That ia, the integral part of the square root of a number 
of one or two figures, contains one figure ; of a number of 
three or four figures, contains two figures; and so on. 

Hence, if a point be placed over every secojid figure of any 
integral nv/mber, beginning with the unitf^ ploice, (Ae number 
of points shows the number of figures in the integral part of 
its aqua/re root. 
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197, Let it be required to find the square root of 4624. 
a?+2ab + b' = 4624 I 60 + 8 PoinUng the number w- 

a' = 360a. =a + B cordicg to the rnle of § 196, 

— — — ■ 1 „ .we find tbat there are two 

120 + 8 1024 = 2a4 + 6- j^™ „, ,i. l.»g,^ pm .1 
= 2a + b I 1024 n^ square root. 

Let a denote the greatest 
multiple of 10 whose square is leas than 4624 ; this we find hf Inspec- 
Uon to be SO. 

Let b denote the digit in the onits' place of the root ; then, the 
given nomber is denoted b; (a ■+ bf, or a' + 2ab + &>. 

Subtracting a*, or 3000, from 4024, the remainder is 1024. 
That is, 2<ili + 6^ = 1024. (1) 

Since &' Is generally small in compaiison with 2 ab, we mi^ obtain 
an opproiinnKe value of b by neglecting the b* term in (I), 

Then, 2o6=1024, and 6 = 1^ = M* = 8+. 
2a 120 

This suggests that the digit in the units' place is 6. 
If this be correct, -iab + lfi, or (2 a + b)b, must eqnal 1024. 
Adding 6 to 130, mnltiplying the stun by 8, and snbtractjng the 
product from 1024, there is no reniainder. 

Hence, 60 + 8, or 68, is Ihe required square root. 

Omitting the ciphers, for the sake of brevity, and con- 
densing the operation, it will stand as follows : 



128 I 1024 
I 1024 

From the above example, we derive the following rule : 
Separate the number into periods by pointing every lecond 

fgure, beginning with the unitif place. 

Find the greatest square in tlie left-hand period, and write 

its square root as the first figure of the root; subtract the 

sqiiare of the first rootfigure from the left-hand period, and to 

the re»uU annex the next period. 
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EVOLUTION. 181 

Divide this remainder, omitting the last Jigure, by twice the 
fart of the root already found, and, annex the quotient to the 
root, and also to the tricd-diviaor. 

Multiply the complete divisor by the root-Jigure last obtained, 
and subtract the product from the remainder. 

If other periods remain, proceed as before, doubling the pa/rt 
of the root already found for the neai trialdiviaor. 

Not« 1. It aomctimes liappens that, on multiplying a complete 
divisor by the figure ol the root last obtained, the product is greater 
than the remainder. 

Id such a case, the Sgore of the root last obtained is too great, and 
one leas most be substituted for it. 

Note 3. If any root-flgnre is 0, annex to the tdal-dirisor, and 
annex to the remainder the next period. 

19a Kequired the square root of 1944.9024. 
We have, v'4M4.0024 = 




Sinee 14 is not contained In 4, we write as the second root-flgure, 
annex to the trial-divisor 14, and te 
period, 90. (See Note 2, 5 187.) 

Then, V4^.M24 = ^^ = 70.82. 

' 100 

The work may lie arraDged as f oIIowe : 
4044.0024 




182 



ALGEBRA. 



It follows from the above that, if a point &e pheed over 
every second figure of any number, beginning with the units' 
place, and extending in eUher direction, the rule of § 197 may 
be applied to the reault and the deciinal point inserted in its 
prap^ position in the root. 

EXAMPLES. 
199. Find the square roots of the following : 



1. 


4235. 


6. 


.064516. 


11. 


76670.01. 


s. 


31904. 


7. 


3966.41. 


IS. 


.16216729. 


3. 


608369. 


8. 


96.4324. 


13. 


2666.6896. 


4. 


66.1249. 


». 


.00321489. 


14. 


.0062604836. 


5. 


.156816. 


10. 


12823661. 


15. 


86.826124. 



If there is a final remainder, the number has no exact 
square root; but we may continue the operation by annex- 
ing periods of ciphers, and thus obtain an approximate 
root, conedt to any desired number of decimal places. 

16. Find the square root of 12 to four decimal places. 

12.060MKK» I 8.4641 +, Jiu. 



I 27606 
60281 [70400 

Find the first fire figures of the square root of: 

17. 7. 20. 13. 23. .2. 26. .009. 

18. 8. 21. 48. 24. .056. 27. .00074. 
ISl 10. 22. 64.7. 25. .39. 28. 8.5646. 
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EVOLUTION. 188 

The squ&re loot of a fraction may be obtained by taking 
flLe square toot of the numerator, and then of the denomi- 
nator, and dividing the first result by the second. 

If the denominator is not a perfect square, it is better to 
reduce the fraction to an equivalent fraction vbose deaom> 
nator is a perfect square. 

29. Find the value of -«/- to five decimal places. 



^r^>- 



= :^ = ?i*Wi± = .6ia37 4 



Find the first four figures oX the square root of: 
3a |. 32. |. 34. |. 33. |. 33. J|. 

31. 1 aal. 3..Z. 37. f 39. a. 

OnBE ROOT OF A POLTKOHIAL. 

200. Since(a + b)» = a» + 3a^ + 3a6* + 6»,weknowthat 
the cube root of o^ + 3 rf6 + 3 oft' + ft" is a + 6. 

It is required to find a ptoceBS by which, when the expres- 
sion cf + 3a*b + Sab^+l^ is given, its cube root may be 
determined. 

a» + 3a'6 + Sa6* + 6*|a+6 



ISat + SaV + i^ 

Tbe flrat tann of the root, a, is fonnd hj taking th« cube root of 
'he Qnt term of the given expression. 

SubtTBOtiiig the cnbe of a from the given expression, tiie reminder 
(a a a'6 + 3 a6' + 6», or (8 a« + 3 a6 + 6')6. 

If we divide tbe flrat term of this remainder by 3 a>, that is, by 
three times the square of the first' term of the root, we obtain tbe 
Mcond tenn ol Oa root) b. 
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Adding to the tilal-dtvlBor 3 ab, th&t la, three times the product 01 
the first term of the root b; the second, and b', that 1b, the aquara 
of the second term of the root, we obtain the complete divisor, 
8 o' + 3 a6 + 6«. 

Moltipljlng this by b, and mbtracUng the product, 8a%+3(i6*+6*, 
from the remainder, there are no terms remaining. 

From the above proceBS, we derive the following mle; 

Arrange the eagwessitm aocording to the powers of some 
letter. 

Ejtract the cube root of the first term, write the result as the 
first term of the root, and subtract its cube from the given 
expression; arranging the remainder in the same order of 
powers as the given expression. 

Divide the fir^ term of the remainder by three times the 
tguare of ths first term of the root, and write the resitU as the 
nesct term of the root. 

Add to the trial-divisor three times the product of the term 
of the root last obtained by the part of the root pTvmously 
found, and the square of the term of the root last obtained. 

Multiply the complete divisor by the term of tlie root last 
obtained, aTid subtract the product from the remainder. 

If other terms remain, proceed as before, taking three times 
the square of the part of the root already found for the next 
trialdiviaor. 

EXAMPLES. 
aOEL 1. Find the cube root of 

8»° _J 

12!B«-18a?p + Bi/»l -36xh( + 54!!V-27y« 
I -883!*v + 64x^'-27v» 

The first term of the root iB the cube root of Bi^, or 3!^. 
Subtracting the cube of 2z^, or Bifi, from the given expreaalon, 
the first t«rm of tiie remainder la — Sttt^. 



EVOLUTION. 185 

Dividing this by tbree times the aquafe of the first t«nn of the root, 
or 12 1*, we obtain the second term of the root, — 3 y. 

Adding to the trial-divisor three times the product of the term of 
(he root last obtained b; ttie part of the root previouBl; found, or 
— ISx'y, and the square of the term of the root last obtained, or Oy', 
we have the complete divisor, 12** — ISj^-)- 9y*. 

Multiplying this complete divisor by —Sj/, and mibtraotlng the 
product from the remainder, there m no remainder. 

Hence, 2 z* — 3 ^ is the required cube root. 

2. Find the cube root of 

28 «• - 54 3; + a!» + 3 a!* - 9 a;* - 27 - 6 a:*. 
Anangjng according to the descending powers of x, we have 

3fi-aafi+ 8^+28x'-9l?-64a;-27 I a?-2x-8, 

^ . I 

8a^-6a^+4a' 1-6 a* 
-6x'+12j:<- Sir* 



- 8s<+36ii!« 



8x'-12i"-|- S^+l»x+d 

The second complete divisor is formed as follows : 

The trial-diilsor Is three times the square of the part of the root 
already found ; that is, 3(a^-aa5)«, or Zx*- 12i» + 12i?. 

Three times the product of the term of the root last obtained by the 
part of the root previously found to 3(- 8)(a!'— 2x), or — 9i'+ 18a^ 

The square of the term of the root last obtained is ( — 8)', or 9. 

Adding these, the complete dirisor is 3 x* — 12 xi -|- 8 x* + 16 x + 9. 

The last five terms of the first remainder and the laat 
three terms of the second remainder are omitted. 

Find the cube roots of the following : 

3. 8 3!" + 12 a? + 6 a! + 1. 

4. l-12a' + 48a^-64a». 

6. 27m'' + 135m*» + 225mV»+125n«. 

6. 294 06* - 84 0*6 - 343 6» + 8 a'. 

7. a^-6a^ + 9a!* + 4a!'-9a!'-6a!-l. 
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8. 8a* + 36o' + 66o' + 63a» + 33a» + 9o + l 
». 30y' + 27i(" + 12!,-4S!/'-S-36!(' + 27s'. 

8 4 "•■ 6 27' 
11. »<i"-S6o + a' + 21o'-9o"-8-42o". 
18. 174«' + 8+174«^-60»'-246»' + 8#-60ai. 
13. 27a'- Slrt + 63aV^UaV+ 21aV-6ab'+b: 
11. 6a^ + 96V+6«A'+'^ + 24aV + 64/ + 96aV. 
in "^ a!*.?* „,28 48 ,64 

CUBE BOOT OF AN ABTTHMETICAL NTTMBKB. 

202. Thecuberootof 1000 is 10; of 1000000 is 100; etc. 

Hence, the cube root of a number between 1 and 1000 ia 
between 1 and 10; the cube root of a number between 1000 
and 1000000 is between 10 and 100 ; etc. 

That is, the integral part of the cube root of a number of 
one, two, oi three figures, contains one figure ; of a number 
of four, five, or six figures, contains tvio figures ; and so on. 

Hence, if a point be placed over every third fgure of any 
integrcd number, beginning with the units' place, the number 
of points shoies the nwmber ofjiffurea in the integral part of its 
cube root. 

203l Let it be required to find the cube root of 167464. 
o" + 3 a»6 + 3 oi' + 6» - 157464 I 50 -)- 4 = a + 6 

«" = 125000 



3o' = 7500 32464 = 3o*& + 3a6» + 6» 
3ab= 600 
b>= 16 
3o' + 3a6 + 6* = 8116 | 32464 ■ 
Pointing the number acooiding to the rale of S 202, we find that 
tbsK ua two tgaiet in the integral part of it« cabe rooL 



EVOLtJTION. 187 

Let a denote the greEteat multiple of 10 wboee cabe la leaa tbaii 
167464 ; this we find, by inspection, to be 50. 

Let b denote the digit In the units' place of the root; then, die 
given number Is denoted by (a + &}>, or a* + 3 a^ + 3ab^ + b'. 

Subtracting (H, or 12&000, from 1674M, the remainder b 32464. 

That is, - 8a'b■^aalfl+b» = 32464. (1) 

Since 3 ab^ and &■ are general); small in comparison with 3 aV>, we 
ma; obtain an appro^mate value of b by neglecting the 3 ab^ and 6* 
terms in (1). 

Then, 30% = 82484, and 6 = ^^ = ^^ = 4 +. 

• 3a' 7600 

This suggests that the digit in the units' place is 4. 

H this be conwt, So'i + 3o6» + 6", or (8o"+ Sab + 6")6, must 
equal 32464. 

Adding to 7600 3 ab, or 600, and 6«, or 16, the sum is 8116; multi- 
plying this by 4, and subtracting the product from 32464, there is no 
remainder. 

Hence, 60 + 4, or &4, is the required cube root. 

Omitting the ciphers for the sake of brevity, uad oou- 
densing the operation, it will stand as follows : 

157464 I 54 
125 



8116 I 32464 



From the above example, we derive the following rule: 

Separate the number into periods by pointing every third 
^figure, beginning with the units' place. 

Ftnd the greatest cube in the left-hand period, and vmte its 
cube root aa the first figure of the root; mbtract the ctibe of the 
first root-figure from the left-hand period, and to the result 
annex the next period. 

Divide this remainder by three times the square of the part 
of the root already found, with two dphers annexed, and writa 
the quotient as the next figure of the root. 



Igg ALGEBRA. 

Add to the triat-diviaor three times the product of the taet 
Toot-Jigure 63/ the part of the root previously found, with one 
dfiher annexed, and the square of the last root-figure. 

Mtdtiply the cowipiete divisor by the figure of the root last 
obtained, ajtd subtract the produd from the remainder. 

If other periods remain, proceed as before, taking three 
times the square of the part of the root already found, with two 
ciphers annexed, as the next trial-dimsor. 

ITota 1. Note 1, p. 181, applies with eqaaJ force to the above mle. 

Hota 2. If any rool^flgUTe is 0, annex two ciphers to the tiial- 
dlvisor, and annex to the lamainder the next period. 

204. If, in the example of S 203, there had been more 
periods in the given number, the next trial-di vigor would 
have been three times the square of a+b, or 3a*+6ab+3b'. 

We observe that this may be obtained from the preceding 
complete divisor, 3a^ + 3ab + b\ by adding to it its second 
term, 3 oft, and twice its third term, 2 ft*. 

Hence, 1/ (fte jirst number and twice the second number 
required to complete any trial-divisor, be added to the com- 
plete divisor, the reauU, with Hm ciphers annexed, wiU be tAe 
next trial-divisor. 

205. Kequired the cube root of 8144.865728. 

^ 1000000 -j/ioooooo 

dlliB66T2S I 2012 



12132384 [2426*728 



EVOLUTION. 



189 



Since 1200 is not contained in lU, the second root-flgim is ; we 
Oien annex two ciphers to the trial-divisor 1200, and annex fa> the 
remainder tbe next period, S66. 

The second trial-divisor is formed by the role of § 204. Adding to 
the complete divisor 120601 the first number, flOO, and twice the second 
number, 2, required to complete the trial-divisor 120000, we have 121203 ; 
annexing (wo ciphers to this, the result is 12120300. 



Then, 



Vei44.ge5T28 



_2012_ 
' 100 



20.13. 



The work may be arcanged as follows : 

^144.805728 I 20,13 



120000 


144 866 


600 




i20601 


120 601 


600 


24 264728 


12120300 




12060 




4 
12132364 


24 204728 



It follows from the above that, if a point be placed over 
mery third Jigure of any nurnber, beginning with the uniti^ 
place, and extending in either direction, the rule of § 203 
may be applied to the result, and the decimal point inserted 
in its proper poeUUm in the root 



EXAMPLES. 
206. Find the cube roots of the following ; 

1. 19683. 6. 857.375. 11. .000111284641. 

2. 148877. 7, .224755712. 12. 788889.024. 
1 69.319. 8. 46.268279. 13. 444.194947. 

4. .614126. 9. 523606616. 14. 338608873. 

5. 2515466. 10. 187149.248. 18. .00116102269a 
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Find the first four figures (tf the cube root of : 
16. 3. 18. 9.1. 80. i- 23. 



17. 7. 19. .02. 81. ii. 



,11. 23 ?. 

27 5 

207. If the index of Ihe required root is the product of 
two or more numbers, we may obtain the result by mccestive 
extracttcme of the simpler rootB. 

For by § 189, CVa)- = a. 

Taking the nth root of both members, 

Cs/a)'= </a. (1) 

Taking the mth root of both members of (1), 

■^= V^. 

Hence, the mnth root of an expreation is equai to the mth 
root of the nth root of the expression. 

Thus, the fourth root is the square root of the square 
lOOt ; the sixth root is the cube root of the square root, etc. 

EXAMPLES. 
Find the fourth roots of the following : 
1. 81a* + 216a'6» + 216o'ft^ + 96oe»* + 166*. 

3. l-12a! + 50ic'-72ie'-21a^+72a^+60a«+12ir'+ii^- 

5. 16o»-32a'-40a«+88o'+49a'-88a'-40a'+32o+l& 

Find the sixth roots of the following : 

4. (r" + 6a!V + 15^ + 20a?y' + 16aV+6aV + y". 

6. o'-12a' + 60o*-160a' + 240o'-192o + 64. 

6. Find the fourth root of 209727.3616. 

7. Find the sixth root of .009474296896. 
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THEORY OF EXPOKENTS. 



XX. THEORY OP EXPONENTS. 

206l In the preceding cha-ptere, an exponent baa been 
considered only as a positive integer. 
Tbua, if m ia a positive integer, 

a'' = axaxax ■■- to m factors. (5 6) 

209. Let m and n be positive integers. 
Then, a" = o x a x o x •■■ to m factors, 

and a" = a X a X o X ■■■to n factors. 

Whence, o"xa" = oxoxox--'tom + n factors. 

That is, a" X a" = a"*". (1) 

This proves the law stated in § 46 for all positive int^ral 
values of the exponents. 

Again, (a")" = a" x a" x a" x •■• to » facton 

That ia, (a-)" = a—. (2) 

This proves the first paragraph of the law stated in § 186 
for all positive integral values of the exponents. 

210. It Is found convenient to employ exponents which 
are not poaitive integers; and we proceed to define them, 
and to prove the rules for their use. 

It will be convenient to have all forms of exponents sub 
ject to the same laws in regard to multiplication, division, 
etc ; and we shall therefore find what meanings must be 
attached to fractional, negative, and zero exponents in order 
that equation (1), § 209, may hold for all values of m and n. 
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ZU- Keaning of » Traetional B^KUieiit 

1. Bequired tlie meaning of ai 

If (1), S 209, 18 to hold for all values of m and n, we have 

Hence, a* is such an expression tliat its third pover is tf. 
Then, o' must be the cube root of a* ; or, a* = -v'^. 

2, Beqoired the meaning of a', where p and q are any 
positive integers. 

If (1), § 209, is to hold for all values of m and n, we have 

t t t ^^e■^t^.-le^(^IIl. *k. 

a* X a* X o* X ■■■ to q factors = o' ' • = a* = a'. 

Henoe, a' is such an expression that its 9th power is of. 

Then, a* must be the gth root of a'; or, tf =1 -^. 

Hence, in a fractional exponent, the numeraior denotes a 
power, and the denominator a root. 

For example, 0° = ■\/^ ; ft' = Vft" ; a? = -y/x ; eto. 

EXAMPLES. 
212. Express the following with radical signs : 

1. o*. 3. 4a!* 5. oV. 7. dicV- 9- abh^^. 

2. &*. 4. 9 06*. 6. m*n*. 8. SaW. 10. Sa^r^. 

Express the following with fractional exponents : 

11. -i/^. 13. V^. 15. 2-v^. 17. -i/^-V^. 

12. -yS. 14. -^. 16. 6\^. 18. -v^-v^ 

19. T-I^V?. 20. -v^VftV?. 
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213. Keatmig of a Zero Exponent 

If (1), S 209, is to hold for all values of m and n, we have 

a" X o" = a*"* = a". 

Whence, 0" = — = 1. 

a" 

Henee, the zero power of any quaTitUy is equal to L 

214. Heaning of a NefratiTe Sxponent. 

1. Required the meaning of a~'. 

If (1), § 209, is to hold for all values of m and n, ve have 
0-* X rf" = a-'*" = a* = 1. (§ 213) 



2. Bequiied the meaning of a", where s ia a posltiTe 
integer or a positive fraction. 

If (1), 9 209, is to hold for all values of m and n, we have 
a-* X a- = o-** = a^ = 1. (S 213) 



o J awl 



For example, a~' 



21& It follows from § 214 that 

Any fiietor of the numerator of a fracHon may be trans- 
ferred to the denominator, or any factor of the deiwrninaioT 
to the numerator, if the sign of its eayionent be changed. 

Th^ !»!__?_ = ?»^ = 2!^',etc. 

cd* a~'cd* d* b-'c 
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EXAMPLES. 
21& Write the following with positive exponents : 

1. aV.-». 5. a-*ar*. 9. ear"^"* 

2. «-"»*. 6. 6m«-*. 10. Sx-ifz'K 

3. a^-i. 7. 4a-%-*. 11. 6m-'n"'p*- 

4. 2a'n-». 8. o-^-V. 12. a-'6-*c-i'«. 

Transfer the literal factors from the denominators to the 
numeratoFB in the followit^ : 

13. 1. 16. 2 . 17. -^ 19. ^1^. 

14. 4- W- — ^- 18 -^- «> ^^• 

Transfer tlie literal factors from the numerators to the 
denominators in the f ollowii^ : 

21. ^. 28. ^. 25. I^. 27. ^g- 

22. ^. 24. ™^. 26. ilk!. 28. ^"iM. 

217. Since the definitions of fractional, negatire, and zero 
exponents were obtained on the supposition that equation 
(1), § 209, was to hold universally, we have for all values of 
wi * Jid n 

«■ X a" = a"*". 

For example, a' x o~* = a*~* = a"*; 

a^ X o~* = o^"' = a^ ; 

a X Vo* = o X a' = o'"^^ = a^; etc. 
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EXAMPLES. 
Find the values of the following : 

1. o'xa-'. 4. TO*xm-* 7. Sxr*xix'*. 

2. <fy.a-*. 5. 2n*xn"*. 8. m* x "v^. 

3. iiHxar*. 6. axSa-"^. 9. c'x-v^. 
10. n-ix— ■ 18- iB-V* X 43!'r'- 

" 14. m*n"* X im-*n-t 

» 15. ^xo-**"*. 
12. 3a</Px.2-i/b\ o-*r» 

Ifi. Multiply a + 2a*-3o* by 2-4o"*-6o"'. 

o + 2aS - 8ai 

2o + 4a* - 6a* 
-4a* - 8a* + 12 

- 6o*-12 + 18a"* 



2a -20o* +18a**, Atu. 

Kota. It wxat be carefoDy borne Id mind, in ezunples like the 
Bbore, tliat the zero power of aD7 quantity is equal to 1 (9213). 

Multiply the following : 

17. a* + o*ft* + 6* by a* — &*. 

18. 4*"* - 6*-* + 9 by 2a!""* + 3. 

19. 2a-'-7-3a 1^ 4o-' + 6. 

20. x~^ + 2x-^+ix~i + 8hj x~i-2. 

21. at* + 3!*y* + y* by k* — «*y* + .v*. 

22. m - 2 m*»"* + *»*«"* by m*n-' - 2 m*n"* -I- n~*. 
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23. ar*b-* + a"'6"* - a~*b-' by o-'6-' - o-'ft-» - a-*6-*. 

21. »ft-»+2m"*n-'+3m"*n-' by 2m"^-4n-i+6m*n-» 

25. 2 ah-" + o* - 4 a'h* by 2 a* - 6* - 4 a" V. 

26. 3m*iE*-4ma!*+m*a: by 6m*3!"*+8m"ia;"*+2m"*. 

213. To prove — = a"' for aU values of m and n. 

By S 215, 5^= a- X o- = o""", by (1), § 209. 

For example, — = a"*"' = a"* ; 

a* i+i 4 
— i = a^ =o'; 
or' 

-f^ = ^ = a-^i = a-^i etc. 
Vcr* a~' 

EXAMPLES. 
Divide the following : 
1- «* t)y a'. 8 2-^5 by a;"*. 

^- '' ^ "^* 7. «• by J-. 

3. m* by m-i. V»i* 

4. a-* by a*. 8. 10a-»6-J by So"*"*. 
6. 6-' by V6^. 9. 6v^ by 2</^. 

10. Divide 2a* — 20 + 18a"* by a4-2o*-3o*. 

2a*-20 + 13a"^ [n + 2a^-3a^ 

2o^ + 4a*-6 I 2a"l-4a"*-a<ri, Asu. 

-4a* -14 + 18a"* 
-4(1*- 8 + lBa"i 

- 6-12a"i + 18a"^ 

- e-12n"* + 18a~* 
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Hot«. It iB important to arrange the dMdeud, divisor, and each 
remainder in the same order of powers ot gome common tetter. 

Divide the following: 

11. o» + 6* by o* + 6'. 12. o"' - 1 by o"* - 1. 

15. iB* - 2 + SB-* by le" + 2 + 3!-'. 

14. o-4a* + 6a*-4o* + l by o*-2a* + l. 

10. ai* — 3a!y* + 3xV — y by »* — ?*. 

16. mr' — Smr' — im-^ by m-^ + 2m-*. 

17. 9aV + 6 + iB^V*by 3ar»-arV-' + a!-V*. 

18. o-Vi — 6 am-^ + 4 a'm-' by a-W — a-'m — 2 o"'. 

19. ai-*-106* + 9a-'6 hy a* + 26*-3o"M. 
30. m* — 2 IB* + rnT^x? by m^a!* — 2 m"*!B* + m-*a!*. 

219- 7b prove (o")" = o" .^ ofl rafj«8 -j/m ond «. 

We will consider three cases, in each of which m may 
have any value, positive or negative, integral or fractional. 

L Let n be a positive integer. 

The proof of (2), g 209, holds if n is a positive integer, 
whatever the value of m. 

11. Let » = J where p and q are positive integers. 
Then, by the definition of § 211, 

(o-)* = -J/iay = </5* (§ 219, 1.) = oT 
IIL Let n = — s, where s is a positive number. 
Then, by the definition of g 214, 
1 

Therefore, the equation holds for all values of m and n. 
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For 6zsi&pl& 


(«■)- = «■>-- 


«""» 




(0-* =«■*■-* 


>a; 




(V5)l-(at)I. 


a^'i^a^i etc 




EXAMPLES. 




220. Find the values of the following; 


1. W-- 


7. (.-!)•. 


12. (■^^-*. 


S. Co-^<. 


». {<0)>. 


-(#"• 


8. «♦. 


9. (Oi 


i> t 


1. (m-i)t. 
8. (»>)-. 
.. (.-.)-♦. 


la c-}^)'. 


14. (a-^j-^. 

15. [(V5r>)-i]». 

16. K=-)=. 



221. The value of a Dumerical quantity affected irith a 
fractional exponent may be found by first, if possible, ex- 
tractiug the root indicated by the denominator, and then 
laising the result to the power indicated by the numerator. 

1. Find the value of (— 8)^ 
We bare, 

EXAMPLES. 

Find the values of the followii^: 

2. 26*. 6. 49"*. 10. IS-i. 14. 32^. 

8. 9* 7. (-27)-*. 11. (-32)*. 15. (-64)>. 

4. 8*. 8. 4*. 12. 64*. 16. (-243)*. 

a. 81*. 9. 343*. 13. (-126)* 17. (-128)-*. 
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222: Th prove (ab)' = a*b' for any value of n. 

I. Let n be a positive integer. 

Then, (ab)* = abxabxabx. — ton factors 

K (a X a X ■ • • to n faetoraXb X b X ■ ■ • to n factors) 

= a'b\ 
U. Let n = ^ where p ajid g are positive integers. 

Then by S 219, [(oft)^' = (o6)' = a^b', by S 222, L 
And by § 222, 1., [ah^]' = (o^CfiV = '^'>*- 
Therefore, [(a6)*]' = [a'b*y. 

Taking tbe gth root of both members, -we have 

(a6)5 = a W 

in. Let n = — s, where a is any positdre number. 

Then, {ofc)-= -\- = A" <S 222, 1, or IL) = a-b-. 
(ab)' 0*0* 

MISCELLANEOUS EXAMPLES. 

223. Square the following by the rule of § 78 or § 79: 

J. 2 a* + 3 6*. 2. 5ary-2a!V'- 3- 3 o^aj"^ ~ 4 a-*yi 

Extract the square roots of the following : 

4. o-*». 5. 26m«-*»*. 6. ^. 7. -^. 
(M* . 96*3r' 

8. 4a* + 4a*-19-10o-^ + 25a"*. 

9. 9iB-*-12ar»+10a!-*-4«-* + l. 

la ti/'b-*-&ah-' + 10a^-* + 24ah-' + 9aA-: 
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Extract the cabe roots of tlie followiiig : 

11. M-'. IS. »jVt. 13. -2Tm*n-l. 14 £^ 

15. 8o'-12a*S-* + 6o>6-t-ei-». 

16. it^ + 6«^^-3ai♦-28I*-9^!• + MJ!^-2T«•. 



Simplify the following: 

1«. (aj^xiff)-. 22. (<fii + o^')"T. 

23. (2-*'-2x2^x(2-"x2— ■). 

24. (•^)--V(£)-. 
(«♦-»»)■ + (! + »'»*)' 



1 + aWo 


.^«^ 


-A-l-«l«i) 


26. T^+-r^- 






27. «'-"" 




29. ''-1 "-1. 


a>-a"> 




i>-l «' + l 


30. "'"' + '"' 


ar' 


^-1- 



al — 2 6* a* + 2 a*6* + 4 6* 



,,Cooyk" 



XXI. RADIOALa 

224. A Badioal is a root of an ezpression, indioated by a 

radical sign ; as Va, or Vat + 1. 

If the indicated root can be exactly obtained, the radical 
is called a rcuional quantity ; if it cannot be exactly obtained, 
it is called an irrxUionixl quantity, or surd. 

225; The degree of a radical is denoted by the index of 
the radical sign ; thus, Va: + 1 is of the third degree. 

226. Most problems in radicals depend for their solatioii 
on the following principle: 

For any value of n, (oft)" = o" x fc". (§ 222) 

That is. Vol) =Vax-Vb. 

KEDUCnON OF A RADICAL TO ITS SIMPLEST FORM. 

227. A radical is said to be in its simplest form when the 
expression under the radical sign is integral, is not a perfect 
power of the degree denoted by any factor of the index of 
the radical, and has no factor which is a perfect power of 
the same degree as the radical. 

22& Case I. When the expression under the nodical sign 
is a perfect potcer of the degree denoted by a factor of the index. 

1. Reduce V§ to its simplest form. 

We haTe, -M = v^ = 2* (§ 211) = 2^ = V5, An». 

EXAMPLES. 
Beduce the following to their simplest forms: 
8. -i/U. 3. y/U. 4. -^. 6. -i/U. 
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6. y/§. 9. 

7. \^. 10. \^iOO. 
& ^. 11. ^^243. 

229. Cask n. Wlien the expreMfon under the radical sign 
is iiUegral, and has a factor which ie a perf&d power of the 
same degree as the radicai. 

I. Beduce -i/M to its simplest fonn. 



S. Eeduce V3 <fb - 12 a'tf + 12 afc" to its simplest form. 

Vairt - 12 a«6a -(- 12 oW = Vfos - *a6 + 4W)3 06 

=Va*-4a6 + 46*v'3a6={o-26)Vira6, ^n*. 

From the above examples, we derive the following rule : 
Besolve the expression under the radicdl eiffn fnlo two fao- 

tors, the aecorui of whvA contains no fa(^or which is a perfect 

power of the sa-me degree as the radicai. 

Extract the required root of the first factor, and prefix the 

remit to the indicated root of the second. 

EXAMPLES. 
Bedace the (ollowiiig to their simplest forms : 

3. -v^. 7. 3V98. 11. -v'StB. 15. V192mV. 

4. V59. 8. VlBo. 12. -i/iM. 16. -M28^^. 
6. VSO. 9. 6-v'ioS. 13. -M28. 17. -i/Gi^. 
t. </40. 10. V5l3. 14. V242oV. 18. </96o'6V. 

19. Vl08a»6« + 72a'6'. 21. V(a' -4 6^(0-26). 
30. ^136 ai'j/' - 108 aV. 22. V5a^ + 30a;' + 46a:. 



23. V27 a'b - 36 o'6' + 12 a^. 
34. V(a?-!e-6)(a:* + 2a!-lQ. 
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If the ezpresBioD under the radical sign has a nimierical 
factor which cannot be readily factored by inspection, it is 
conyenient to resolve it into its prime factors. 

35. Beduce -v''1944 to its simplest form. 

26. Beduce VIZS x 147 to its simplest form. 
v'126xl47=V6»x3x7»=v^x7'xv'8x6=6x7xVT6=36Vi6,.in». 

Beduce the follondng to their simplest forms ; 

27. V864. 30. V125 x 136. 33. -!''4li6. 

28. V^625. 31. V98x336. 34. </196 x 392. 

29. V5M8. 32. -MI2B. 35. ^40 x 46 x 48. 

36. VrSa'xlOSafixlSflfr*. 

230. Case III. If'Am tA6 eepreMion uTuter tfte radical 
siyn ia afraetion. 

In this case, the radical may be reduced to its simplest 
form by multiplying both terms of the fraction by such an 
expression as will make the denominator a perfect power of iKa 
same degree aa the radical, and then proceeding as m S 229. 

1. Beduce \jr-—z to its simplest form, 
'ca" 

Multiplying both terma of the fraction b; 2 a, we have 
I8a« ' IBo* '16a* '18o« 4o' 



Beduce the following to their simplest forms ; 

-4 '-4 'VI- '-4 
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vi- - 


4 


u. 


4 


>!• "■ 


4- 


15. 


€ 


4 ^^■ 


4 


16. 


€• 


4 '»• 


4 


17. 


4S 




231. To Introduce the Coefficient of a Badioal under the 
Badioal 8i^. 

The coefficient of a radical may be introduced under the 
radical aign by raising it to the power denoted by the index. 

1. Introduce the coefficient of 2aV3ir' under the radical 
sign. 

2a\'3l?= i'S^-i/a^ = -v/Sa' x. 3*" (§ 226) = v'24a>K', Ans. 

Note.. A rational quantity ma; be expressed in the form of a 
csdical by rising It to the power denoted by the index, and writing 
Ute result under the corresponding radical sign. 

EXAMPLES. 
Introduce under the radical signs the coefficients of : 

2. 6V2. 5. 5-v^. 8. iaV8^. 11. ^V^. 

3. 8V5. 6. 2y/Z. 9. 7^V6^. 18. 3m''</2^. 

4. i</6. 7. 3\^. 10. 3ai>\/B^. 13. 2o-v^7V. 



14 (l+a)^/f^- 



16. 



a + b 



-b a + b 



,.. i.-l)yl^^. 17. 5^1-5^ 

232. SimUar radicals are radicals which do not differ at 
all, or differ pnly in their coefficients ; as 2 Vo^ and 3'\/w?. 



ADDITION AKD SUBTRACTION OF RADICALS. 

233. To add or subtract similar radicals (§ 232), add or 
subtract their coefficientB, and prefix the result to their 
common radical part 

1. Required the sum of -y^ and V45. 
Redocing each radical to its simplest form ($ 220), we have 

v^ + V45 = VSITS + v'8T6 = 2V5 + 3i/6 = 5V6, An*. 

2. Simplif, ^[l + 4-4■ 



Reduce each radieai to its nmjdest form. 
Unite the aimiiar radicals, and indicate the addition or sub- 
traction of those whinJt are not simHar. 

EXAMPLES. 
Simplify the following: 

3. V75 + V12. 5. VSO-VISO. 7. ^/^-</l. 

4. V^-V18. 6. -y/U+fU. 8. </si--i/W2. 
9. V§7+VT08--v^. 10. VT75-vTl2-V44. 

"■>I-Vf- '»->i-4 -4-4- 

It VS + ^^S-VSZO. 16. -J'6--fS20 + -!'?2. 



,,Cooglf 



206 ALGEBRA. 

18. 6»V8^ + ab VBO^ - o^VlSS oft*. 

19. m* v^S2 m* + m-v^lOS m* + -y'SOO »»•. 

20. V60o'-76o*B-V32aW-48a!'. 

33. -!«--^24--!^ + -H76. 

34. -{/2J3— (/JS-v'tK 

35. V52-V72+Vl2!+ViS-V8<!0. 
38. i<'Vl60«+V963-V64?-iVH3'. 

37. V^a^ + 6V160a6'-v'iOaE'-aV2^6. 

31. 2V12»" + 60«> + 76jl"-V48«"-72«j + 27j'. 
*a — 6 »a + o a' — 6* 

TO REDUCE RABICAISt OF DIFFERENT DEGREES TC 
EQDTVALENT RADICALS OF THE SAME DEGREE. 

234. 1. Reduce V2, -^3, and -v^ to equivalent tadi' 
cals of the same degree. 

By S 211, \^ = 2l = 2A = ?'2" = v^; 

■v^ =s 8* = 8^ = \^ = v^ J 

■^B = 5* ?: 5 A = Y^ = \^26. 
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We then h&ve the f ollowii^ mle : 

Express the radicals with fractional exponents, and reduce 
these exponents to a comnton denominator. 

Not«. The relative magnitude of radicals may be determined by 
reducing them, if necessary, to radicals of the same degree. 

Thus, in Ex. 1, y/^ is greater than ^/^, and ^/m. than v^ 
Hence, V5 is greater than v^, and VS than -^/Z. 

EXAMPLES, 
Beduoe to eqiuTolent radicals of the same degree : 

2. V3 and VS. 7. V^, V^, and -i/^ 

3. V5 and -v^. 8. -Ma, -y/^b, and ^/Wc. 
1. -v'^ and -v'rf?. 9. ■\/2, \/8, and -ylS. 

5. -v^ and Vn. 10. -^1^^ and -v^T+a 

6. -v^i and -v^. 11. "v^o + ft and \/o~6. 

12. Which is the greater, -v'Z or -M? 

13. Which is the greater, -v'll or VS ? 

14. Which is the greater, -v^ or -v^i ? 

15. Axrange in order of magnitude, "v^, VS, and ■v'175. 
10, Attange in order of m^nitade, V3, ■v'^^, and ^263. 
17. Arrai^ in order of magnitude, VS, "v^, and -i/l, 

UDLTiraiCATION OF RABICAIS. 
23& 1. Multiply -v^ by -/U. 

v^ xvl6=V6x lfi(| 226) = VTxTxTxl 
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2. Multiply V^ by \^4^. 

Reducing to equivaleDt radicals of the same degree, 

= </2H^x2*a* = \/^^x-i^ = 2a^/ia, Ana. 

3. Multiply V20 by -v^. 

Webave, V^ = 20^ = 20* = v'2V = ■v'(2i' x 6)' = ■J'a' x 6». 

Whence, V20 x -^6 = \^2« x 6» x 6 = v'2« x -^6* = 2 x 5* = 2 x 6* 
= 2 x-^&' = 2\/26, ^ns. 

From the above examples, we have the following rule: 

Beduce the radicals, if necessary, to equivalent radicals of 
the same degree. 

Multiply together the expressions under the radical signs, 
and virite the result under the common radical sign. 

The result should be reduced to its simplest form. 

EXAMPLES. 
Multiply the following : 

4. V3 and V48. 14. -v/9 and -vlSS. 

8. -v-^^ and \/36o. jg. -^ and -(^ 

6. Vn and Vis. ig ^/^ ^5 .i/27^ 

7. VIB and V50. jy ^ ^^ .^ 

8. VS and v^76. „ ,/-— , ./^^ 

18. vaaa; and v4oic 

9. VSOoft and VTOoc. 
10. \^ and -v^. 



11. \/l5 and "v^. 

12. -^90 and -v^m. 

13.^Sand^g.. 



19. VB and Vl25. 

20. -v/Jofi* and v'SfrV. 

21. -!/4B and -v/9. 

22. Vl2 and ^^. 

23. -VU and -5^ 
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27. V5, V2, and ^/§. 

28. V2, -v^, and -v/a 

29. <m, ^, and ■^. 



26. Vab, -Vbc, and -v^ 

30. Multiply 2V3+3V^ by 3V3- V2. 

8V3- v^ 



18 + 7 V5 - e = 12 + 1->/S, Jnt. 

Note. It Bhoold be remembeted that to multiply a ndloal of 
the second degree by itseU simply remores the iwilcal sign) tiioa, 
■\/3x V8 = 3. 

31. Multiply 3V?+l + 4a! by 2-v^?+l-ft 

3v^Tl+4x 



6(a!« + 1) + 8asVx>+T 



f l-4a^ 



6i* + a + 6iiVa!» +l'-4a^ = 2!E« + 6 + Saj-v^+l, -4m. 
Multiply the following: 

32. 6-2V3 and4 + 3v^ 

33. 2V» + 3V§ and 6^/x~^/S. 

34. 7V5-4V6 and 3v^-8\^. 
SB. 6Va + llV5 and 9Va-6V6. 

36. B-Vl + B^/5 and 6\/2 + 7-v^. 

37. Va + 2V6-3Vc and Va-2VF-3Vc. 

38. 4:VxTl-5Vx^^ and 3V5+1 -2v^"=T. 
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39. V6-VS-V5 and V5 + V3 + VS 

41. 6V3 + 3V8 + 4VT iiiia6V3 + 3V5-4V?. 

a. 3V5-4VS-2V7 and 6V2-8VS + 4V7. 

43. 6V8 + 6Vi2-2V20 and TV2-3V3 + 4V5. 

44 e^-^+10^ and 2^ + 3^-4 

Expand the following b; the rules of gg 78, 79, or 80: 

45. C3VB+4)". 48. (7V10 + 6V7)'. 

46. {6-2V3)'. 49. (V5S+V30-4)'. 

47. (6V2-4V!)'. JO. (3V» + J-2V;^)'. 
«1. (3v^ + 7)(3v5-7). 

•J. (6V3+4V6)(6V3-4VS). 

53. (2V5+T+6V;)(2V« + l-6-v«). 

64. (VoT5+Vo^^)(V5T6-V;^^). 

55. (3V2o-5 + 4V4a-3)(3V2o-6-4V4<l-S). 

DIVISION OF RADICA1& 
a3RByS22e, VS = VixVb. 

TmmtiX, ^-VS. 

Wo then haTe the following mle : 

Sedwx the radicab, if neceasary, to etfuivalent radieaia of 
the same degree. 

Divide thx expremtion under the radical sign in the dividend 
try the expreaaion vnder the radical aiffn to the divisor, and 
write the remit under the common radicai sign. 
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EXAMPLES. 
1. DiTide -MB by VE. 
Bedodng to equivalent radicals of the ume degree, in hxn 

a. DiTide VlO l^ -v^. 

We bam, Vva = 10* = 10* = v^ = \'(2 x 6)*. 

Whence, i^=-gKl=-!^ = 5* = 6*= -i^ ^. 
</40 'Sly 6 



IMvide the following : 

S. V84 by VT. 6. V66 by V^. 7. Vs by -v^lsB. 
4. V32 by Vie. 6. ■v'i^ by </2. 8. </^ by -^3& 
a -^H by -v^. 19. V6^ by ^/9^. 

la^.by^^. „.^^^. 

11. -M^ bj-VS. »« »26 
lS.V5l>yW. ai. ^by-^. 
13. -fSoS by -W5KW. . 

1. ,)Sbv,^ S3. -»b,<^ 

U. VSJI by -v^S- ^ 

17. -VJS hj -{fi?. «>• ■''I2«' 'r ^^53. 
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INVOLUTION OF BADICALa 

237. 1. Baise Vl2 to the third power. 

(■^)» = (12*)»=12*(S218)=12* = 'v'i2=2-\/5, Ant 
2. Baise -i/2 to the fourth power. 

(v^)* = C2i)* = 2* = v^ = \/l6, Ant. 
We then have the following rule : 

^ possible, divide the index of the radical by the exponent 
of fke required power; otherwise, raise the expression under 
Ae radical sign to the required power. 

EXAMPLES. 
Find the values of the following : 

3. (-v/3)*. 7. (2V^)». 

4. i-i/5)*. 8. {VT^y. 

5. (-v-^+y)*. 9. i<m^y. 

EVOLUTION OP RADICALS. 

238. 1. Estract the cube root of VW^. 
■v/(-v^T5) = (-v'(3«5»)*=[(3x)*]i={8x)^= v^ Am. 

2. Extract the fifth root of "v^. 

We then haTe the following rule : 

If possible, extract the required root of the expression under 
(Ac radical ^gn ; otherwise, multiply the index of the radical 
by the index of the required root. 

Hot*. If the radical has a coefBcient which is not a perfect power 
of the degree denoted by the index of the required root. It should be 
introduced under the radical sign (§ 231) before applying the rale. 
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EXAMPLES. 

Find the Tuliies <tf the following: 

a V(-v^). 7. VaS-v^). 11. ■\/i2a</^). 

4. -v'(VlO). 8. <^(</2B). la. -^(27«»-v^6m).. 

». -v^(-v^32^. 9. V(-^a^-6a!+9). 13. </i</US). 

6. -v^C-i^M^. 10. -^(3-v^l^. 14. -5^(3 a'-v^. 

TO BEDUCB A FEIACTION HAVING AN IRRATIONAL 
DENOMINATOR TO AN EQUIVALENT FRACTION WHOSE 
DENOMINATOR IS RATIONAL. 

239. Case I. When the denomincUor is a monomicd. 

The reduction may be effected by multiplying both terms 
of the fraction by a radical of the same degree aa the de- 
nominator, having under its radical sign an espression 
which will make the denominator of the resulting fraction 



1. Beduee-; 
tional denominator. 

Mnlttplying botli terms of the fraction "bj y/9a, we have 



Beduoe each of the following to an equivalent fraction 
havii^ a rational denominator : 



1 
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24(X Casb n. When the denominator ia a binomial con 
taining radicals of the second degree only. 

1. Bfldnce ^ to an equivalent fraction having a 

B + VS ^ * . 

rational demmiinator. 

Hultlplying boib taran of tlie fraction b; 6 — VS, we have 
ft + v^ ~ (6 + \^){6 - V5S) 
" 26-3 " 

8. Reduce ~ ~ to an equivalmt fraction havt 

Ing a rational denominator. 

Multiplying both termB of Uie fraoUon by 2 V^ + Wx — U 
3v^ - 2-s/x^ _ (SVx - 2Vx^)(2Vx + &-s/x^) 

6x4. 6VaVa"^ - 6(g - 1) _ 6 + 6Vg31g 

We then have the followii^ rule : 

Mvltiply both terms of the fraction by the denominator ioith 
A« sign ftetuieen its terms changed. 

EXAMPLES. 
Beduce each of the following to an equivalent fraction 
having a rational denominator: 

6 ^ -v^-Vy ft 3V3-2V5 

' S+VS Vi+Vy 

- CV2-t.V6 



3. 



' 2V5-4 ■ SV2-V6 
Va + b . 3V5+2VS 





241. The approximate value of a fraction whose denonii* 
nator is irrational may be conveDiently found by redacing 
it to an equivalent fraction with a rational denominator. 

1. Find the approximate value o: 
of decimals. 



i-y/2 (2-\^){2+VS) *-2 



EXAMPLES. 



Und the approximate value of each of the following to 
three decimal places : 



VI5 -VlS 3V2+V5 

1 ^ » J 3V5+2VB 

V6-2 VS-2v^ ■ 3V3-2VS 



4 



J yg+v^ ,„ V8-4V3 

3 + 2V8 ' VS-V2 ' 2VB + 6V5 



FBOPEBTIES OF QUADBATIO SDBDS. 

a4Z A Qnadratio Surd is the indicated aqoare root of an 
imperfect square ; as V3. 

243> ji gvadratic 9urd cannot be eipud to thfi sum oj a 
rationai extprestion and a quadraHo surd. 
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For, if possible, let Va = 6 + Vc. 

Squaring botli members, a = 6* + 2bVc + e. 

Transposing, 2 6 Vc = a — ft* — & 

Dividing by 26, -^=2^Z^JZl. 

We then have a quadratic surd equal to a rational ex- 
pression, whicb is impossible. 
Hence, Vo cannot be equal to 6 + Va 

If a is not equal to c, let a = c + a^ 

Snbstitutii^ this value in the given equation, we have 

«+fl) + V6 = e+V5 
OT, fli+V6 = V5. 

But thia is impossible by S 243. 

= 0, and therefore -y/b = Vd- 



24& ^Vo + V6=:Vi + -v^,(A«n Vo - V5 = V* - "v^. 
Squaring both members of the given equation, ve have 

a +-v^ = a: + 2Vi^ + y. 
Whence byS 244, a=x + y, (1) 

and VS = 2Vxy. ^ 

Sobtractii^ (2) from (1), 

a — VS= a: — 2^^/ + ff. 
Eztractii^ the square root of both membeia, 
"vV-VF = V5 — v5- 



Mft Square Boot of a Binomial Sard. 
The preceding priQCipIes may be used to find the square 
loot of a binomial surd whose first term is rational. 

Sxampte. Bequired the square root of 13 — V160. 

Assume, VlS-VIeSsv^-v^. (1) 

ThenbyS246, Vl3 + vl66 = v^ + Vy. (2) 

Multiplying (1) by (2), VlCe - 160 = as - y. 

Or, x-v = S. (8) 

Squaring (1), 13-->/m = x-2V^ + f. 

Whence by S S44, z + y = 13. (4) 

Adding (S) and (4), 2x = 16, or x = 8. 

SnbtncUng (S) from (4), 2f = 10, or v s 6. 

SabBtitaUng In (1), Vl8-vl80 = v'8-V6 = 2\^ -\/6, Ant. 

247. Examples like that of § 246 may be soWed by in< 
spection by putting the given expression into the form of a 
perfect trinomial square (§ 96), as follows : 

Reduce the turd term to thai its coefficient may be 2. 

Separatt the rational term into two parts whose prodtui 
ahaU be the ea^esaion under the radical sign of the surd term. 

Extract the square root of each part, and connect the resuUa 
hy ihe sign of the gurd term (§ 97). 

1. Extract the square root of 8 + VIS. 
We have, Vs + i/S = Ve + 2 Vl2. 

We then separate B Into two parts whose product is 18. 

The parts are 6 and 2. 

Whence, Vs +V58 =V6 + 2VTi + 2 =Va + \^, Ant. 

2. Extract the square root of 22 — 3 V^. 

Wehave, V22 - SVSa =V32 - ^9 x 8 x 4 = V22 - 2V72. 
We then separate 22 into two parts whose product is 72. 
The parts are IS and 4. 
Whence, V82-8v^ =v^- Vi = 3v^-2. Ant. 
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EXAMPLES. 
Extract the aqnare rootB of the foUowii^; 

S. 11 + 2V28. 9. 12-VI08. 15. 66 + 6V4S. 

10. Il+Vi20. 16. 36-12VB. 

11. 26 + 2V160. 17. 37-V640. 
la. 20-6vIt. 18. 36-20V3. 
13. 46-3VM. Ifl. 86 + 5V120. 



4. 17-2V72. 
6. 49 + 2Vi8. 

6. 19 + 4V5I. 

7. 28-8V6. 

8. 30-2V56. 



14. 36 + lOVlO. 20. 75-3V96. 



21. 2a! + 2V^^^ 



DCAQINABT NUMBERS. 

24B. Aa ereii root of a negative numbeT is impossible; 
for no number when raised to an even power can produce 
a negative result (S 186). 

An Imaginary ITnmber is an indicated even root of a 
negative number j as V — 4, or V — a'. 

In contradistinction, all other numbers, rational or irra- 
tional, are called recU numbers. 

249. Every imaginary square root can be expressed as 
the product erf a real number by V~ 1. 



Thus, V-a* = Vo'x(-l) = V^xV^ = oV^^; 

V^^ =V5 x(-l)=VS xV^^j etc. 

2S0. To find the positive integral powers of V— 1. 
By S 189, V— 1 signifies an expression whose square is 
equal to — 1. 
That is, (V^=T)' = -1. 
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Then, 

(V=i)4=(V=i)'x(V=r)'=(-i)x(-i)=ii 

(V^/=(V=l)*x V^ = 1 xV^=:V=T; etc. 

Thufl, the first four positive integral powers of V— 1 are 
V— 1, —1, — V— 1| and 1; and for higher powers these 
terms recur in the same order. 

2S1. Addition and Bnbtraotion of Imaginary Hnmben. 

Imaginary numbers may be added or subtracted la the 
same maimer as other radicals. (See g 233.) 

1. Add V^ and V^^36. 
V:r4 +v'^^ = 2V^ + flv^ (s 249)= aV^, Ant. 



EXAMPLES. 



Simplify the following : 
2. V^Il6+V:i25. 

5. V^I^-V-Ca-ft)*. 




V^IS?. 



252. Multiplication of Imaginary Hnmbers. 
The product of two or more imaginary square roots may 
be found by aid of the principles of §g 249 and 250. 

1. Multiply V^^ by V^. 

= v^ V3 C V^)* = VS C - 1) (5 260) = - V5, .in*. 
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2. Multiply together V^^, V-16, and V-2f 
= 60(V^^)' = 60(- V^XI 2 



a Multiply 2V-2 + -S 



-5 by V^-3V^5. 



2(-a) + V2V5(_-/^* 

-aVa'\/6(V^n')a-3(-6) 
- 4 - 5vl0 (- 1) + 16 = 11 + CViO, ^n*. 

Kot0. It should be remembered that to mnltipl; an 
square root hj itself simply removes the radical sign ; thus, 




8. - V^27 by V^^. 

9. _V^r72by-V=60. 

10. 2 -5 V^ by 3+4-/^. 

11. 8+\Ar2by7-5V^. 

12. 4V^-7V^ by 2V^^-V^. 

13. 2V^^ + 3\rr6 by 4V^-6V^. 

14. V^^, V^, and V^?. 

15. V^ -V^^IS, and V^^^ 

16. V^^W+ BV^^ by 3v 

17. VZ^+V^^ by 
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18. V^, V=36, V=64, and V^^lOO, 

19. V^ V^ -V^ and V^^. 
i the following by the rules of §§ 78, 79, or SO: 

SO. (1+V=3)'. 23. (2V^3 - 3V:r2)'. 

21. (6V^r2 + 2V^)'. 24. (x+V^)(i-V^). 

22. (4_V^'. 25. (6 + 6V^l)(6-6V^). 

26. (3V^^ + 2V^)(3V^^-2V^. 

27. C7V^2 + 4v'^3)(7V=l-4V=3). 

28. CV^2 + 2V^rT). + (V=2-2V^l)l 

Reduce each of the following to an equivalent fraction 
haying a rational denominator : 

eV32 + 4Vr6 



29. ^-=- 31. 



3a 



1+V^ 6V=2- 

1+V^ as V^- 



3V-5 + 2V^r3 



Expand the following by the rule of § 188 : 
33. (1+V^)'. 34. (2-y,^^3): 

253. Division of Imaginary Hombera. 

1. Divide V-12 by V^^. 

2. Divide VIO by V^2. 
Vio -Vi()(-l> _ -ViOf^/^)* 



DiT 


ide the following : 






3. 


V^26 by V^6. 


S. 


-Voby V^o"'. 


4. 


V^^ by V^. 


9. 


■v^^^TS by -t'^. 


5. 


Vl2 by V^6. 


10. 


— y^lS by -^32. 


6. 


V63 by -V=7. 


11. 


■v'-lOS by -v^-l. 


7. 


V=Sby V^Tfc. 


12. 


— J'^ra by -<r:i 



SOLUTION OF EQUATIONS CONTAININa RADICAIA 
2S4, 1. Solve the equation Vs^ — S —x = — l. 
Transposing — *, t/a^ — 5 = * — 1. 

Squaring both members, a? — 6 = a^ — 23e + l. 
TranapoBing bju) uniting terms, 2 x :^ 6. 




2. Solve the equation VZ a: + 14 
Tranapoalng V2n- 14, V2j; + 

SqnariDg both members, 2x - 
TranspoBing and anltlng terms. 



Squaring both membera, 

Whence, x = — 6, An*. 

From the above examples, we derive the following rule : 
~ n^ose the terms of the equation so thai a radical term 

and (done in one member; then raise both membera to a 

of the same degree as the radical. 

idical terms still remain, repeat the operation. 

e. The equation should be simplified m much as possible 
performing the involution. 



Solve the following : 

3. V3a!-5-2 = 0. 

4. -v/e SB + 9 + 8 = 6. 

5. V9FT3-3a; = l 

6. Vi—-\ 

2x-l+V2x + 4 = 5. 15. \^B+5+VF^=2Vx. 

13. VS + ^m = ^. IB 2V^-3^4^^- 

Vx 



7. V!B + 4+Va = S. 

8. -v'8a?-12a!' + l = 2!B. 
>/Bx + W--VFx = 2. 

10. Va! + ll+Va! + 6 = 6. 



1«. i 

3VS + 2 6-v^ + 1 




27. ■v^ + Va-v'oa! + x' = Va. 
33. V(!c + 2aV4x + 3a')=-v^-2a. 
3d. 2(x + a)(ai + V^^^*)=o'. 
80. V»+T + V^+6=v'« + 2+V« + 3. 
= Vo + 3&-4a!. 
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255. A ftuadratio Equation is an equation of the second 
degree (§ 158). 

A. Pore aaadratio Equation is a quadratic equation in- 
volving only the square of the unknown quantity; as 

An Affected ttuadratic Equation is a quadratic equation 
involving both the square and the first power of the un- 
known quantity ; as 2x' — 3x — 5 = 0. 

PUBE QUADRATIC EQUATIOira. 

256. A pure quadratic equation may be solved by reduo- 
ing it, if necessary, to the form x* = a, and then extracting 
the square root of both members. 

1. Solve the equation 3a!' + 7 =^ + 36. 

Clearing of fractions, 12z' + 2& = 6x?+ IM. 

Transposing and uniting Urms, 7 z' = 112. 

Or, I* = 16. 

EztractiDg the square root of both members, we have 

z = ±i. An*. 
Hote 1. The sign ± is placed before tlie result, because the square 
root of a number is either positive or negative (§ 192). 

2 Solve the equation 7^ — 6 = 5a? — 13. 

— ^'^%<'*tftfffi'"f^ and uniting terms. 2 a' = — 8, 



In Ex 2 the values of x are imaginary (g 218) ; it is 
^^^S^ find any real values of x which will sati^ the given 
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EXAMPLES. 
Solve the following equations : 
^ 3. 3a!'-26 = 9j!"-80. ^ 5. 3(i + l)-i(«!-l)-4a!. 

3«" Srf 8' ■ 3 « 12 « 

7. (2i-3)(« + 7) + (2a! + 3)(ai-7)=68. 

8. 5(3! + a)(a! — a)+4(xa!=(a! + 2a)*. 

9. (3a! + 2)(4a!-fi)-(5a! + 3)(6a!-5)+46 = 0. 
2^ + 4 3»'-7_ll 



10. 
11. 



5 3 15 

/10 + a!-V10-iB=2. 13. V2x+8 + 2-v^+S = 2. 



14. 
IS. 
16. 



a: — 1 a: + l 

a?-2 6a:' + 3 4iB'- 



2 



jj' + l 

Jk' + t' 



a; + 4 a;-4 _10 
■ •-4*»+4 3 



3«' + 2i'-4 3«? + 2 
19. W?+lI + «-V^T6 = 3. 



21 Vl+!E + a!*-Vl-iC + !E» = VS. 
32 x + a , x-a a + b , a-b 



(First add the fiactiong in the first memhet ; then the fmcth>ns hi 
the second memt«r.) 
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2S7. An affected quadratic equation may be solved by 
reducing it, if necessary, to the form :^-\-px^q. 

We then add to both members such an expression as will 
make the first member a perfect trinomial square (§ 96) ; 
an operation which is termed completing the square. 

2S& Pint Xethod of Complsting the Square. 

Example. Solve the equation a? + 3x = i. 

A. trinomial is a perfect square when its first and third 
terms are perfect squares and positive, and the second 
term plus (or minus) twice the product of their square 
roots (g 96). 

Then, the square root of the third term is equal to the 
second term divided by twice the square root of the first. 

Hence, the square root of the expression which must be 
added to as" + 3 a; to make it a perfect square is -— , or 5- 
3 

Adding to both members the square of ^ we have 

Extractiiig the sqimre root of both membera (g 97), 

« + ?-±| (See Note 1, S 2S6.) 

a.- J 3 3j^5 „ 3 6 

Ti«»pod»g^ ,___ + j, OP ---^- 

Whence, « = 1 or — 4, An». 

From the above example, we derive the following rule : 

Reduce the equation to the form 3?+px = q. 

Complete the square by adding to both membera the square 
of half the coefficient ofx. 

Extras the square root of both members, and tohe &e aim- 
pie eguationB thus formed. 
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259; 1. Solve the equation 3 1" — 8 1 = — 4. 
Dividing by 3, j?_l^ = _l; 

wbich ia in the lorin 3? + px = q. 

Adding to botb memlierH the square ot }, we have 

S ^UJ 8^ 9 » 

Extracting the sqimre root, ^ — „ — ± „* 
Whence, («=|±| = 2or|, An*. 

If the coefficient of a:* is negative, the sign of each term 
mast be changed. 

a. Solve the equation - 9 ic* - 21 a; = 10. 

Dividing by- 9, as" + ^ = -^- 

Adding to botb memberH the Hquars of j, ne have 

S \al 9 86 36 

Gztractlng the gqaare root, x + - = ± -- 
Wto.^, . = -!±|.-|o,-|,^n.. 

EXAMPLES. 
Solve the following equatione ; 

3. i" + 6»-7. 10. 2«> + ll« = -6. 

I ii'-ix = 32. 11. 2s^ + 9«-6-0. 

5. I' + ll^as-lS. 12. 5«" + 8 = 22«. 

6. «"-13a!--30. 13. 20-2I«=-9«>. 

7. «" + ai = 30. 14. I-10«-8s?«0. 

8. 3iir-7i = -2. 15. 12 + 16i-3«" = 0. 

9. 4i"-3»-7. 18. 6«" + 4 = -ll». 
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260. If the coefficient of a:* is a perfect square, it ii. con- 
venient to complete the square directly by the principle 
stated in § 258 ; that is, by adding to both members the square 
of the quotient obtained by dividing the coefficient ofxby twice 
the square root of the coefficient of 3?. 

1. Solve the equation 9 ii* — 5 a; = 4. 

nivldlag 6 bj twice the square root of 9, the quotient is {. 
Adding to botli memben the square of ^, ne bave 

Extrtcting tbe Kqaue root, 8z — ^ = ±— • 

TiMiposing, 3a! = |j:^=3or-|- 

Whence, » = 1 or -|, An». 

If the coefficient of ie* is not a perfect square, it may be 
made so by multiplication. 

2. Solve the equation Sa^ — 15a! = 2. 

Multiplying each t«nn by 2, 16 1* — 301 = 4. 

Dividing 30 by twice the square root of 16, the quotient iB*f^tiT ^. 

Adding to both members the eqoEire of >^, we have 



16x>-30j;4. [ 


7)-= 


*-f = 


.289 
■ 16" 


square root, Ax 


_15_ 
' 4 


-f 






4x = 


'M- 


.„-!. 




r.. 


..,-! 


Ant. 




e, the sign of each term 
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EXAMPLES. 
Solve tbe following equations : 

3. ii? + 7x = 2. 10. 49a^-7a! = 12. 

4. 16 SB" + 32 a; = -16. 11. 26a!' + 25a;+ 6 = 0. 
3. 9i»'-lli = -2. 12. 12a!» + 8x = -l. 

6. 8a!'+2a! = 3. IS. 32a!' + l =-12a!. 

7. 6«' + 16a! = -3. 14. 28 + 5ai-3a:* = 0. 

8. 36ai»-36a: = -5. 13. a! + l = 20a?. 

9. 64a!» + 48a! = 7. 16. 4 + 3a!-27a:* = 0. 

261. Beooad Method of Completing the Sqsare. 

Every affected quadra.tic can be reduced to the form 

aa? + bxi= c 

Multiplying both members by 4 a, we have 

4 (A:* + 4 abx = 4 ac. 

Completing the square by adding to both members the 

square of „^'^ (§ 260), or 6, we obtain 
2 x2a ^ ^' 

4 aV + 4 a&c + 6' = 6' + 4 oc. 

Extracting tbe square root, 



2aa+b = ±\'t^ + iac 



Transposing, 2 ok = — 6 ± Vft' + 4 oc. 

Whence, 



- 6 ± Vft' 4- 4 ag 



From the above example, we derive the following rule: 

Reduce the eqttation to the form a(if + bx = c 

Multiply both members by four times the coefficient of a?, 

and add to each the square of the coefficient of x in the given 

egvation. 
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Extract the iquare root of both members, and solve the 
simple equation thus formed. 

The advantage of this method over the preceding ia in 
avoiding fractions in completing the square. 

262. 1. Solve the equation 2 a^ — 7 iE = — 3. 

Multiplying both memlwrs by 4 x 2, or 8, 
18a;"-66iti=-24. 
Adding to both membera the square of 7, we bave 

16a^ - 66i + 7" = - 34 + 48 = 26. 
Eitiutlng the aqnare root, 4x — 7 = ±6. 

4» = 7±5 = 12 or 2. 
Wlienoe, z = S or -, Atu. 

If the coefficient of x in the given equation is even, frac- 
tions may be avoided, and the rule modified, as follows : 

Multiply both membera by the coefficient of x', and add to 
each the square of half ike coefficient of x in the given equation. 

2. Solve the equation 15 3? + 28 iB = 32. 
Multiplying both memben by 16, 

16^+16(28a)=480. 
Adding to both members the square of 14, we have 

16»J? + 15(28 *) + 14» = 480 + 198 = 676. 
Extracting tlie square root, 16 z + 14 = ± 20. 

15z = - 14 ± 26 = 12 or - 40. 
Whenoe, *=^ or -|, Jii*. 

EXAMPLES. 
Solve the following equations : 

3. a!'-7a! = 30. 6. Sa* + lix=:-S. 

4. 23? + 5x=l$. 7. 10a:»+7a! = -l. 
6. 3a^-2a> = 33. 8. Sx'-aai^TS. 
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9. 4i'-Ti = -3. 

10. 6ai"-ll»=l(l 

11. 4«^ + 24»+35 = ( 
IS. 4» + 4 = 15a!'. 

13. 4-15«-4i? = 0. 



14. 6«" + 17»--10. 

15. iaf + U-ie^ 

16. 9a!"=32i-16. 
ir. 3-6»-12«' = 0. 
18. 9»' + 16» + 4-0. 



MISCELLANEOUS EXAMPLES. 

263. The following equations may be solved by either of 
the preceding methods, preference being given to the one 
best adapted to the example under consideration. 



12x 



29 
"lO' 



S. (3»+2)(2» + 3) = (i-3)(2»-4). 

«. 9(«-l)'-4(»-2)'-44. 

T. 4(«-1)(2j!-1) + 4(2«-1)(3i-1) 

+ 4(3»-l)(4!r-l) = 63a?. 



8. 


30 30 , 


10 


1+2 4-1 7 
ir-1 2i 3' 


9. 


3 2 J 

»-6 x-6 


11. 


J! + 1 . 2i + l 17 
2i + l 3i + l 12 




13. (2n-l)'-(3a!- 


-2)>. 
17. 

IS. 


-(i + l)'-0. 


13. 
14. 


V6+10»-3rt==2ai-3. 
2-3i 4-» 11 
4 x-2 4 


3 3(1+4) I 
v^+2+V3i + 4 = 8. 


IS. 


(»-3)'-(rr+2)'=-65. 
VS^n+V3i + 3-4. 


19. 


V12 - « 3 


16. 


l> 2+V12-Ji 
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20. 


</^ + s^ + mx-i-^ + s. 


21. 


I 1 " 1 2^ 




^3i + l (3» + l)(7:.+ l) • 


22. 


14 2 




«-6 3(«-l) 3. 


23. 


4»-9 2.-3 „ 
41-3 2. 


24. 


x + 2 x-2 61+16 
«-2'^. + 2 3« 


2S. 




28. 


^T5-^T8=-6^ 


27. 


l-»''*TTi~r^"~8' 


28. 


, 1 3 6 




« + 2 2(2j!-3) (j! + 2)(2«-3) 


29. 


3iE-l 6-4x „ 
7-, 2« + l ^■ 


30. 


3»-6 7 11-2X 
6-. 2 2(5 -2ii) 


31. 


3-2« 2 + 3a! 1 16» + ai" 
2 + x 2-x 3 »»-4 


32. 


ai+l.» + 2 2» + 13 
i-l"^i-2 x + 1 


33. 


V2x' + 9» + 9+V2i" + 7i + 6--»^. 


34. 


V3iC+l-V4a; + 6 4-Vx^^ = 0. 


35. 


1 Ux X 



(3a!+l)(l-5a!) 2(l-6=c)(7ar+l) (3a!+l)(7a:+l)' 

-v^ _ V^ + 2 ^ 5 
VF+2 Vi 6 
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264. SolntioB of Literal Qnadratio Bqnatioiu. 

For the solution of literal affected quadratio equations, 
the methods of S 262 will be found in general the most 
convenient 

1. Solve the equation a? + <ae — bx — ab = 0. 
The equaUon may be wiitten 

I? + (a - 6)« = aft. 

MultlplTlng botli membeiB bjr 4 times the coefBoient of a^, 

4ii? + iCa~b)x = 4ab. 

Adding to both members the square of a — b, 

i:^+ i(_a - b)x + (_a- b)* = tab + a' ~2ab + 1fl 

= a» + 2a6 + 6». 
Extracting tiie square root, 

2a! + Ca-6) = ±Co+B). 

2i=-(a-6)±Ca + 6). 

Therefore, 2x = — a + l> + a + b = ib, 

or 2x = -a ^b-a-b = -2a. 

Whence, x = boi — a. Ant. 

Not«. If Mvet&l terms contain the same power of x, the eoetB- 

clent of that power should be enclosed in a parenthesis, ai shown 
in Ex. 1. 

2. Solve the equation (m — l)a:* — 2m*x = —4m' 
Unltiplying both members by m -- 1, 

(M -!)»«*- 2 nt»(m - l>e = -4n»»(m - 1), 
Adding to both members the sqoare of n)>, 

(m - V)*jfi - 2ni*(m - 1)* + ni* = m< - 4 m« + 4«^. 
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Bztracttng tbe ■qnare root, 

(» - l)a = m> + m' - 2 m or m" - «> + 2 M 
= 2m(m-l)or2m. 
Wheoat, X s 2 m or — ^, Ant. 

EXAMPLES. 
Solve the following equations ; 

3. a;' — 4aic = 9fc' — 4a*. 6. a^ + ax + bx+ ab^O. 

4. af + 2mx=2m+l. 7. a;* - m*a! — m'ar = - m». 
6. a? — (o — 1)« = a. 8. (mxt' + tea; — wte = bd. 

9. a!'-2aa!-12x = 3o'-16a-35. 

10. (a-b):^-{a + b)x = -2b. 

11. (o - auXa' + b* + oa;) = a* + 6a?. 



s 



. l + o 1 1-° 1. 


13. 




14. 


(x + 2a)--(»- 


-3a 


'-66 a". 


15. 


(!-«■)(. + ,.) 


-2a 


(l-«?)-0. 


la. 


V(a-26)a: + 8(xA = 


.«+46. 


17. 




"TJ- 


a'-ab + 2b>. 


IS. 


J-V6I + 20. 




a!— a _ ar + a 


Bira 


-3a-2 „ 




X a'-b' ' 

-^2x-ia+V5x + 3a = - 
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24. a?-(a~b)x=:(a-c)(b-c). 

25. ■v'3a! + 2a-V4x-6a = V2o. 



28. (ffl-6)a!» + (6-c)a: + (c-o)=a 

29. (o'-l)a:*-2(a* + l)« = -o' + l. 



32. (c + a-2b)3?+(a + b~ic)x + b + c-2a=0. 

265. Solution of Quadratic Eqaations by a Foimula. 
It was shown in § 261 that, if aj^ +ba; = c then 

This result may be used as a /ormuta for the solution of 
any quadratic equation in the form ai^ + bx = c. 

1. Solve the equation 2 a;* + 6 a; = 18. 

In this case, a - 2, b = 5, and c = 18 ; substituting in (1), 
^^-6±^6Tlg^-6±VlW^-6±13^a ^^ _9 ^ 
<l 4 4 2 

2. Solve the equation 110 a;* — 21 a: = — 1. 

In thia case, a = 110, b = - 21, and c = - 1 ; Hubstitutlng in (1), 

21 J:V'441-4J0 _ ai ±1 _ 1 1 ^ 

220 220 10 11' 

Vottt. Particular attention must be paid to the aigni of the coeffi- 
dents in making tlie subBtitntion. 
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EXAMPLES. 
Solve the following equations : 
8. 2a^4-x = 6. 10. 28a:* + 16a;^-l. 

4. a*-6iE = 36. 11. 8x' + ilx + 5 = 0. 

5. a!' + 14!C + 48 = 0. 12. 16a:* + 16a!-5 = 0. 

6. B3f-13x = -6. 13. 30x-8 = 253^. 

7. 6a!*-x = 6. 14. 12x' + 7 = -25x. 

8. 3a?-7x = 20. 16. 2-3x-S4a:i' = 0. 

9. 4a*-21a; = -27. 16. 3 + 14a!-24«»= 0. 

266. Solution of Equation* by Factoring. 

Let it be required to solve tbe equation 

(a;-3)(2a; + 5)=0. 

It is evident tbat tbe equation will be satisfied when x 

has such a value that ojte of the factors of the first member 

is equal to zero ; for if any factor of a product is equal to 

zero, the product is equal to zero. 

Hence, the equation will be satisfied when x has such 
a value that either 

3^-3 = 0, (1) 

or 231 + 6 = 0. (2) 

Solving (1) and (2), we have a: = 3 or — -■ 

ill be observed that the roots are obtained by placing 
tors of the first member separately equal to zero, amd 

the resulting equations. 

1, Solve the equation a^— S* — 24 = 0. 

iring the first member, (z - 8) (* + 3) = 0. (S 100) 

ig tbe factois separately equal to zero (§ 266), we bave 
a; — 8 = 0, and 1 + 3=0. 
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2. Solve the equation 2 a? — a; = 0. 

FactoriDg the first member, !E(2z — 1)=0. 

Placing the factors separately equal to zero, 

X = 0, and 2 1 - 1 = 0. 

Whence, k = or -s An». 

2 

3. Solve the equation ic' + 4as'— « — 4 = 0, 

factoring the first member, (x ■+ i) (i' - 1) = 0. (J 98) 

Therefore, a; + 4 = 0, and i" - 1 = 0. 

Whence, a: = — 4 or ±1, Am. 

4. Solve the equation a:? — 1 = 0. 

Factoiiug the first member, (* - 1) (a;' + a;+ 1) = 0, ( j 103) 

Therefore, k — 1 = 0, and ai" + a; + 1 = 0. 

Solving the equation x — 1 = 0, we have x=l. 
Solving the equation a^ + a: + 1 = 0, we have 

EXAMPLES. 
Solve the following equations : 

6. a!» + 3*-28 = 0. 10. 3a^ + 242^ = 0. 

6. i"-14x + 46 = 0. 11. 16ir'-9i = 0. 

7. «' + llai + 24=0. 12. (2« + 5)(9«'-49)- 0. 

8. a*-6a;-72 = 0. 13. 12a!»-72^-10a! = 0. 

9. 6»"-7i=.0. 14. (i'-8)(i? + 4)=0. 

15. (a!-3)(2»? + 13a! + 20)-0. 

16. (x-3)(x + i)(x-i)-m = 0. 

17. («"-9a')(2i!" + (i«-o")-0. 




19. a!"- 27 = 0. 

20. 16a;*-81 = 0. 
81. 27a!'-64a' = 0. 85. Va* _ V2«+T = 1-1 

36. 6a!'-a!'-126!r + 25 = 0. 
27. 83^ + 20a!'-18a!-46 = 0. 
88. 4a? + 5a!' + 72x + 90 = 0. 

29. Va + « + Va - m = V5. 

30. Va + V5~"^a-Vi^ = V5. 

Hota. The above examples are lUnatr&tionH of the Importuit prin- 
dple that the degree of an equation indicates the number of its roots ; 
thus, an equation of the third degree has three roots ; of the fourth 
degree, four roots ; etc. 

It should be observed that the roots are not necessarily unequal ,' 
thus, the equation z*— 2z+l = ma; be written (x — l)(x — 1) = 0, 
and theretote its two roots are 1 and 1. 

PROBLEMS. 
a6&. 1. A man sold a watch for $ 21, aod lost as many 
per cent as the watch cost dollars. What was the cost ? 

Let X = the number of dollars the irstch cost 

, x= the per cent of loss, 

X X -^ , or — = the number of dollars lost. 
100 100 

e conditions, -^=i— 21. 



. the cost of the natch was either (30 or 9 70 ; tor either of 
iwera satisfies the conditiona of the problem. 

fanner bought some sheep foi $72. If he had 
6 more for the same money, they would have cost 
1 apiece less. How many did he buy ? 
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X = the number bought. 
— =: the Dumber of dollars paid tor oi 



By the oonditionB, — = -^=- + 1. 
Solving, aj = 18 or - 24. 

Only the poiOive value of z Is admissible, for the negative value 
does nnt satisfy the conditions of the problem. 

Therefore, the number of sheep was 18. 

Hote 1. In solving problems which involve quadratics, there will 
usually be two valuea of the unknown quantity; and those values only 
should be retained as answers wtiich satisfy the conditions of the 
problem. 

Note 3. li, in the enunciation of the problem, the words "6 
more" had been changed to "6 fewer," and "(l apiece lees" to 
"tl apiece more," we should have found the answer 24. 

In many cases where the solution of a problem gives a negative 
result, the wording may be changed so as to form an analogous prob- 
lem to which the absolute value of the negative result Is an answer. 

3. I bought a lot of flour for $126; and the nuinber 
of dollais per barrel was ^ the number of barrels. How 
many barrels were purchased, and at what price? 

4. Divide the number 18 into two parts, the sum of 
whose squares shall be 170. 

5. Find two numbers whose difEerence is 7, and whose 
sum multiplied by the greater is 400. 

6. Find three consecutive numbers whose sum is equal 
to the product of the first two. 

7. Divide the number 20 into two parts such that one 
is the square of the other. 

8. Find two numbers whose sum is 7, and the sum of 
whose cubes is 133. 
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9. Find four consecutive numtwrs such that if the first 
two be taken as the digits of a number, that number is 
equal to the product of the other two. 

10. A merchant bought a quantity of flour for 9 108. If 
he had bought 9 barrels more for the same money, he would 
have paid $2 less per tiarrel. How many barrels did he 
buy, and at what price ? 

11. A farmer bought a number of sheep for $378. 
Having lost 6, he sold the remainder for $ 10 a head more 
than they cost him, and gained $42. How many did he 
buy? 

13. A merchant sold a quantity of wheat for $ 56, and 
gained as many per cent as the wheat cost dollars. What 
was the cost of the wheat ? 

13. If the product of three consecutive numbers be 
divided by each of them in turn, the sum of the three 
quotients is 74. What are the numbers? 

14. X crew can row 8 miles down stream and back again 
in 4^ hours ; if the rate of the stream is 4 miles an hour, 
find the rate of the crew in still water. 

15. X certain farm is a rectangle, whose length is three 
times its width. If its length should be increased by 20 
rods, and its width by 8 rods, its area would be trebled. Of 
how many square rods does the farm consist? 

18. A man travels 9 miles by train. He returns by a 
train which runs 9 miles an hour faster than the flrst, and 
accomplishes the entire journey in 35 minutes. Bequired 
the rates of the trains. 

17. The area of a rectangular field is 216 square rods, 
and its perimeter is 60 rods. Find its length and width. 

18. At what price per dozen are eggs selliag when, if the 
price were raised 6 cents per dozen, one would receive twelve 
less for a dollar ? 
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19. A merchant sold goods for $ 18.76, and lost as msaj 
per cent as the goods cost dollars. What was the coat? 

20. A man travelled by coach 6 miles, and returned on 
foot at a rate 5 miles an hour less than that of the coach. 
He was 50 minutes longer in returning than in going. 
What was the rate of the coach ? 

21. A square picture is surrounded by a frame. The side 
of the picture exceeds by an inch the width of the frame ; 
and the number of square inches in the frame exceeds by 124 
the number of iuchea in the perimeter of the picture. Find 
the area of the picture, and the width of the frame. 

22. The circumference of the fore-wheel of a carriage is 
less by 4 feet than that of the hind-wheel. In travelling 
1200 feet, the fore-wheel makes 25 revolutioas more than 
the hind-wheel. Find the circumference of each wheel. 

23. A tank can be filled by two pipes running together 
in 3J hours. The larger pipe by itself will fill it sooner 
than the smaller by 4 hours. What time will each pipe 
separately take to fill it ? 

24. The telegraph poles aloi^ a certain railway are at 
equal intervals. If there were two more in each mile, the 
interval between the poles would be decreased by 20 feet 
Find the number of poles in a mile. 

25. A and B gained in trade $ 2100. A's money was in 
the firm 15 months, and he received in principal and gain 
S3900. B's money, which was 9 5000, was in the firm 12 
months. How much money did A put into the firm ? 

26. If $2000 amounts to ¥2205, when put at compound 
interest for two years, the interest being compounded annu- 
ally, what is the rate per cent per annur^ " 

27. A man travelled 105 miles. If he had gone 4 miles 
more an hour, he would have performed the journey in 9J 
hours less time: How many miles an hour did he go 7 
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88. The sum of $120 was divided benreeti a certaiiL 
number of persons. If eacli person had received $ 7 less, 
he wcuM hare received as many dollars as there were 
persons. Bequiied the number of persons. 

29. My income is $ 5000. After deducting a percentage 
for income tax, and then a percentage, less by one than that 
of the income tax, from the remainder, the income is reduced 
to $ 4656. Find the rate per cent of the income tax. 

30. A man has two square lota of unequal size, together 
containing 13,325 square feet. If the lots were contiguous, 
it would require 510 feet of fence to embrace them in a 
single enclosure of six sides. Find the area of each lot. 

31. A merchant has a cask full of wine, containing 36 
gallons. He draws a certain number of gallons, and then 
fills the cash up with water. He then draws out the same 
number of gallons as before, and finds that there are 25 
gallons of pure wine remaining in the cask. How many 
gallons did he draw eaah time? 

32. A set out from C towards D at the rate of 5 miles an 
hour. After he had gone 32 miles, B set out from D towards 
C, and went every hour -^ of the entire distance ; and after 
he had travelled as many hours as he went miles in an 
hour, he met A. Required the distance from G to D. 

33. A courier travels from F to Q in 12 hours. Another 
courier starts at the same time from a place 24 mites the 
other side of P, and arrives at Q at the same time as the 
first courier. The second courier finds that he takes hall 
an hour less than the first to accomplish 12 miles. Find 
t>,o Hi»*fln,»e from P to Q. 

an bought a number of $50 shares, when they 
certain rate per cent premium, for $4800; and 

when they were at the same rate per cent dis- 
them all but 30 for $ 2000. How many shares 

and how much did he give apiece ? 
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XXUL EQUATIONS SOLVED LIKE QUAD- 
RATICS. 

SQUATIONS IN THE QUADRATIC FORH. 

269. An equation is said to be in the quadratic form wben 
it is expressed in three terms, two of which contain the 
unknown quantity, and t?ie exponent of the unknown quantity 
in one of these terms is twice its exponent in the other; as, 

a!»-6a!» = 16; 
a? + as* = 72; etc 

270. Equations in the quadratic form may be readily 
Eulved by the rules for quadratics. 

1. Solve the equation a^ — 6 ii!° = 16. 
Completing the square by the role of § 258, 

afi-aaf + Sf = 16 + = 36. 
BxtraoUng the square root, t* — 3 = ±6. 
Wlience, as* = 3 ± 6 = 8 or — 8.- 

Extracting the cnhe root, x = 2 or ~ v^, Ant. 

Note 1. There are also four imagiuaiT roots, which may be ob- 
tained by tike luetbod of j 267. 

3. Solve the equation 2a! + 3Vic = 27. 

Since Vx is the same as z*, this U in the quadratic tortn. 
Multiplying by 8, and adding 3> to botb members ($ 261), 

162 + 2iy/x + 3» s 216 + B = 226. 
ExtiBOting the square root, 4v^ + 3=±16. 

4v^=5-8±16=sl8or-ia 
Whenoe, v^ = 8 or - -. 

Bqnariiift ii; = Oor^ Ana. 
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3. Solve the equation 16a:"*— 22at"* = 3. 
Holtipl^dng by 18, and addiog 11* to both memben, 

Iff^"* - 16 X 223ri + 11« = 48 + 121 = IW. 
ExtmctiDg tbe square root, 16z~*- 11 =±13. 

163!"* = 11 ±13 = -2 or 24. 



Wh™^ 


^-1"!- 


EstnMAiiig tbe onbe root, 


-*=-|"(l)' 


Baising to the toiuth power, 


"-=>(!)* 


luTertlng both members, 


..,.„(l)'.». 



ITota 2. In solving eqaations of the form z* = a, first extract the 
root correHpoading to the numerator of the fractional exponent, and 
then laise to the power corresponding to the denominator. Farticolar 
atteaUon shoold be paid to the algebraic signs ; see §g 166 and IflS. 

EXAMPLES. 
Solve the following equations : 

4. aj*- 21 9? = -108. 8. 12a!-* + a!-' = S6. 

8. 8x + UVx = 15. 9- a!* + x* = T02. 

6. «»-Sa!*=88. W- 163s-*~30x-*=r81. 

7. 32a!' + ^ = -33. U- 7-?^— ^ = 20. 

12. (2»»-3)» = -26a^ + lS3. 

18. (6ir-»-2)'-16(ar' + l)' = -76. 

14. 9x-^~22x-i = -S. 17. ji»- 97 a;" + 1296=0. 

15. 3x^ + 2a=* = 16. ^^ 3.*-^ = ^. 

16. x-*-34aj-* = -225. JF* 
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19. 4 a!"* +27 a;"* = 40. 22. 2 ar« + B9 as"* = 160. 

20. 8a!-»-36a!-'=-27. , , . „ , . 

23 " + " _ " + *' 

21. 27 V^ + lOv^ = 128. ' Vi VS ' 

24. Vs+VS + V6_V^ = 



271. An equation may sometimes be Bolved vith tefeiN 
ence to an expressi<m, by regarding it as a single quantity. 

1. Solve the equation {x - 5)' - 3(a! - 5)' = 40. 
Multiplying by 4, and ndding 3^ to both membera, 

4(ii! - 5)» - 12(r - 5)^ + 3» = 160 + 9 = 198. 



EztraoUng tbe square root, 2 ( 


*-6) 


*-3: 


= ±13. 






2{x- 


6)i = 


= 3± 


13 = 16 01 


:-10, 


Whence, 


(X- 


6)!: 


= 8 or 


-5. 




Extracting tbe cube root, 


ix- 


6)1 = 


= 2 or 


-■^6. 




Squaring, 


X 


-5 = 


= 4 or 


^h. 




Wbence, 




X: 


= 9ot 


■b+^t. 


Am. 



Certain equations of the fourth degree may be solved by 

the rules for quadratics. 

2. Solve the equation a^ + 12 a? + S4 ar" - 12 a: - 35 = 0. 
The equation may be written 

C!r*+12!E' + 36i>)-2i»-12i = 36. 
That iB, (a? + 6*)> - 2(i^ + 6 a) = 36. 

Completing tbe square, 

(;!» + 93;)> - 2(3? + 6*)+ 1 = 86. 
Bztnictiiig tbe square root, 

(a!* + 6*)-l=±6. 

a;« + 6»; = l±9 = Jor-6. 
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Completing the sqaare, sfl + 6x + 9 = IB otA. 
Eztnctlng tlie square root, x + 8=±4or±2. 
Wtwooe, x = -3±4or— Si;3 

= 1, - 7, - I, or - 6, Ant. 

Note 1. Id solving equattonH like the above, we flrat form a per- 
fect square with the z* ftod z* terms, and a portion of the x* term. 
By { 258, the thlid term of the square is the square of the quotient 
obuined by dividiog the x* term by twice the square root of the z* 
term. 

3. Solve the equation sb" - 6* + 5 Vas* - 6 a + 20 = 46. 

Adding 20 to both members. 



(«• - e« + 20)+ 6Vi?-6i + 20 = 66. 
Multiplying by 4, and adding 6^ to botL members. 



i(7?^6x + 20) + 20Vii^-6* + 20 + 6» = 204 + 26 = 28». 
Extracting the square root, 

2v'i»-fl!i + 20 + 6=±17. 

2v'j:«-a« + 20 = -6±17 = 12OT-22. 
Whence, Va?-e« + 20 = 6 or - 11. 

Squaring, *» ^ da: + 20 = 38 or 121. 

Completing the square, *■ - 63; + 9 = 26 or 110. 

Extracting tie square root, x — S=±6or± VUiJ. 

Whence, x = 8, — 2, or 3 ± vHO, 

Kota 2. Ta solving equations like the above, add such a quantity 
to both members that the expression without the radical In the first 
member may be the same as that within, or some multiple of Ik 

EXAMPLES. 
Solve the following equations : 

1 (a:' -2 3!)' -18 (a:* -2 a;) = -45. 

5. a!* + 8 a!" - 10 a;"- 104 « + 106 = 0. 

6. !B*-10a^ + 23x' + 10a!-24 = 0. 
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QUADRATIC EQUATIONS. 

8. V3a-2 — 5-y3a!-2 = — 6. 

9. a?-2» + 6V«"-2» + 6 = ll. 



10. a!* + 2a! + 3 = Va!' + 2a! + 9. 

11. -v'3a5-2a5»--v'3a!-2a!' = 2. 

12. (aC + 17)'-3S(«'+17)*--216. 

13. (2 « + S)-- + 31 (2 » + 6)-! » 32. 

14. «'+14# + Tl»' + lM» + 120 = 0. 

15. 2a^-3a! + 6V2»'-3« + 2=.14. 

16. 4a:'-12«' + 7a? + 3!r-2 = 0. 

17. (3«' + «-l)'-26(3a^ + a!-l)* = 27. 
IS. 4j!"-9» + 23 = 7V4i'-9»+11. 

19. (i" + !i^" = 2a«' + 2od'j!-aW. 

20. {x-a)i-Sb(x-a)l + 6lf-0. 



21. 2(«?-2>!)+3Va!"-2j! + 6-16. 

22. 3»'-9« = 4V«"-3it + 6-ll. 

23. 8(6ai-3)-»-6(6«-3)-' = -l. 
21 2(2j!"+10)-*+3(2«' + 10)-'=2. 
2& a:' + 4aa?-34aV-76a^+106a* = 
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XXIV. SIMULTANEOUS EQUATIONS 

mVOLVINO QUADRATICS. 

272. An equation containing two unknown quantities iv 
said to be aymmetrical with respect to tliem when they can 
be interchanged without destroying the equality, 

Thus, the equation a? — xy-)-y* = 3 is symmetrical with 
respect to x and y ; for on interchanging x and y, it becomes 
y* ~yx + af = 3, which is equivalent to the first equation. 

But the equation x — y=sl is not symmetrical witli 
respect to x and y ; for on interchanging x and y, it hecomet 
y —X =1, OT X — y = — 1, which is a different equation. 

273. An equation containing two unknown quantities is 
said to be homogeneous when the terms containing the 
unknown quantities are of the same degree with respect 
to them (§ 167). 

Thus, the equation a? — 3xi/ — 2i^=l is homogeneous, 
for the terms containing x and y are of the second degree 
with respect to x and y. 

But the equation a? — 2y = Si8 not homogeneous ; for x* 
is of the second degree, and 2 ^ of the first degree. 

27^ On the use of the double signs ± and ?. 

If two or more equations involve double signs, it will be 

understood that the equations can be read in two ways ; 

first, reading all the upper signs together; second, reading 

all the Imoer signs together. 

Thus, the equations x = ±2, y = ±3, can be read either 

x = + 2, y = + 3, or x = -2, y = -3. 

Also, the equations x = ±2, y = ^ 3, can be read either 

x = + 2, y = -3, or x = -2, y = + 3. 
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275. Two equations of the second degree (g 158) with 
two unknown quantities will generally produce, by elimina- 
tion, an equation of the fourth degree with one unknown 
quantity; the rules already given are, therefore, not suffi- 
cient to solve all cases of simultaneous equations of the 
second degree with two unknown quantities. 

Consider, for example, the equations 

j3? + y =5. (1) 

la+y'=3. (2) 

Prom (1), y = 5-3?. 

Substituting in (2), « + 26 - 10 «* + a;* = 3 ; 
vhich is an equation of the fourth degree. 

In seyeral cases, however, the solution mUy be effected 
by means of the rules for quadratics. 



276. Gasb I. When each equaiion ia 


in the form 






as?+h}f' = c. 








1. Solve the equatii 




= 76. 
= 4. 




0-) 

(2) 


Multiplying (1) by 3, 


9«>+12v» = 


228. 






MulUpljing(2)by4. 


12 1^-44 1« = 


16. 






SobtractinK, 


63 a;* = 


212. 






Then. 


a? = 


4, and X = 


^±2. 


(3) 




76. 








4V" = 


64. 






Tten. 


r/> = 


16, and y 


= ±4. 






AM.z = 2,y = ±i 


i or, a; = - 


-2, S-. 


= ±4. 



Vota. In tliis case there are fonr possible sets of values of x and 
V wliich satisfy the given equations : 

1. x = 2, y = i. 8. x = -2, y = i. 

2. a = 2, s = - 4. 4. * = - 2, V = - 4. 

It would be incorrect to leave the result in the form x = ± 2, 
y = ±i; for, by § 274, thia represents only the first and lonrth ot 
the above sets of values. 
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EXAMPLES. 
Solve the foUowing equations : 
ti7?+ y' = 61. f 8a»-lly» = 8. 

■ l2a!» + 3y' = 93. 1 12a«+13y' = 248. 
|5a:'-9y» = -121. | ie'+y'=5(a'+6*). 

■ l7s*-3a!»=106. ■ \ia^-y'=5a(3a-4b). 

277. Case II. When one equation it of the second decree, 
and the other oftheJtrH. 

Equations of thia bind may always be solved by finding 
the value of one of the unknown quantities in terms of the 
other from the simple equation, and substituting this value 
in the other equation. 

1. Solve the equationa (2a^-^ = 6!'- 0) 

^ I a; + 2y = 7. (2) 

Ftom (2), 2t( = 7-*,ory = 1=^. (3) 

SutatitnUng In (!>. ***-*f^-=^) = *(^-^)" 
Clearing of fracUoQB, 4^— Tx + z' = 42 — 6k. 
Or, fin? -1 = 42. 

Solving (hiB equation, as = S or — — 



SubWitnting in (8), y = i-5-^ or —5 — = 8 or =; 



7-8 



Certain examples where one equation la of the third degree, 
ittaer of the flnt, ma; be aoWed by the method of Case II. 

EXAMPLES, 
the following equations ; 

[2x + y = 7. ■ \xy = -5L 
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U + B'-US. |i'+s'-2(a' + i^. 

fai' + i^-j" — 19. J, f«' + 27y'-98. 

l»-!( = -7. ' lx + 3,-2. 

[«'-S' = -117. 12 f2ar--4x!H-3j' = ll 

[a:-y = -a " |i-3y = 5. 

t» + y = T. 13. i'''S 2' 

ri-, = l. l2« + 2jr = 6. 

ta!ff=a» + a. ^^ J7ai' + 10a^ = 

3 4 3 



J I6n-4y-- 



6 4_i 15. J • 3 

X y ' l33!-2y = — 12. 

278. Case III. Whan the egwitiona are at/mmetrieai with 
respect to x and y (§ 272), a^ one equation ia of the second 
deffree, and the other of the acamd orjirat. 

Equations of this kind may always be solved by combin- 
ing tbem in sucti a way as to obtain the Taluks oi x-Yy 
and x — y. 

J = 2. (1) 



1. Solve the equations | 

Sqaaring (1), x> + 2x]f + V* = 

Multiplying (2) b; 4, 4 zir = 

Subtracting, a?-2icy + |f' = 

ErtraotJng the square root, x — y = 

Adding (1) and (8), 2i = 

Whence, X = 

SubtHkoUng (3) from (1), 2y = 

Wbenoe, y = 



(2) 
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ITote 1. In mibtraoting ± 8 from 2, we h&ve 2 ^ 8, In tkccordaiiM 
with the Dotation explained in § 274. In operating witli doable signs, 
± is changed to t, and T to ±, whenever + would be changed to -. 
Note 2. The above equations may also be solved by the methoa 
ol Case II. ; but the symmetrical method is shorter and Dealer- 
Certain examples in which oae equation is of the third 
degree, and the other of the first oi second, may be solved 
hj ths method of Case III. 



3. Solve the equations f^ ^ ^' ™ 


(1) 
(2) 


Dividing 0) by (2), x~v = 2. 


(3) 


SquaringCS), z^-2xv + v' = *- 


C*) 


SobtraoUng (4) from (2), S xy = 24, or xg = 8. 


(6) 


Adding (2) and (6), si» + 2 asK + p> = 36. 




Whence, z + p = ± 6. 


(8) 


Adding (3) aod (9), 2a; = ±6 + 2 = 8or 


-4. 


Whence, x = 4 or - 2. 




Sobtmoting (8) from (9), 2v=±8-2 = 4or 


-8. 


Whence, v = 2aT -t. 




x=*,V = 2;oi,x = -2,y = -i.An». 





Not* 3. The above equations are not symmetrical according In 
the definition of § 272 ; but the method of Case III. may often be used 
in cases where the given equations ate symmetrioai except with respect 
to the tiffni of the terms. 

- , . (a* + y' = 50. (1) 

3. Solve the equations i 

\xs = -7- (2) 

Multiplying (2) by 2, 2xv=-l4. (3) 

Adding (1) and (3), ^ + 2xv + j/' = 36. 

Whence, x + y = ±S. (4) 

Subtracting (3) tr«m (1), x^ - ixg + y^ = 64. 
Whence, x-y = ±B. (6) 

Adding (4) and (6), 2z = 0±8, or ~6±i. 

Whence, x = T, - 1, 1, or - 7. 

Snbtracthig (6) from (4), 2i/ = 9Ta, or-6T8. 

Whence, B = - 1, 7, - 7, or 1. 

iEs=±7,j(= Tl; or, zs±l, i/ = T7, Jm. 



SIMULTANEOUS EQUATIONa 



EXAMPLES. 


Solve the following equation 




*■ U + y-U. 


18. 


|rf + j'=101. ■ 


13. 


f:t'-s'_37. 


14. 


I'-y — *• 


15. 


'■ l«' + s' = 40. 


le. 


-irrr=t" 


17. 


«>• {r:/r--.^"- 


18. 


"■ ir:7=-i=" 


19. 



l«-y = _14. 
f iry = - 80. 
U-Sr-24. 
fi'+j' = 504. 
l»'-«!l + S" = 84. 
f «■-»!/ + !(■ = 63. 

(,«■ + !(■ -305. 
l«-S = 21. 
fs' + j- = 218. 



lay = 



-91. 



(»? + s' = -335. 
K-a5( + s" = 6T. 
frcj = -160. 
l»-!, = -31. 



279. Case I Y. When eooA eguation iao/the second degree, 
and lumiogeneoua (§ 273). 

Note 1. Certain eqaetions wliicb are of the second degree and 
homogeneoue may be solved bj the metliod of Caae L or Case III. 
(See Bl. 1, S 278, and Ex, 3, S 278.) 

The method of Case IV. should be used onlj when the example 
cannot be solved by the methods of Cesee I. or III. 



1. Solve the equations 



-2i!/ = 



FatUng p = mi in the given equationB, wB bare 
a!»-2tM;' = 5; or, x« = -— 5 — j 



»« + tAK« = 29 ; or, ai^ 
■ Divide (he first eqnatio; 



l+e' 
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Bqoating the »»lnea of A — 5 — = -?2_. 

Or, 6 + 6ti" = 28-6ee. 

Or, 5o> + 6811 == 24. 

SolTing this flqnAtlon, « = - or —12. 



SobstitntlDg these values in (1), ^=~ 



1 + 2- 



Whenae, z =±S 

Subatitutlng the values of v and a in the equation p ^ «x, 
llp = |wida! = ±6, v = ?(±6) = ±2. 
H,.=_12«id« = i:^, V = -12(±^] = t12v|. 

Jm. a! = ±6, !/=±2; or, a; = ±lV5, y = T — \/6. 

ITot* 2. In finding y from the equation y = Dx, care must be 
taken to moltiply each pair of values of z b; the eotregpondini/ value 



EXAMPLES. 


Solve the following equations : 






7 


I2i"-s' = 23. 






a. 


fi" + 6«j-j- = -7. 


1»" + 3j5'-2s"' 4. 


■ U-!^ = -27. 


9 


r»"-«!(-12s" = 8. 


l«' + «S-10y" = 20. 


j«' + 3s'-28. 


10. 


I5a^- 435^=33. 


127i?-32«j-4}"-5S 


f«'-2r^ = 84. 
"■ l2.^-j-_-64. 


11. 


|3j!' + »> + j' = 47. 




l4i>-3(jy-5'--39 



SIMULTANEOUS EQUATIONS. 



MISCELLANEOUS AND REVIEW EXAMPLES. 

280. No general rules can be given for the solntiOQ of 
examples which do not come under the cases just considered. 
Various artifices are employed, familiarity with which can 
only be gained by experience. 

|a:»-y»=19. (1) 

(2) 

Multiplying (2) by 3, St^i/ ~Sxg» = IB. (3) 

SubtTBCting (3) from (1), tf — 3a^ + 3a^ - v* = 1. 
EitnkCting the cube root, x — V = 1. (4) 

Dividing (2) by (4), xg = 6. (6) 

Solving equations (4) and (6) by the method of Case III., ne find 
z = S,y = 2; or, a; = - 2, V = - 3, Ant. 

\x + !, = 6. 
Potthigx = u + V and ^ = u - c, we have 

(« + B)» + (u-i.)« = 9{tt+e){«-e). (1) 
and {u + t.) + Cu-D) = 6. (2) 

Reducing (1), 2u> + 6«i>» = 9(w»- o*). (3) 

Reducing (2), 2 u = 6, or w = 8. 

SubBtitutlng the value of a in (S), 54 + 18 o" = 9(9 - if). 
Whence, ti' = 1, or o = ± 1. 

Therefore, a:=w + « = 3±l = 4or2, 

and i; = t(-ii = 3Tl=2or4. 

IB = 4, y = 2; or, s = 2, y = i,Aiu. 

ITots. The artifice of Bubstitutlng u + « and « — v for x and j/ is 
applicable in any case where the given equations are lymmctHcal with 
respect to X and V (§ 272). See also Ex. 4, p. 266. 

- o , *v ^- fie' + y* + 2a! + 2y = 2a (1) 

3. Solve the equations i 

[ley = 6. (i) 

Multiplying ii) by 2, 2xji = 18. (8) 

Addtog(l)and (3), ^ + 2xy + j/» + 2x + 2v=». 
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Ot, (x + y)* + 2(at + y)= SS. 

Completing the sqiura, (x+g')*+2(x+g)+l = Se. 

Whence, (a: + ») + 1 = ± C, 

T « + !/ = 6 or - 7. (4) 

Sqiuuiag (4), i^ + 2 x^ + y« = 26 or 49. 

HulUplTing (2) by 4, 4zy =24. 

Subtracting, 3? — 2i^ + p*= lor26. 

Whence, * - V = ± 1 or ± 5, (5) 

Adding (4) uid (6), 2x = 5 ± 1, or - 7 ± 6. 

Whence, a; = 3, 2, - 1, or - 6. 

Subtracting (S) from (4), 2y = 6 rl, or - 7 ^F 5. 

Whence, p = 2, 3, — 6, or — 1. 

X=S, J=2j x=2, y=3; i= — 1, jf = —9; or, 1=— 6, lf= — 1, Atu. 



4. Solve the equations fi^ + Z-^^- 




Putting a: = u + and 


1/ = u ~ 0, we haM 




{« + 


B)*+(«-r)' = 07, 


m 


and (a 


+ «) + («-r) = -l. 


m 


KedQ0ing(]), 2u» + 12bV + 8b* = 87. 


(8) 


Kednclng <2), 


2u=— 1, or uei — |. 




Substituting in (3), 


i+3e« + 2t^ = 87. 




SolTing thifl equation, 


-?"-?■ 




Whence, 


"if--^ 




Ther, 






and 


1 vrsr_„ , „-i±v^ 


rsl 


2*2'' 2 




v=.-..4-l" 


i^ 2 '■'■" 2 


3L 


«=2, v=-3! Z=-3,v 


=2, or, . = ^U^, ,= ^ 


/33i 
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EXAMPLES. 
Solve the followmg equations : 



10. 
11. 

12. 



»* + s'-i. 




16. 


^-s-s. 


-=-i 




17. 


xg = -2. 

^ + if + 3x=12. 
2«j + 3s + 9-0. 


«■+»"+«- 


J-26.' 


119-12. 








2i?-3«!,- 


-4. 


IS. 


Za-6xs + 2!f = ~3. 
4»-6s-10. 


ixg-Sf~ 


3. 






i!^-5x!/ = 


19. 


19. 


«»-a"-l. 


«J + S' = 6. 






j!-l-j = 2a. 


Ill 
X , 2 




20. 


1-^-^- 


1 1 






i + i = 7. 


US IS 






X y 


»' + 2j" = 4T + 2«. 




» + ? . »-g_10 


^-2f 


7. 


21. 


«-» » + »"3 


«' + «j + !/" = 


= 97. 




«' + S"=46. 


ai-y=19. 




22. 


a? + !)' = 2a' + 6o*'. 
ij{i + j)=2a'-2aii'. 


»? + j' = 756 






«'-«5 + j'. 


.63. 


23. 


2i'-3«!(-15a-10o'. 


>V + 28«»- 


-480 = 


3» + 2!(=12a-13. 


2« + j-ll. 








«■ j" 16 




24.* 


«' + «V + !l' = 91- 






«' + «S + s' = 13. 


111 




26. 


J!- + j' = 13(a> + l). 


« !( 4 






« + y-6a-l. 


«'+S'-17. 




26. 


2a^+3OT/-4y*=-20, 


« + »-!. 






6i<'-rj' = -8. 



* Divide the flnt equation by the eeoond. 



,,Cooyk" 



„ trf + a9( + j' = 7a'-13<lS + 7K 
f»' + !('-9T. 



39. 




33. 


3a 




39. 


31. 


» + . 2 
• + J-1. 


40. 
41. 


33. 


l«-S-l. 


42. 


83. 


l«y+;^-148. 


43. 


34. 




44. 


39. 


(i+i 2x-y_16 
«-y «+2y 4 
• -3J--2. 


49. 


36. 


fK«-») = 2»6. 
l«(j-i)-2o4. 


43. 




I Va!* + 22y' = 



|26a!»-62an/ + 32y*=6. 
r«y-(a!-y) = l. 
I a5V + («-?)' = 13. 
f asy + (a! - y) = -6. 
I !ry (a; - y) = -84. 
fa?-!ry + y* = 12. 
la!» + y» + 3asy = -48. 
fa? + iEy + y«=7. 
|iB + y = 5 + a!y. 
f2a!» + 2y* = 6aiy. 
la:»+y* = 33. 
f a!»-2a!y + 3a» = — 16. 
j2a!-3y = 7. 
[3x + 5z = ~U. 

PROBLEMS. 
Note. In the lollowiug problenia, as in those of $ 868, only those 
aoawBra sie to be retained which aatisfy the given cooditiona. 

281. 1. The sum of the squares of two nnmbers is 52, 
and their difference is oiie-fiftli of their sum. Find the 
numbers. 

S. The difference of the squares of two nnmbers is 16) 
and their product is 16. Find the numbers. 
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3. If tlie length of a rectangular field were increased hy 
2 rods, and its width diminished by 5 rods, its area would 
be 80 square tods; and if its length were diminished by 4 
rods, and its width increased by 3 rods, its area woold be 
168 square rods. Find its length and width. 

4. The difference of the cubes of two numbers is 218, and 
the sum of their squares is equal to 109 minus their prod- 
uct. Find the numbers. 

5. If the product of two numbers be multiplied by theit 
sum, the result is 70 ; and the sum of the cubes of the num- 
bers is 133. I^nd the numbers. 

6. A farmer bought 4 cows and 8 sheep for $ 600. He 
boi^ht 5 more cows for $490 than sheep for $80. Find 
the price of each. 

7. Find a number of two figures such that, if its digits be 
inverted, the difference of the number thus formed and the 
original number is 9, and their product 736. 

8. The sum of two numbers exceeds the product of their 
square roots by 7; and if the product of the numbers be 
added to the sum of their squares, the result is 133. Find 
the numbers. 

9. The sum of the terms of a fraction is 13. If the 
numerator be decreased by 2, and the denominator increased 
by 2, the product of the resulting fraction and the original 
fraction is -j^ Find the fraction. 

10. A rectangular mirror is surrounded by a frame 3^ 
inches wide. The area of the mirror is 384 square inches, 
and of the frame 329 square inches. Find the length and 
width of the mirror. 

11. A crew row up stream 18 miles in 4 hours more time 
than it takes them to return. If they row at two-thirds their 
usual rate, their rate up stream would be one mile an hour, 
Find their rate in still water, and the rate of the stieatn. 
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12. A rectangular field contains 2^ acres. If its length 
were decreased by 10 rods, and itd width by 2 rods, its area 
would be less by an acre. Pind its length and width. 

13. A distributes $ 180 equally among a certain number 
of pei'soas. 6 distributes the same sum between a number 
of people less by 40, and gives to each $ 6 more than A does. 
How many persons are there, and how much does A give 
to each? 

14. A, B, and C together can do a piece of work in one 
hour. B does twice as much work as A in a given time ; 
and B alone requires odc hour more than C alone to per- 
form the work. In what time could each atone do the work ? 

16. If the length of a rectangular field were increased by 
one-eighth of itself, and its width decreased by one-sixth of 
itself, its area would be decreased by 60 square rods, and its 
perimeter by 2 rods. Find its length and width. 

16. If the product of two numbers be added to their 
difference, the result is 26; and the sum of their squares 
exceeds their difference by 50. Find the numbers. 

(Repiesent the nambers hj z + y and x — y.) 

17. A sets out to walk to a towa 21 miles off, and one 
hour afterwards B starts to follow him. When B has over- 
taken A, he turns back, and reaches the starting-point at 
the same instant that A reaches his destination. B walked 
at the rate of 4 miles an hour. Find A's rate, and the dis- 
tance from the starting-point to where B overtook A. 

18. A tank can be filled by three pipes. A, B, and C, 
when opened together, in 2^^ hours. If A filled at the 
same rate as B, it would take 3 hours for A, B, and C to 
fill the tank ; and the sum of the times required by A and 
C alone to fill the tank is double the time required by B 
alone. In what time can eaeh pipe alone fill the tank? 

19. The sum of two numbers is 4, and the sum of their 
fifth powers it 244. Find the numbers, 
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XXV. THEORY OP QUADRATIC EQUA- 
TIONS. 

282. Sum and Product of Uie Boots. 

Let Ti and rj denote the roots of the equation af + px = q. 

Addii^ thflae Tallies, j-, + r» = ~ ^ = — p. 
MnltiplTlng them together, we have 

Hence, if a quadrcUic equation is in the form as" +pa = g, 
the sum of the roots is equcd to the coefficient of x wUh its sign 
changed, and the product of the roots is equal to the second 
member mth its sign changed. 

1. Find the sum and product of the roots of the equation 

Tiausposlng — 15, itDd dividing bj 2, tlie equation beoomM 

2 2 
Hence, the Bum o( the roots i» -, and their prodnot — ~ 



EXAMPLES, 
Find by inspection the aum and product of the roota of: 

2. af + 7x + 6 = 0. 6. 12ar'-4a! + 3 = 0. 

3. a!'-a! + 12 = 0. 7. 9ic-21iB' + 7 = 0. 

4. a^ + 3iB-l=0. 8. 4-ir-6ii? = 0. 

J. 3a!»-a!-6 = 0. 9. 14a!' + 8aa! + 21a»-ia 

,Coo^k" 
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283L Fonutloii of Sqaatiou. 

By aid of the prmciples of g 282, a quadratic equatdoii 
may be formed which shall have any required roots. 
For, let r, and r, denote the roots of the equation 

a?+px-q = 0. (1) 

Then by j 282, p = — n — r» and -~q = nrf 
Substituting these values in (1), we have 

of —TiX — rjX + TiTt = 0, 

That is, (x - rO (» - r^ = 0. (§ 93) 

Hence, any quadratic equation can be written in the form 
(,x-ri,(x-r,).0, (2) 

where r^ and r, are its roots. 

Therefore, to form a quadratic equation which shall have 
any required roots, 

Svbtrad each of (he roots from x, and place the product of 
the retuUing expretsions eqval to xero. 

1. Form the quadratic equation whose roots shall be 4 
and-^. 

By the mle, (x -i}(x + Y\ = 0- 

MulUpIjtng by 4, (a: - 4) (4 1 + 7) = 0. 

™^'— !e, 4 !e» - 9x - 28 = 0, An$. 

EXAMPLES, 
the quadratic equations whose roots shall be : 

'■ -'.-I 'hi '■-'{■•>■ 
-s. .. -4,-y. 7.-5, 1 ,. -i-i 
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10. 2a+b,a-3b. 12. S + ^y/2,3-^^/2. 

11. a + 3m,o~3m. IS. i(-Vi+V6),|c-VH-V6). 

PACTORINa 
284. f ftotoring of Qnadratio Ezpreiaioiu. 
A quadratic expreaaion is an expression of tlie fonn 

aa?+ te + c, 
Tlie principles of g 283 serve to resolve such an expres- 
sion into two factors, each of the first degree in x. 

We have, aa!" + fta: + c = o /"a? + — + -Y (1) 

"Sov let r, and r, denote the roots of the equation 

a a 
By § 283, (2), the equation can be written in the form 

(a;-r,)(a;-r,) = 0. 
Hence, the est^eaaion a? + —+- can be writt^i 

(»-n)(a=-rO. 
Substituting in (1), we have 

aa? + 6* + = a{x — r,) (x — r,). 

But Ti and r, are the roots of the equation ^■\ 1 — = 0, 

a a 
or oa^ + 6a! + c = 0; which, we observe, is obtained hj placing 
the given expreasitm equoi to zero. 

We then have the following rule : 

To factor a quadratic expression, place it equal to zero, and 
solve the equation thus formed. 

Then the required factors are the coefficient of a^ in the given 
&epresoion, x minus the first root, and x minus the second root. 



!64 ALGEBRA. 

EXAMPLES. 
28& 1. Factor 6a:*+7a!-3. 
Solving the equation 6x* + 7x-3 = 0, we have by $ 265, 

12 13 8 2 

Then hy the mle, 6*»+ 7 x - 3 = flf a; - ^U* + 1\ 

= (8ie-l)(2»; + S), Jm. 
2. Factor 4 + 13 as — 12 a?. 
SolTing the equation 4 + 13x - 12x> = 0, we have by j 206, 

J _ - IS j: V169 + 192 _ - 18 A 19 _ 1 ^^^ 4 
-24 -24 4 S 

enoe, 4 + 13x-12s!'=-12(ie + iyx-^^ 

=C1 + 4ii)(4-8x),w1m«. 
stor the following : 

a?-13x + 42. 14. 6 as" -23 ma: + 21 m». 

a? + 15x + U. 15. 14ai' + 25a! + 6. 

a!»-9ai-36. 16. IS^'-lSiE + g. 

3a!> + 7iC-6. 17. 6-19a!-4a!'. 

5a!»+18a; + 16. 18. 18 a)» + 31 a; + 6. 

6a?-lla! + 3. 19. 46 + 7x-12a?. 

16a:'-14a;-8. 20, 42 + 23 x- 10 a:*. 

20-7a!-3a!'. 21. 24 a;* - 26 » + 6. 

36_lljc_6a!'. 22. 8«' + 38a! + 36. 

12 + 28x-5a*. 23. 21 a!" - 10 ay - 24 y*. 

3x»-17aa;-28a'. 24. 7 a? + 37 ate - 30 (^6*. 
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S5. YactiOT 2x'-3mi-2y'-7x+4y + 6. 
Placing the expreadon equal U> sero, we have 

2»? — 3xp — 2i/» — 7a: + 4y+8 = 0, 

W 2x»-(8p + 7)i = 2va-4f-6. 

Solving this by tbe formula at § 26b, 

__ 8y + 7±V(3y + 7)'+16y»-3By-48 



_ 8y + 7±V25i/' + 10j/ + l _ 3y + 7±(5y+l) 
- 4 ~ 4 

_ 8{. + 8 -2i> + 6 _ -ti + 3 
_____or _2g + 2oT—^ 

Theretore, 

2^?-Sx||-2J/'-^x + ^y + 6 = 2ix-(2s + 2)J[x-^=^^^^ 

=(a:-2j(-2)(2a! + i/-3), An$. 

Factor the following : 

86. x' + x!/-12y' + 7x + 7y + 12. 

27. a?-xy-2y' + x-6y-2. 

28. x'-iy' + 3x + 10y-i. 

29. 2ir' + 7a^-4ff* + x + 13y-3. 

30. 3 a* -Bab -2b* -7 a + 2. 

31. 6-16y-6ar + 9y* + 9aa/-4a!'. 
33. QxP — 9xy + xx — 15y'-13ys-2^. 

286. If the coefficient of a!* is a perfect sqiiare, it is con- 
venient to factor the expression by the artifice of completing 
the square (§ 260) in connection with § 99. 

1. Factor 93!'-9a! — 4. 

By S 260, tbe expie«don9x> — Ox will become a perfect iqnare by 
Then, 

•■'-•-'=«"-»-Hi)"-i-'=('"-i)'-f 



Ftctoring u in | 99, we have 

-----(--i-f)('"-l-l) 

If the 3^ term is oegatdve, the entire expression should be 
enclosed in a, parenthesis preceded by a — sign. 

3. Factor 3-12!B-4a?. 

= -(4*»+12* + 8»-»-8) 

= -[C2=; + S)«-12] 

=(2x + a + Via) X (- iX2i + 3 - vl2) 

= (2V3 + 3 + 2i)(2i/3 - 3 - 2«J, .in*. 



Factor the foUoving : 

3. a?-5a! + 4. 9. 36ai' + 24«-5. 

4. 4a? + 16ai + 16. 10. ii? + 5x-6. 

5. Qx'-Ux + S. U. 25a^ + 30a! + 6. 

6. lex' + iex-ai. 12. 4 + 12a!-9a?. 

7. 3!'+2a!-ll. 13. 49 IB* + 66* + 12. 

8. 4a!» + 4a;-l. 14. 6 + 38 a; - 16 ai". 

287. Certain trinomials of the form as^ + M + o, where 
a and c are perfect squares, may be resolved into two fac- 
tors by the artifice of completing the square. 

tctor 9iC«-28!B' + 4. 



9 X* - 28 iK> + 4 = (B i« - 12 1> + 4) - 16 1» 

= (3i"-2 + 4i;)(3j!»-2-4a;) (j 99) 
=(3a* + 4a!-2)(3a^-4a!-2), Ant. 
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9. Factor a* + aV + 6*. 

=(«» + 6»)*-ii»B» 

=(o» + 6« + al>)(<^ + 6» - «6) 

3. Fu!tX» 3!* + l. 

=(*• + x\^ + !)(«*- 3eV5 + l), ^M 

EXAMPLES. 

IWoz the following: 

4. !B' + 2a!» + 9. 12. a!* + 16. 

5. ai*-19a:'+25. 13. 3l'~5a? + l. 

6. ia* + 7aV + 16b*. 14. 9 «• - 56 oW + 2S aJ*. 

7. 9a)'-28aV + 4y*. 15- 16 o* + 47 .I'm' + 36 m\ 

8. 16m*-mV + n*. 16. 25 a!* - 21 a;" + 4. 

9. 4o'-63a' + 49. 17. 26m* + 36mW + 16a-. 

10. 9a^ + 5a!» + 9. 18. 16 a;* - 60 aV + 49 y*. 

11. 4m'-13m* + 4. 19. 36 a* - 68 o^' + 25 6*. 

288. Certain equations of the fourth degree may be 
solved hj factoring the first member by the method of 
§ 287, and then proceeding as in g 267. 

1. Solve the equation a)* + 1 = 0. 

By Ex. 3, § 287, the equation may be written 

(a? + » -v^ + l)Cx» - 3! V2 + 1) = 0. 
Tien, aa in j 267, K* + a;v'2 + l=0, and :^ -x-\/2 + l =0. 
Solrlng the eqoaUon ai> + zv^+l=0, we have by g 266, 
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Solving the equation x> — z ->^-(- 1 



EXAMPLES, 
Solve the following : 
a. a^-2a!» + 25 = 0. 5. af + af + l = 0. 

3. a!'-18a? + 9 = 0. 6. <g'-Qx' + 9 = 0. 

4. i^-53? + 1^0. t. ar' + 81 = 0. 

DISCUSSION OF THE GENERAL EQUATION. 

, By § 266, the roots of the equation of + px = q3x% 



We will now discuss these values for all possible real 
values of p and q. 

I. Suppose q positive. 

Since p" is essentially positive (§ 186), the expression 
under the radical sign is positive, and greater than p*. 

Therefore, the radical is numerically greater than p. 

Hence, r, is positive, and r^ is negative. 

If p is positive, Tj is numerically greater than n ; that is, 
the negative root is numerically the greater. 

If p is zero, the roots are numerically equal. 

If p is negative, r, is numerically greater than rj; that 
is, the positive root is numerically the greater. 

II. iSiippose 9 = 0. 

The expression under the radical sign is now equal to p*. 
Therefore, the radical is numerically equal to p. 
If p is positive, Ty is zero, and r^ is negative. 
If p is negative, Ti is positive, and r^ is zera 
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III. Suppose q negative, and 4 q numerically <^- 

The expression under the radical sign is now positive, and 
less than p*. 

Therefore, the radical is numerically less than p. 
If p is positive, both roots are negative. 
If p is negative, both roots are positive. 

IV. Suppose q negative, and i q nwrnerically equal to p'. 
The expression under the radical sign now equals zero. 
Hence, r, is equal to r,. 

If p is positive, both roots are negative. 
If p ia negative, both roots are positive. 

V. Suppose q negative, and 4 q numerically > j)'. 

The expression under the radical sign is now negative. 
Hence, both roots are imaginary (§ 248). 
The roots are both rational or both irrational, acoordii^ 
as ^ + 4 9 ta or ts not a perfect square. 



290. 1. Determine by inspection the nature of the roots 
of the equation 2a^-63!-18 = 0. 

The equation may be written i' — -^ = 9 ; here p = — - and g = fl. 

Since q is positive and p negative, the roots are one positive and 
the other negative ; and the positive root is numerically the greater. 

In this case, jfl + iq = — +S6= — ; a. perfect square. 

Hence, the toots are both rations,!. 

Determine by inspection the nature of the roots of the 
following: 

2. 6x» + 7a:-6 = 0. 7. 163!'-9 = 0. 

3. 10ir^ + 17a! + 3 = 0. 8. 90^-1=123!. 

4. 4ai'-a: = 0. 9. 26(r>+ 30ai +9 = 0. 
6. 4a!'-20iC + 25 = 0, 10. 7ar' + 3ic=0. 

6. jb' - 21 a; + 200 = 0. 11. 41 x = 20 as' + 20. 

. , ,Cooylt: 



XXVI. ZERO AND INFINITY. 
VABIABLE8 AND LIMITS, 

291. A variable quantity, oi simply a variable, is a quan- 
tity whicli may assome, under the conditions imposed upon 
it, an indefinitely great number of different values. 

A amstajit is a quantity wMcli remains unchained 
througliout the same discussion. 

292. A limit of a variable is a constant quantity, the dif- 
ference between which and the variable may be made less 
than any assigned quantity, however small, but cannot be 
made equal to zero. 

In other words, a limit of a variable is a fixed quantity 
to which the variable approaches indefinitely near, but 
never actually reaches. 

Suppose, for example, that a point moves from A towards 
B under the condition that it shall move, during succes- 
sive equal intervals of time, 

first from A to 0, half-way { ° f ' ? 

between A and S; then to 

D, half-way between C and B ; then to E, half-way between 

D and B; and so on indefinitely. 

In this case, the distance between the moving point and 
B can be made less than any assigned quantity, however 

n v—tj cannot be made equal to zero. 

, the distance from A to the moving point is a vari- 
^Jh approaches the constant value AB as a limit. 

the distance from the moving point to £ is a 
which approaches the limit 0. 

L problem is SMd to be indeterminate when the 
>f solutions is indefinitely great. (Compare S 159.) 
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294. Int«rpratatioii of ^- 

Consider the aeriea of fractions 

3' .3' .03' .DOS'"'' 
where each denominator after the first is one-tenth of the 
preceding denominator. 

It is evident that, by sufficiently continuing the series, 
the denominator may be made less than any assigned quan- 
tity, however small, and the value of the fraction greater 
than any assigned quantity, however great 

In other words, 

If the numeraior of a fraction remains constant, tohUe the 
denominator approaches the lim.U 0, the value of the fraction 
increases urUhout limit. 

It is customary to express this principle as follows: 

lTot». The Bfrnbol to is called InJtHitj/. 

295. latarpntatlon of ^• 

Consider the series of fractions 
a a^ _o_ a 
3' 30' 300' 3000''"' 
where each denominator after the first is ten times the pre- 
ceding denominator. 

It is evident that, by suf&ciently continuing the series, 
the denominator may be made greater than any assigned 
quantity, however great, and the value of the fraction less 
than any assigned quantity, however small. 

In other words, 

^ the numerator of a fraction remains content, while the 
denominator increases without limit, the value of the fraxiion 
agiproa^yet the Ivtaii 0. 
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It is customaiy to express this principle as follows -• 



296. It must be clearly understood tliat no Hterai tnetming 
can be attached to such results as 



' » "' 

for there can be no such thing as division unless the divisor 
is a finite guantitt/. 

If such forms occur in mathematical investigations, they 
must be interpreted as indicated in §§ 294 and 295. (Com- 
pare note to 5 395.) 

THE PROBLEM OF THE COUEtEBS. 

297. The discussion of the following problem will serve 

to further illustrate the form ^, besides furnishing an inter* 


pretation of the form -- 

The Problem of the Comiers. Two couriers, A and B, 

are travelling along the same road in the same direction, 
RS', at the rates of m and n miles an hour, respectively. 
If at any time, say 12 o'clock, A is at P, and B is a miles 
beyond him at Q, after how many hours, and how many 
miles beyond P, are they together ? 



_i._ 



Let A and B meet x hours after 12 o'clock, and y miles 
beyond P. 

They will then meet y — a miles beyond Q. 

Since A travels mx miles, and B nx miles, in x hours, we 
have 
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Solying these equations, we obtain 

ar = — 5^, and «=-^^. 
m— n 7» — n 

We will now discuss these resiUts under different hypoth- 
eses. 

1. m>n. 

In this case, the values of x and y aie positive. 

Hence, the couriers will meet at some time after 12 
o'clock, and at some point to the right of P. 

This corresponds with the hypothesis made ; for if m is 
greater than n, A ia travelling faster than B ; and it is evi- 
dent that he will eventually overtake him at some point 
beyond their positions at 12 o'clock. 

2. m<n. 

In this case, the values of x and y are negative. 

Hence, the couriers met at some time before 12 o'clock, 
and at some point to the leji of P. (Compare § 10,) 

This corresponds with the hypothesis made ; for if m is 

less than n, A is travelling more slowly than B; and it is 

evident that they must have been together before 12 o'clock, 

and before they could have advanced as far as P. 

3. m = n, or m - 71 = 0. 

In this case, the values of x and y take the forms ~ and 



' 

If m — n approaches the limit 0, x and y increase with- 
out limit (§ 294) ; hence, if m = n, no finite values ean be 
assigned to x and y, and the problem is impossible. 

Thus, a result in t!ie form, - indictUea thai the problem is 
impossible. 

This interpretation corresponds with the hypothesis made ; 
for if m = n, the couriers are a miles apart at 12 o'clock, 
and are travelling at the same rate ; and it is evident that 
they never could have been, and never will be together. 
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4. a = 0, and m > n or ni< n. 

la thia case, z =3 and y = 0. 

Hence, the couriers are together at 13 o'clock, at P. 

This corresponds with the hypothesis made ; for if a = 0, 
and m and n are nnequal, the couriers are together at 12 
o'clock, and are travelling at unequal rates ; and it ia evi- 
dent that they never could have been together before 12 
o'clock, and never will be together afterwards. 

6. a = 0, and m = n. 

In this case, the values of x and y take the form -■ 

If o = 0, and TO = «, the couriers are together at 12 o'clock, 
and are travelling at the same rate. 

Hence, they always have been, and always will be, together. 

In this case, the number of solutions is indefinitely great; 
for any value of x whatever, together with the correapoad- 
ing value of y, will satisfy the given conditions. 

Thus, a reiuU in the form - indicates that the problem i» 
indeterminate (S 293). ^ 

THE THEOREM OP LIMTTO. 

296. If two variables are always equal, amd eaek 
a limit, the limits are equal. 



Let AM and A'W be two variables which ate always 
equal, and approach the limits AB and A'B'. respectively. 

If possible, suppose AB > A'B', and lay off AO = A'B*. 

Then the variable AM" may assume values between AC 
and AB, while the variable A'M' is restricted to values less 
than AO; which is contrary to the hypothesis that the 
variables should always be equal. 

Hence AB cannot be > A'B', and in like manner it may 
be proved that AB cannot be , < A'B' ; therefore AB = A'S^ 
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XXVII. INDETERMINATE EQUATIONa 

It was shown in § 169 that a single equation which 
contains two or more unknown quantities ia satisfied by an 
indefinitBly great number of sets of values of these quanti- 
ties. If, however, the unknown quantities are required to 
satisfy other conditions, the number of solutions may be 
finite. 

We shall consider in the present chapter the solution of 
indeterminate equations of the first degree, containing two 
or more unknown quantities, in which the unknown quanti- 
ties are restricted to positive integral values. 

299. Solution of Indetenninat« Eqnationa in FoaitiTO 
Integers. 
1. Solve the equation 7a! + 6y = 118 in positive integers. 
Dividing by 6, the amalleT of the two coefBcients, we have 

Or, ?*^ = 23-a:-B. 

Since, bj the conditjons ot the problem, x and y mnat be positive 
integers, it follows that —~ ■■ must be an integer. 
Let this integer be represented by p. 

Then, ^^T^ =^' or 2x - 3 = 6p. (1) 

Dividing (1) by 2, z_l_l = 2j. + |. 
Or, ie_i_2p=£j|J. 

Since z and p are integere, x— 1— 2j) ia also an integer ; and there- 
lore 2_+_l must be an Integer. 

Let tliia integer be represented by q. 
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Tlwn, ^^-^— = q,aTp = 2q — l. 

SubsUtating In (1), 2ii; - 8 = IO9 - 6. 

Whence, 2jr = lOg - 2, and xsfig - 1. (2) 

Snbstitnting tiiis valoe in the given eqn&tlon, 
S63-7 + 5j( = 118. 

Whence, 5^ = 126-369, uid v = 26-Tg. (3) 

Eqo&tionB (2) and (3) lorm what ie called the general tolution in 
inUffert of the given equation. 

Now if g is zero, or any negative integer, z will be negative ; and if 
q is an; positive Integer greater than 3, j/ will be negative. 

Hence, the only positim integral values of x and y which satisfy the 
given equation are thoaa arising from the valuee 1, 2, 3 of q. 

If q = l, z = 4, and V = 18 ; it 9 = 2, x = 9, and v = H i if 9 = 3, 
X = 14, and y = i. 

3. In how many vays cao the sum of $ 15 be paid with 
dollars, half-dollars, and dimes, the number of dimes being 
eqoal to the number of dollars and half-dollars together? 

Let X = the number of dollars, 

If = the nnmber of half-doUara, 
and E = the number of dimes. 

Then, 10«+6v + B = 160, (1) 

and s = x + y. (2) 

Subtracting (2) from (1), 

10» + 5B=150-«-y, or lU + aj = 160. (3) 

Dividing by6, j; + ^+„ = 26. 

Then, ^ mnst be an integer ; or, x must be a multiple of 6. 

Let X = 6p, whet« p is an integer. 

SubatJtuting in (3), eSp + 6j/ = 160, or if = 26 ~- lip. 

Substituting in (2), z = Sp + 25 - lip = 36 - 5p. 

The only positive integral solutions ate when p = l or 2; lfp = l, 
X = 6, ji = 14, and « = 20 ; if p = 2, x = 12, jf = 3, and e = 15. 

Then the number of ways is two ; either 6 dollars, 14 half.4lollan, 
and 20 dimes ; or 12 dollaia, 3 half-doUais, and 16 dimes. 
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3. 


2» + 3j = 21. 


9. 


4. 


7« + 4!, = 80. 


10. 


5. 
6. 


7« + 38y = 211. 
31« + 9s = 1222. 


11. 


7. 


24» + 7s-422. 




8. 


8a! + 67y=lB8. 


18. 
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EXAMPLES. 
Solve the following in positive integers : 

9. 43a: + 10y = 719. 
8 a; + 19 1/ = 700. 
f2ai + 3y-5z = -8. 
ISas — y + 43 = 21. 
f3a:-2y-s = -67. 
t6a! + lly + 2« = 348. 

Solve the following in least positive integers : 

13. ix-3y = &. 16. 21x-Sy = -26. 

14. Sa!-7y = ll. 17. 13a!-30y = 61. 

15. 19»-4y = 128. 18. 17x-68y = -79. 

19. In how many different ways can the sum of $2.10 be 
paid with twenty-five and twenty-cent pieces ? 

20. In how many different ways can the sum of S 3.90 be 
paid with fifty and twenty-cent pieces ? 

21. Find two fractions whose denominators are 9 and 5, 
respectively, and whose sum shall be equal to ^^. 

22. In how many different ways can the sum of $ 6.10 be 
paid with half-dollars, quarter-dollars, and dimes, so that 
the whole number of coins used shall be 20 ? 

23. A farmer purchased a certain number of pigs, sheep, 
and calves for $ 160. The pigs cost $ 3 each, the sheep $ 4 
each, and the calves $ 7 each ; and the number of calves 
was equal to the number of pigs and sheep tc^ther. How 
many of each did he buy ? 

24. In how many different ways can the sum of $5.45 
be paid with quarter-dollars, twenty-cent pieces, and dimes, 
so that twice the number of quarters plus 5 times the num- 
ber of twenty-cent pieces shall exceed the number of dimes 
by 36? 
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XXVnL BATIO AND PBOPOBTION. 

30(X The Eatio of one number to another is the quotient 
obtamed by dividing the first number by the second. 



SOIL A Proportion is a statement that two ratios are 
equaL 

The statement that the ratio of a to d is equal to the 
ratio of c to d, may be written in either of the forms 

a 

30Z The first and fourth terms of a proportion are called 
the exti-emes, and the second and third terms the means. 

The first and third terms are called the antecedetUs, and 
the second and fourth terms the consequents. 

Thus, in liie proportion a:b = c:d, a and d are the ex- 
tremes, b and c the means, a and c the antecedents, and 
b and d the consequents. 

303. If the means of a proportion are equal, either mean 
is called a Kean Proporttoiial between the first and last 
terms, and the last term is called a Third Froportioiial to 
the first and second terms. 

Thus, in the proportion a:b = b:c, b is a mean propor- 
tional between a and c, and c is a third proportional to 
aand b. 

304. A Fonrtii Proportional to three quantities is the 
fourth term of a proportion whose first three terms are the 
three quantities taken in their order. 
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Thus, in tlie proportion a:b = c:d,di8& fourth propor- 
tional to a, b, and c. 

305. A CkintinQ«d Proportion is a series of equal ratios, 
in which each consequent is the same as the following ante- 
cedent; as, 

a:b = b:c!=:c:d = d:e. 



PROPERTIBS OF I^OPOBTIONS. 

306. In any proportion, the product of ths extremes is equal 
to the product of the means. 

Let the proportion be aib = c:d. 
Then by 8 301, ? = |. 

Clearing of fractions, ad = 6c 

307. A mean proportional between two quantities t's equal 
to the square root of their product. 

Let the proportion be a:b = b:c. 

Then, 6" = ac. (§ 306) 

Whence, 6 = Vac. 

308. From the equation ad = be, we obtain 

be A t. od 

a =—, and o= — • 

d c 

That ia, in any proportion, either extreme is equal to the 
product of the means divided by the other extreme; and 
either mean is equal to the product of the extremes divided 
by the other mean. 

309. (ConTerse of S 306.) If the product of two quantities 
is equal to the product of two others, one pair may be made 
the extremes, and the other pair the means, of a proportion. 
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Dividing by bd, 



ISO ALGEBRA. 

Let ad = bc. 

M~bd' b~d' 
Whence by § 301, a:b = c:d. 
In like majiner, we may prove that 

a:c = b:d, 

c:d = a:b, etc. 

310. In any proportion, tlte terms are in proportion by 
Alternation; that is, thejirst term is to the third as the second 
term is to the fourth. 

Let the proportion be a:b = c:d. 

Then, ad = 6c. (§ 306) 

Whence, a:c=b:d. (§ 309) 

311. In any proportion, the terms are in proportion by 
Invenion; that is, the second term is to thejirst as the fourth 
term is to the third. 

Let the proportion be a:b = c:d. 

Then, ad = be. (§ 306) 

Whence, b.a = d:e. (§ 309) 

312. In any proportion, the terms are in proportion by 
Composition ; thai is, the sum of the first two terms is to the 
first terTn as the 9um of the last two terms is to the third (erm. 

Let the proportion be a:b = c:d. 

Then, ad = 6c 

Adding each member of the equation to ac, 

oc + ad = oc + 6c. 
Or, a{c + d) = c(_a + 6). 

Whence, ., a + 6:a = c + d:c (5 309) 

In like manner, we may prove that 

o + 6;6=c + d:d. 
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313. In any proportion, (Ae terms are in proportion by 
DiTision; t/uU is, the difference of the first two terma ia to 
the first term as the difference of the last two terma ia to the 
Viird term,. 

Let tlie proportion be a:b=' c:d. 

Then, ad = bc 

Subtracting eacb member of the equation from ac, 

ac — ad = ac — bc. 
Or, a(c - d) = c(a - 6). 

Whence, a — b:a = c — d:e. 

Similarly, a — 6;ft = c — i:d. 

314. In any proportion, the terms are in proportion by 
Compoaition aikd Diviuon ; that ia, the sum of the first two 
terma ia to their difference as the sum of the last two terms 
is to their difference. 

Let the proportion be a:b = c:d. 

Then by § 312, ^-tA = i±^- (1) 

And by S 313, ^^^ = ^^. (2) 

Dividing (1) by (2), ^ = ^■ 



a + b:a — b = c + d:c — d. 

31& In a series of equai ratios, any antecedent ia to its con- 
sequent as the sum of ail the antecedents is to the sum of all 
the consequents. 

Let a:b = c:d = e:f. 

Then by 8 306, ad = be, 

and af= be. 

Also, ab = ba. 

Adding, a(b + d+f) = b(a + c + e). 

Whence, a:b = a + c + e:b + d+f (§ 309) 
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In like manner, the theorem may be proved for any nnm- 
ber of equal ratios. 

31€L In any proportion, if the first two ferats he muUiplied 
by any qvaatity, aa tdao the last two, the resulting quantities 
will be in proportion. 

Iiet the proportion be a:b = c:d. 

t = i 

Therefore, H!2 = !«. 

mb nd 

Whence, mo ■.mb = nc:nd. 

In like majiner, we may prove that 

a b c d 



Hot*. Either m or n ma; be unity ; that is, eitlier couplet may 
be multipUMl or divided without mulUptying or dividing ihe other. 

317. In any proportion, if the first and third terms be mul- 
tiplied by any quantity, as also the second and fourth terms, 
the resulting quantities wiU be in proportion. 

Let the proportion be a:b = c:d. 

The., 1 = 1 



Therefore, 



ma mc 



ma : nb = mc : nd. 
In like manner, ve may prove that 
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318. 7n any number of proportions, the products of the cor- 
responding terms are in proportion. 

Let the proportiona be a : 6 = c : d, 
and e:f=g:h. 

Then, 5 = £,and? = 2. 

b ct f h 



Multiplying these equals, we have 

3 X I, or ^= 



b^f~d h' bf~dh 
Wlience, ae : bf= eg : dh. 

In like manner, the theorem may be proved for any num- 
ber of proportions. 

319. In any proportion, like powers or like roots of the 
terms are in proportitm. 

Let the proportion be a : & = c : d. 

f=|- 

Therefore, 5! = ^. 

b' d" 

Whence, tf" : 6" = c" : tf. 

In like manner, we may prove that 

y/a : -Vb = -\/c : -v^. 

320. If three quantities are in continued proportion, the 
first is to the third <m the square of the first is to ike sqwxre 
of the second. 

Let a : & = 6 : c 

Then, 5 = *. 

b c 

Therefore, ?x- = f x^, or ^ = ^. 

b C C IT 
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32L If four qucmtitiee are tn continued proportion, &e 
first is to the fourth as the cube of the Jirat is to the cube of 
the second. 


Let 


a:h = b:c = c:d. 


Then, 


a b c 
b c d 


Therefore, 


b"" c"" d b"" h"" b' "^ d- » 


Whence, 


a-.d^af-.V. 



PROBLEMS. 
322. 1. Solve the equation 

2a!4-3:2ir-3 = 26+o:26-o. 
BjSSU, 4z: S = 4ii :2a. 

Dividing tlie first and Uiird Utrma b; 4, and the aeoond and fourth 
tenon by 2 (5 317), we hare 

x:Z = b:a. 

Whence by J 308, z = — , Aw. 

2. If X : y = (x 4- ?)' : (y + z)*, prove that z is a mean pro- 
portional between x and y. 

From the given proportion, yQe + zf = x{y + «)*, (§ 306) 

Or, li^ + 2 ij/z + j/z^ = z^s + 23*1 + zz". 

Or, z^ — zy" = aar" — yi*. 

Dividing by z — ?, zjf = »*. 

Therefore, « is a mean proportional between z and y (S 807). 



3. 11 


b 


: -, prove tl 


lat 














*-b':a'- 


3ab = 


:<?- 


-(P 


:(?- 


&cd. 


^l- 


If- 


= x; whence, 


a = 6z. 










-6" 6*1!* 


-6* 


3? 


-1 


<|9 


-1 


Then, 


^ 


ra^-fiV^ 


rzt^ = 


■w-- 


rs^ 


= ^ 
*■ 


-3^=; 


Whence, 


a^-V-.a''- 


-3 06 = 


;c>- 


-d": 


c»-J 


3ed. 
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4 Find a fourth propoitional to 36, 20, and 14 

5. Find a mean proportional between 18 and 60. 

6. Find a third proportional to ^ and ^. 

7. Find the second term of a proportion whose first, 
third, and fourth terms are 5|, 4f, and 1|. 

6. Find a third proportional to c^ — 9 and a — 3, 
9. Find a mean proportional between 6f and 18^ 

10. Find a mean proportional between 

x+i x+2 

Solve the following equationa : 

11. 6a;-3a:Ba! + 3a = 7o-6.13a-6. 

12. 2a!-l:3aJ-l=7a! + l;5a!-3. 

15. a^-16:ii?-26 = a!*-2a!-24:!cf-3a!-10. 

14. l-v1P5:l+VT^=V6-VF^:V6+V&^^ 
fffliE — 6y:6aj + ay = a' — ft*:2a&. 
■ isiy = «■&». 

16. Find two numbers in the ratio 16 to 9 snch that, if 
each be diminished by 8, they shall be in the ratio 12 : 6. 

17. Divide 36 into two parts such that the greater dimin- 
ished by 4 shall be to the leas increased by 3 as 3 is to 2. 

18- Find two numbers such that, if 4 be added to each, 
they will be in the ratio 6 to 3 ; and if II be subtracted 
from each, they will be in the ratio 10 to 3, 

19. There are two numbers in the ratio 3 to 4, such that 
their sum is to the sum of their sq^uares aa 7 is to 60. What 
are the numbers ? 

20. If 7a!-4a!:8a!-3a = 4y-7»:3i/ — 83, pMvethat 
I ia a mean proportional between x and y. 
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21. If ma + nb: pa + qb = mb + no: pb + qc, prove that 
b is a mean proportional between a and c. 

22. If 2a-b:ia + 3b^2c~-d.ic + 3d, prove that 
a:b = o:d. 

83. If 8 GOVS and 6 oxen cost four-fifths as much as 9 
cows and 7 oxen, what is the ratio of the price of a cow to 
that of an oz ? 

24. Given (c^ + ab)x+{ti'-ab)s={i^ + l^x~(a* — l^y; 
find the ratio of a; to ^. 

25. Find a nomber such that if it be added to each term 
of the ratio 6 : 3, the result is } of what it would have been 
if the same number had been subtracted from each term. 

If ? = ^ prove that 

26. 2o + 36:2a-36 = 2c + 3d:2c-3d. 

27. a*+2ab:3ab-ib* = <^ + 2cd:3cd-i^. 

28. a'~a'6 + a&':fl^-6» = (?-o'd-|-cd':tf'-d'. 

29. The population of a town increased 2.6 per cent froifi 
1870 to 1880. The number of males decreased 3.8 per cent 
durii^ the same period, and the number of females increased 
10.6 per cent Find the ratio of males to females in 1870. 

30. Each of two vessels contains a mixture of wine and 
water ; in one the wine is to the water as 1 to 3, and in the 
other the wine is to the water as 3 to 6. A mixture from 
the two vessels is composed of wine and water in the ratio 
9 to 19. Find the ratio of the amounts taken from each 
vessel. 

31. The second of three numbers is a mean proportional 
between the other two. The third number exceeds the sum 
of the other two by 15, and the sum of the first and third 

~B twice the second b; 12. Find the iiumberB. 
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TAEIATION. 



XXIX. VARIATION. 

323. One quantity is said to vary direc&y as another 
when the ratio of any tvo values of the first is equal to 
the ratio of the corresponding values of the second. 

Note. It 18 cnatomary to omit the word "directly," and say 
simply that one quantity variea as another. 

324; Let us suppose, for example, that a workman 
leceires a fixed sum per day. 

The amonnt which he receives for m days will be to 
the amount which he receives for n days as m is to n. 

That is, the ratio of aiiy two amounts received is equal to 
the ratio of the corresponding numbers of days worked. 

Hence, the amount which the workman receives varies aa 
the number of days during which he works. 

325. One quantity is said to vary inversely as another 
when the first varies directly as the reciprocal of the second. 

Thus, the time in which a railway train will traverse a 
fixed route varies inversely as the speed; that is, if the 
speed be doubled, the train will traverse its rout« in one- 
kaiffhe time. 

326i One quantity is said to vary as two others JoiiUly 
when it varies directly us their product. 

Thus, the wages of a workman varies jointly as the 
amount which be receives per day, and the number of 
days during which he works. 

327. One quantity is said to vary directly as a second 
and inversely as a third, when it varies jointly as the 
second and the reciprocal of the third. 

Thus, in physics, the attraction of a body varies directly 
as the quantity of matter, and inversely aa the square of 
the distance. 
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328> The symbol oc is read " varies as " ; thus, axb ia 
read "a varies as b." 

329. Jf x'xy, &en x is equai to y multiplied by a constant 
quantity. 

Let x' and y' denote a Jixed pair of corresponding values 
' of X and y, and x and y any other pair. 
Then by the definition of § 323, 

— = 'L or sc = ~y. 

x" y' y' 

Denoting the couBtant ratio — by m, we have 

y' 

330. It follows from §§ 325, 326, 327, and 329 that: 

1. ^x varies inversely as y, x= — 

2. ^x varies joirUly as y and z,x = myz. 

3. ^ X varies dire<^y as y and inversely as z, x = —- 

331- Problems in variation are readily solved by converts 
ing the variation into an equation by aid of §§ 329 or 330. 

PROBLEMS. 
332. 1. If X varies inversely as y, and is equal to 9 when 
^ = 8, what is the value of x when ^ = 18 ? 
If X varies inversely as y, we bave x = — (§ 330) . 
Putting as = » and I* = 8, we obtain 9 = ^. or m = 73. 
Then, x = ~\ and if f = 18, x = '^ = t. Ana. 

2. Given that the area of a triangle varies jointly as its 
base and altitude, what will be the base of a triangle whose 
altitude is 12, equivalent to the sum of two triangles whose 
bases are 10 and 6, and altitudes 3 and 9, respectively ? 

Let B, H, and A denote the base, altitude, and area, KBpecUvel]', 
of any triangle, and B' the base of tlic Tpqiiired triangle. 
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Since A varieB jointly aa B and H, we have A = mSH (§ 330). 
Then the area of the first triangle U m x 10 x 3, or SOm, and the 
area of the second is m x 8 x fi, or 64 1». 

Wlience, the area of the required triangle isSOm + Mm, orMm. 
But the area of the required triangle is also m x B' x 12. 
Therefore, 12 mB* = 84in, and B' = 1, Ana. 

3. If ^ocx, and is equal to 40 when x = 5, what is its 
value when ai = 9 ? 

4. If y ac s?, and is equal to 48 when z = 4, what is the 
expression for y in tenns of z" ? 

5. If X varies inyersely as y, and is equal to | when 
y=\, what is the value of y when x = ^ ? 

6. If z varies jointly as x and y, and is equal to ^ when 
y = J and x = \, find the value of z when x = ^ and y = j. 

7. If iT varies directly as y and inversely as z, and is 
equal to ^ when y = 27 and z = 64, what is the value of 
X when y = 9 and z = 32 ? 

8. If 5ii! + 8Qc6y — 1, and se = 6 when y = — 3, what 
la the value of x when y =s 7 ? 

9. If x'xy', and a! = 4 when y = 4, what is the value 
of y when x = ^ ? 

10. The distance fallen by a body from a position of rest 
varies as the square of the time during which it falls. If it 
falls 257^ feet in 4 seconds, how far will It fall in 6 seconds ? 

11. Two quantities vary directly and inversely as x, 
respectively- If their sum equals — -]-J- when x = l, and 
— ■J when 3! = — 2, what are the quantities? 

12. The area of a circle varies as the square of its diame- 
ter. If the area of a circle whose diameter is 4 is 4jiL, what 
will be the diameter of a circle whose area is ^ ? 

13. If the volume of a pyramid varies jointly as its base 
and altitude, find the base of a pyramid whose altitude is 
11, equivalent to the sum of two pyramids, whose bases axe 
13 and 14, and altitudes 6 and 7, respectively. 
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14. Given that y is equal to the sum of two qoantitiea 
which vaiy directly as a;" and inversely as as, respectively. 
If y = — -^ when a: =: 1, and j/ = ^ when x = — 2, what is 
the value of y when at = — J ? 

15. Three spheres of lead whose radii aie 6, 8, and 10 
inches, respectively, are melted and formed into a single 
sphere. Find its radius, having given that the volume of 
a sphere varies as the cube of its radius. 

16. The volume of a cone of revolution varies jointly 
as its altitude and the square of the radius of its base. 
If the volume of a cone whose altitude is 3 and radius of 
base 5 is ^^ what will be the radius of the base of a 
cone whose volume is *4* *°'i altitude 6 ? 

17. If 7 men in i weeks can earn $ 238, how many men 
will earn $ 127^ in 3 weeks ; it being given that the amount 
earned varies jointly as the number of men, and the number 
of weeks during which thej work ? 

18. If the volume of a cylinder of revolution varies 
jointly as its altitude and the square of its radius, what 
will be the radius of a cylinder whose altitude is 3, equiva- 
lent to the sum of two cylinders whose altitudes are 6 and 
7, and radii 6 and 3, respectively ? 

19. If the illumination from a source of light varies in- 
versely as the square of the distance, how mnch farther 
from a candle must a book, which is now 16 inches ofF, be 
removed, so as to receive just one-third as much light ? 

20. Given that y is equal to the sum of thiee quantities, 
the first of which is constant, and the second and third vary 
as X and a?, respectively. If y = — 19 when n; = 2, y = 4 
when x = l, and y = 2 when x = — l, what is the expres- 
sion for y in terms of a:? 

(Bepresent the constant by I, and the otlier two quuttitiea b; mx 
and na^.) 
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XXX. PBOQRESSIONS. 



333. An Arithmetio Frogreudoa is a series of terms each 
of which is deriTed from the preceding by adding a con- 
stant quantity called the common difference. 

Thus, 1, 8, 6, 7, 9, 11, •■■ is an arithmetio progiessicoi in 
which the common difference is 2. 

Again, 12, 9, 6, 3, 0, — 3, ■■■ is an arithmetic prc^ression 
in which the common difference is — 3. 

334. Oiven the first term, a, the common difference, d, and 
the number of terms, n, to find the la^ term, I. 

The progression is a, a-\-d, o + 2d, a + 3d, ■••. 
It will be observed that the coefficient of d in any term 
is 1 less than the number of the term. 
Then in the nth or last term the coefficient of d is n — 1. 
Thatis, I = a + (n-l)d- (I-) 

335. Oiven Ae firtt term, a, the last term, 2, and ike num- 
ber of terms, n, to find the swm of tht terms, 8. 

^ = a+((H-(i) + (a + 2d)+-+(i-d) + l 
Writing the terms in reverse order, 

5 = i+(J-d)+(i-2(J)+.-. +(o + d) + a. 
Adding these equations term by term, 

25=(a + 0+('» + 0+(« + 0+-+(a + 0+('» + 0- 
Therefore, 2>S = n(a + 0, and ^ = ^(a + 0- (P-) 

336. Substituting in (11.) the value of I from (I.), we 
have a' = |[2 o + (n - l)d]. 
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EXAMPLES. 

337. 1- Find the last tenn and the sum of the terms of 
the progression 8, 6, 2, ••• to 27 terms. 

In tills cue, a = B, d = i-S = -S, and k = 27. 
Snbatituting in (1.), I = 8 + (27 - 1)(- 8)= 8 - 78 = - 70. 

Substituting In (IL), 8 = —(B-10) = 21 xC-Sl) = -837. 

IToto. The common difference may be found by Bubtracting the 
flnrt t«nn from the second, or any term from the next following term. 

Find the last tenn and the sum of the terms of : 
2. 3, 9, 16, — to 12 tema. 
a —7, -12, -17, •■■ to IB terms. 
4. -69, -62, -55, — to 16 terms. 



i. 


2, -I -I ...to 17 «r™. 


e. 


6 43 71 . ,,, 


T. 


-|,i,|,...t,22t.m^ 


8. 


_|_|_l|,...t0 55to™. 


9. 


-|_|_|...t„19.s™.. 


10. 


20-5&, 6a-26, lOa + 6, — to9terms. 


11. 


"7^, 1^^"'',- to 10 terms. 



2 ' 2" 

338. If any three of the fire elements of an arithmetic 
progression are given, the other two may be found by sub- 
stituting the given values in the fundamental formalte (I.) 
and (II.), and solving the resulting equations. 
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FKOGRES8IONS. 

1. Giveiia = -f, n = 20, 8 = -^; find d and t 
3' ' 3' 

Sabstitating the giTen values ia (II.)i ^^ baje 

- - + I ; whence, 1 = 5 



,o(-|+,), 



8 6 2 
Sutetitutlng the values of I, a, and n in (!.)> we have 

|=-| + I8d( whence, 19<i = |+| = |,andd = l. 

2. Givend = -S, i = -S9, 5' = -264i findaandn. - 
Snbs«tutingIii(I.), -39 = a + (» - 1)(" 8), or a = 3n-42. (1) 

Substituting the values of S, a, and I in (II.)i "^ ha,ve 
-a64=5(8n-42-30), or -538=3n«-81», orn»-27B=-176. 



Whence, n = 27±yZ!iEM.27±5^ ^^ ^^^^ 

2 2 

Substituting in (1), tt = 48-42or83-42 = 6ot-». 
Tberefoie, as 6 and ti = 16; or, a = -9 and n = ll, Ant. 
Note 1. The int«ipretation of the two answers is aa follows: 
If a = 6 and n = 16, the progression is 
6,8,0, -3,-6,-9, -12, -16, -IB, -21, -24, -27, - 



n a = - 9 and « = 11, the progression is 




- 9, - 12, - 16, - 18, - 21, - 24, - 27, - 80, 


-83, -a 


In each of these the sum is - 264. 




3. GiTeno^l ^ = -^> "^ = -1' fi^dlandn. 




SubBtitntdng the values of S, a, and I in (II.), 


we have 


_8-5/U^^^ or-3-nf«-^Vo 


rn"-9M = 


Wh™™. - 0iV81 + 144 9 ±16 .„ 


or -8. 
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"Om Talus tt =— 3 la Inapplicable, for the nomber of terma In ■ 
progreaalon most be a potitive integer 
SaMituting the value n = 12 in (1), I = 



_ 6-ia ^ 7 
12 12' 

^ and n = 12, Ahm. 



ZTota a. A tiegalive or fractional valne of n is Inapplicahle, and 
nmc be rejected, together with all other valnea dependent upon it 



EXAMPLES. 

4. Given d = 5, i = 71, n = 16; findoand^. 

5. Givend = -4, n = 30, :S = -620; findaandl. 

6. airen a = -9, n = 23, 1 = 57; finddand^. 

7. Giren a=i-6, n = 19, ^ = -9d0j finddaadl. 

8. Given = ^, 1 = ^, S = ^^^, finddandn. 

4' 4' 2 

9. Given ( = -|> n = 19, S = Oj findaandd. 

10. Given d = ^ 5 = ^ a = |; findlandn. 

11. Given a = | ' = -^ **"~^' ^"^"^^'S'. 

12. Given d = ^ n = 17, 5 = 17; findaandt 

13. Given 1 = 6, d = ^, £r=24; findaandn. 

14. Given! = -5^, n = 31, >$ = - 38^; findaandd. 

15. Given(i = -| i=-^, 5=-91; finddandn. 



= ^; find n and I. 
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19. Giveaa^S, d = -^ S = -SO\ findnandi. 

From (I.) and (II.), general formidm for the solution of 
examples like the above may be readily deriTed. 

20. Given a, d, and 8 ; derive the formula for n. 

By 5 836, 2 5 = n[2 a + (« - 1) (i], or dn» + (2 a - (On = 2 S. 
this ia a quadratic in n ; and may be solved by the method of } 261. 
Hnltiplylng by id, and adding (2 a — dy to both memben, 
4^n* + id(2a - d)n + (2a - i)^ = Bil8 + (2a - d)'. 
Extracting the square root, 

2dn-f-2a-d=±VidS + (2a-d): 

2d 

21. Given a, I, and n; derive the formula for d. 

22. Given a, n, and S; derive the formulse for d and I. 

23. Given d, n, and j9; derive the formulse for a and /. 

24. Given a, d, and I ; derive the formulse for n and S, 

25. Given d, I, and n ; derive the f ormnlEe for a and S. 

26. Given I, n, and S ; derive the formulEe for a and d. 

27. Given a, d, andS; derive the formula for I. 

28. Given a, I, and S; derive the fonnulee for d and n. 
28. Given d, I, and ^S* ; derive the formulce for a and n. 

339. To insert any number of arithmetic means between 
two given t^^na. 
1. Insert 6 arithmetic means between 3 and — 5. 

d of T terms, \rtiofle flrst 
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= 3, t = -6,uidn = T 


in (L). § 


334,™ 


f 6di whence, ej = - 


8, and d 


i 

8 


reqoired progressUtii \a 






,61 , 7 


_M._. 


Am. 



EXAMPLES. 
b 6 arithmetic means between 3 and 8. 
1 4 arithmetic means between — and — -■ 
t 6 arithmetic means between — - and 1, 

b 7 arithmetic means between — and — 

2 2 

1 8 arithmetic means between — - and — 6. 
4 

t 9 arithmetic means between - and — 11. 

1; X denote the arithmetic mean between a and b. 
the nature of the piogression, 
x — a = b — x, or 2aj = a + 6. 

the arithmetic mean between two quantities is equal 

EXAMPLES, 
arithmetic mean between : 

d - 3 . 3. ?i=i »d '-^+^- 

20 2o + l 2a-l 

r)'iind(ai-7)". 4. ^ and -g±|. 
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PROBLEMS. 
34L 1. The sixth term of an arithmetie pi(^ressioa is 
;, and the fifteenth term is ^- Find the first term. 
Bf § 834, the ^th term Is a + 6 d, and the fifteentb term a + 14 d. 

(a+ 6d=t (1) 

Then by the conditions, I 

[ o -f 14 d = ^. (2) 

Sabtracting (1) from (2) , 9 d = - ; whence, d = -- 

Snbatitutmg in (1), " + 1 = 5 i whence, a = - 1, Am. 



2. Fiad four numbers in arithmetic progression such that 
the product of the first and fourth shall be 45, and the 
product of the second and third 77. 

Let the muubers be x — 3 y, x — y, x + y, and x + 3y. 

Then by the conditions, { !^ I * jC Z t,' 

Solving these equations, a!=9, y= ±2 ; or, z = — 9, y=±2 (S 276). 

Then the namb«rs ice 3, 7, 11, 16 ; or, — S, — 7, — 11, — 15, 

Note. In ptablemH like the above, it is convenient to represent 
the unknown quantities b; symmetrical expressions. 

Thus, U five numbers had been required to be found, we should 
have represented them by a: — 2 j, x — y, x, x + y, and x + 2y. 

3. Find the sum of all the integers beginning with 1 
and ending with 100. 

4. Find the sum of all the even integers beginning with 
3 and ending with 1000. 

5. The 8th term of an arithmetic progression is 10, and 
the 14th term is - 14. Find the 23d term. 

6. Find four numbers in arithmetic progression such 
that the sum of the first two shall be 12, and the sum of 
the last two - 20. 
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7. Find the sum of the first 15 positive integers which 
are multiples of 7. 

8. Thelftthtermof aBarithmeticprogressionis 9a!— 2ff, 
and the Slst term is 13 at — 8 y. Find the sum of the fiist 
thirteen terms. 

9. Find four integers in arithmetic progression such that 
theii sum shall be 24, and their pioduct 945. 

10. How man^ positive integeiB of three digits aie there 
which are multiples of 9 ? 

11. Find the sum of all positive integers of three digits 
which are multiples of 11. 

13. The 7th term of an arithmetic progression is — ^, the 
16th term is f , teiA the last term is ^. Find the niunber 
of terms. 

13. The sum of the 2d and 6th terms of an arithmetic 
progression is — f , and the snm of the 5th and 9th terms is 
— 10. Find the first term. 

14. Find five numbers in ^thmetic progression such 
that the sum of the second, third, and fifth shall be 10, and 
the product of the first and fourth — 36. 

15. If m arithmetic means be inserted between a and b, 
what is the first mean ? 

16. How many positive integers of one, two, or three 
digits are there which are multiples of 8 ? 

17. How many arithmetic means are" inserted between 4 
and 36, when the second mean is to the first as 4 is to 3 ? 

18. A man travels 3 miles the first day, 6 miles the 
second day, 9 miles the third day, and so on. After he has 
travelled a certain number of days, he finds his average 
daily distance to be 46} milea. How many days has he been 
travelling ? 
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19. How many arithmetic means aie inserted between | 
and — J, when the sum of the first two is -^ ? 

20. After A had trarelled for 4^ honrs at the rate of 6 
miles an hour, B set out to overtake him, and tiarelled 3 
miles the first hour, SJ- miles the second hour, 4 miles the 
third hour, and so on; in how many hours will B over- 
take A? 

21. Find three numbers in arithmetic progression such 
that the sum of their squares is 347, and one-half the third 
number exceeds the sum of the first and second by 4J. 

22. The digits of a number of three figures are in arith- 
metic progression ; the sum of the first two digits exceeds 
the third by 3; and if 396 be added to the number, the 
digits will be' inverted. !Find the number. 

QEOIOITRIC FBOGRESSION. 

392. A Geometric Frcgreaiioa ia a series of terms each 
of which is derived from the preceding by multiplying by a 
constant quantity called the ratio. 

Thus, 2, 6, IS, 54, 162, ■■■ is a geometric progression in 
which the ratio is 3. 

Again, 9, 3, 1, \, ^, ■■■ is a geometric progression in which 
the ratio is \, 

Negative values of the ratio are also admissible. 

Thus, — 8, 6, — 12, 24, — 48, ■•■ is a geometric progression 
in which the ratio is — 2. 

343. Given the first term, a, the ratio, r, ami the nuroAer 
of terms, n, tojiiid the last term, I. 

The progression is a, ar, ar*, or", ■■•. 

It win be observed that the exponent of r in any term is 
1 less than the number of the term. 

Then in the nth or last term the exponent of r is n — 1. 

That is, I = af-y <J.) 
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344. Oiven the first term, a, the last term, I, and the ratio, 
r, to find the sum of the terms, S. 

S=sa + ar + ar'+-- + ar--' + ar— * + ar— >. 
Multiplying each term by r, ve have 

rS = ar + ar* + ar* -\ 1- ar""' + ar""' + or". 

Subtractii^ the first equation from the second, 
rS - 5 = aj* - o. 

Whence, g^ ar'-a 

r — 1 
But by (I.), S 343, W = or". 

Therefore, s = ^^^- (II.) 



EXAMPLES. 

34& 1. Tind the last term and the Bum of the terms of 

the prt^ression 3, 1, -, ■■■ to 7 terms. 

In this case, a = S, r = ^, axiA n = 7. 

Sutatltutingli,(I.), I=3QJ' = 1 = J^. 

iv_L_3 J 8 _?M 

c K-.. .■ ■ ,iT s o 8 243 729 729 1083 

SubBtitutingmCIL), « = ^ = ^= 2~ = "2i8" 

3"^ "3 -3 

Note. The ratio may b« found by dividing the second term by tbe 
fliBt, or any term by the next preceding term. 

2. Find the last term and the sum of the terms of the 
progression —2,6, — 18, ■■■ to 8 terms. 

In this case, a = — S, r = -2_ s — 8, and n = 8. 

•jrhen, J = -2(-8y =-2x(-2l87)=437i 
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Find the last term and the snm of the terms of : 
3. 1, 3, 9,— toSteims. 



5. -2, 10, -50, ■•■ to 5 terms. 

6. 2,4,8,... toll terms. 

7. -3, I -J,- to 9 terms. 

8. -|, -5, -10,-.. tolOterms. 

9. -6, 2, -I,— to 6 terms. 

10. -i 1 -p— toTterms. 

11. 2 1 3 _. to 6 terms. 

12. -J, 3, -12,... to 6 terms. 

34& If ajiy three of the five elements of a geometric 
progression are given, the other two may be found by sub- 
stituting the given values in the fundamental formolaB (I.) 
and (II.), and solving the resulting equations. 

But in certain cases the operatiou involves the solution 
of an equation of a degree higher than the second; and in 
others the unknown quantity appears as an exponent, the 
solution of which form of equation can usually only be 
affected by the aid of logarithms {§ 419). 

In all such cases in the present chapter, the equations 
may be solved by inspection. 

1. Given a = -2, n = 5, l=-32; find r and 3. 

Subetitating the given values in (I.), we h&ve 

- 82 = - 2 r* ; whence, r* = 16, and r = ± 2. 
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Babstitatlng In (tl). 

If r = -i. fl = (-g)f-«a)-(-2) _64 + 2_ 



Therefore, r = 3 and 5 = -62; or, i 


■=- 


2 axiA S = 


:-22, ^1 


Note 1. 


The IntetpieUtion of the f 


ivoai 


isweraisBB 


foUows : 


nr = 2. 




-8, 


- 16. - 8S 


S, nhoae 1 



U r = — 2, tbe progression Is — 2, 4, — 8, 16, — S2, whose som is 
-22. 

2. Given a = 3, r = -i, « = ^; find n and /. 

' 3 729 ' ^ 

Substituting the values of I, a, and r in (I.), we have 

729 ^ sy ' H 3/ 2187 

Whence, by inspection, n — 1 = 7, or » = 8. 

EXAMPLES. 

3. Given r = 2, n = 9, 1=256; find a and 3. 

5. Given o = - 2, n = 6, ? = 2048 ; find r and 5. 



2048 
2187 



; find r and S. 
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9. Given a = -8, ^ = -^. '^ = -^' find r and n. 

10. Given a = |, r = -|, S=^; End I and n. 

11. Given 7 = 192, r = -2, 5 = 129; find a and n. 
266 

~192 

From (I.) and (II.), genetal formulie may be derived for 
the solutioB of cases like the above. 

13. Given a, r, and S ; derive the f onnola for I. 

14. Given a, I, and S ; derive the f onnula for r. 

15. Given r, I, and S; derive the formula for a. 

16. Given r, n, and I; derive the formulte for a and S. 

17. Given r, n, and S; derive the formulte for a and I. 

18. Given a, n, and / ; derive the formulfe for r and 8. 
Not« 2. n the given elemeats are n, J, and S, equationi for a 

and r maj be foond, but there are no definite formula for their 
valoea. The same is the case when the given elements are a, n, 
and S. 

The general formuls for n involve log&ilthma ; these cases are 
discussed in g 119. 

347. The limit (§ 292) to which the sum of the terms of 
a decreasing geometric progression approaches, when the 
number of terms is indefinitely increased, is called the sum 
of the series to infinity. 

Formula (II.), § 344, may be written 

It is evident that, by sufficiently continuing a decreasing 
geometric progression, the last term may be made numeri- 
cally less than any assigned number, however small. 

Hence, when the number of terms is indefinitely increased, 
I, and therefore H, approaches the limit 0. 
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Then the &actioD ^j approaches the limit 

Therefore, the stiin of a decTeaaing geometiic progression 
' " 'ty is given by the formula 

(III.) 

•■, to infinity. 



1-r 
EXAMPLES. 



tuUnginfm.), S = s = -r< ■^*»- 

'+I 

the sum of the following to infinity : 

1 1 a I ?l ^ 

' 3' "■' ■ 4' 32" 2& 



,-4,1,.... 7. 



1 5 



6' 3' 18' 
' B' 25' 8. --, -— , - 



6 36 



27' 



To find (Ac vcUue of a repeating dedmai. 

is a case of finding the sum of a decreasing geometric 

1 infinity, and may be solved by formula (III.). 

nd the value of .85151 ■■•. 

TO, .86151 ... = .8 + .051 + .00051 + .... 

irma after the first constitute a decreasing geometric pn> 

in which a = ,051 and r = ,01, 

bating in (III.), S = ^2^ = :2^ = -5L = il. 
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EXAMPLES. 
Find the values of tlie following ; 

2. .8181.... 4. .69444.... 6. .11667667..., 

3. .296296—. 5. .58686--.. 7. .922828.... 

349. To insert any number of geometric means between two 
given terms. 
( 

We are to find a geometric prograssiou ol 7 terms, whose first 
term is 2, and last tenn |||- 

PotUng a = 2, I = 1||, and n = 7, In (L), i 343, we haye 

l?§ = 2H';whence;t* = ^, andr = ±^- 
729 729' 8 

Hence, the required result is 

„ , 4 8 , 16 32 , M 128 ,., 

EXAMPLES. 

2. Insert 4 geometric means between 3 and 729. 

3. Insert 6 geometric means between - and — — - 

4. Insert 5 geometric means between 2 and 128. 

5. Insert 3 geometric means between and —• 



2 

' 128 ^^ 27 

350. Let X denote the geometric mean between a and b. 
Then, by the nature of the progression, - = -,ot a? = ab. 
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,t is, the geometric mean between two quantities ia egutil 
square root of their prodvct. 

EXAMPLES. 
1 the geometric mean between : 
2fjandl|i. 2. 9 + 4 VB and 9 - 4V5. 

3. a* + 2ab + b* sad a*-~2ab + b\ 

xy — 2}^ 2a!* — 4a!y 

PROBLEMS. 
. 1. Fiad three numbers in geometric progression sach 
leir Bum shall be 14, and the sum of their squares 84. 



tb« nomben be a, ar, and or*. 






■''—"- {.:;;:x::«: 




(1) 
C2) 


ling (2) by (1), a - or + or* = «. 




(SJ 


ractlng (3) from (1), 2 or = 8, or r 


_4_ 


(*) 


UtuUng to (1), a + 4 + ^ = 14, or a» - 10a = 


-16. 




ing this oqnaUon, o = B or 2. 






tftultogto{4), r = |or| = lor2. 






'efoN, the nnmbera are 2, 4, and 8, Ant. 







Che 4th term of a geometric progression is — ^, and 
1 term is }ff . Find the second term. 
The sum of the first and last of four numbers i a gee- 
progression is 112, and the sum of the secon and 
s 48. "Find the numbers. 

The product of three numbers in geometric progres- 
I — 1000, and the sum of the squares of the second 
ird is 500. Find the numbers. 
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fi. A maji saves every year half aa mucli again as he 
saved the preceding year. If he saved $ 128 the first year, 
to what sum will his savings amount at the end of seven 
years? 

6. A body moves 12 feet the first second, and in each 
succeeding second five^ighths as far as in the preceding 
second, until it comes to rest. How far will it have moved? 

7. The 5th term of a geometric progression is — f, and 
the 9th term is - ^. Find the 11th term. 

8. If m, geometric means be inserted between a and b, 
what is the first mean ? 

9. The sum of three numbers in arithmetic progression 
is 12. If the first number be increased by 6, the second by 
2, and the third by 7, the resulting numbers form a geo- 
metric progression. What are the numbers ? 

10. Divide 9 700 between A, B, C, and D, so that their 
shares may be in geometric progression, and the sum of A's 
and B's shares equal to $ 252. 

11. There are four numbers, the first three of which form 
an arithmetic progression, and the last three a geometric 
progression. The sum of the first and third is 2, and of 
the second and fourth 37. What are the numbers ? 

12. Find the ratio of the geometric progression in which 
the sum of the first ten terms is 244 times the sum of the 
first five terms. 

13. There are three numbers in geometric progression 
whose sum is 19. If the first be multiplied by ^, the second 
by 4i i>°d the third by |, the resulting numbers form an 
arithmetic progression. What are the numbers ? 

HASJtfOHIC mOGRESSION. 

352. A Hsrmonio Progreuiou is a series of terms whose 
reciprocals form an arithmetic progression. 

,Coo^k" 



Thus, 1, i, i, f, i, ••- is a harmonic progression, because 
the reciprocals of the terms, 1, 3, 5, 7, 9, ■■-, form an arith- 
metic progression. 

353. Any problem in harmonic progression which is sus- 
ceptible of BolutioD, may be solved by taking the reciprocals 
of the terms, and applying the formulee of the arithmetic 
progression. There is, however, no general method for 
finding the sum of the terms of a harmonic progression. 

354. Let X denote the harmonic mean between a and b. 
Then, - is the arithmetic mean between - and ^ (§ 352). 



Whence by 8 340, 



35Sl 1. Find the last term of the progression 2, |, |, --- 
to 36 terms. 

TAldng the reciprocals of the terms, we have the arithmetic pro- 

«~i««|. 1 1 ■■•. 

In this case, a = -, d=l, and n s= 86. 
2 

Substituting in (1.), § 33*, we have J = ^ +{36 - 1) x 1 = ^. 

Taking the reciprocal of tliis, the last term of the given harmonic 

progression is — , Atu. 

2. Insert 5 harmonic means between 2 and — 3. 

We have to insert 5 arithmetic means between - and — -■ 
2 3 

Puttinga = i, I=-i, andn = 7, in (1.), § 334, we have 
-i = - + 6d; whence, ed = -|, or d = -^- 
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Than the arifhrnetio ptogression is 

I 18 2 J^ l^ _T _l 

2' 38' 9' 12' 18' 38* s' 
Therefore, the required hanaonic progreaalon ia 

2, 11 1!, ->e, -f, -S.^n,. 

Find the last terms of the following: 

3. I i, 1, ... to 13 terms. 4. 1 g, ||, ... to 25 terms. 

8. -3, 2, p... to 38 terms. 

6. -| _|, _||, ... to43t6rmB. 

7. --,--, --, -tol7tenns. 

6' 3' 9' 

8. Insert 6 haxmonic means between 2 and • 

9 

9. Insert 7 harmonic means between and — 

6 7 

10. Insert 8 harmonic means between — - and — -• 
Find the harmonic mean between : 

11. 3 and 6. 12. kz^and-l^. 

1+X 1+3^ 

13. The first term of a harmonic progression is x, and the 
second term is y ; continue the series to three more terms. 

14. The arithmetic mean between two numbers is 1, and 
the harmonic mean — IS. Find the numbers. 

15. The Sth term of a harmonic progression is — 4) And 
the 11th term is ~ \. What is the 15th term ? 

16. Prove that, if a, 6, and c are in harmonic progression, 

a:c = a — b:b — c 

^ ai^ 



THE BINOMIAL THEOBEH. 

POSITIVE DTTEORAL EXPONENT. 

356. The Binomial Theorem is a formula by means ol 
which any power of a binomial, positive or negative, inte- 
gral or fractional, may be eKpanded into a series. 

We shall consider in the present chapter those cases 
only in which the exponent is a poaUive integer. • 

357. Proof of the Binomial Theorem for a ForitlTe Inte- 
gral Ei^oumt. 

By actual multiplication, we obtain ; 

{a + x)* r= a* -\-2ax + a?; 

(a -f- «)» = a" + 3 0*11! + 3 oa;' + !B* ; 

(a-f-a!)* = a* + 4a^ + 6(A!' + 4aa:' + a!*i etc. 
In the above results, we observe the following laws : 

1. The number of terms is greater by 1 than the expo- 
nent of the binomial. 

2. The exponent of a in the first term is the same as the 
exponent of the binomial, and decreases by 1 in each sue- 



3. The exponent of x in the second term is 1, and in- 
creases by 1 in each succeeding term. 

4. The coef&cient of the first term is 1, and the coefBcient 
of the second term is the exponent of the binomial. 

5. If the coefKcient of any term be multiplied by the 
exponent of a in that term, and the result divided by the 
exponent of x in the term increased by 1, the quotient will 
be the coefficient of the next following term. 
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THE BINOMIAL THEOREM. 811 

3S& If the laws of g 357 be assumed to hold for the 
expansion of (a + x)", where n is any positive integer, the 
exponent of a in the first term is n, in the second term 
n — 1, in the third term n — 2, in the fourth term » — 3, etc. 

The exponent of z in the second term is 1, in the third 
term 2, in the fourth term 3, etc. 

The coefKcient of the first term is 1 ; of the second term n. 

Multiplying the coefficient of the second term, n, by n— 1, 
the exponent of o in that term, and dividing the result by 
the exponent of x in the term increased by 1, or 2, we have 

1.2 



i- as the coef&cient of the third term ; and so on. 



Then, (a + «)' = <»■+»«■-' a; + "y ' a'-*^ 

Mnltiplyiiig both members of (1) by a + a^ we have 
(a + a!)-+' = o~+' 



.Ms_ 



1-2.3 ^ 

+ »■» + »»— J + "(^-') a-V+ .... 
CoUecting Uie terms which contain like powers of a and z, 
(a + •)•*' = «"'+(« + 1) o-« +ri^J^Ji + nla-V 

- o" +(» + 1) a1 + nf^i-^i + lla-W 



+ =^^[^+0"-^.^-' 



Or, (a + »)-*'=«r"+(« + l)»"» + 'ir2-|-l]«-W 
+ =^[^]»-^+- 

, fc + l)n(n-l) ,^.^^.... 

It will be obaerved that this result is in accordance with 
the laws of § 357 ; which proves that, if the laws of § 357 
hold for any power of a + ^^ whose exponent is a positive 
inte^r, they also hold for a power whose exponent is 
greater by 1. 

But the laws have been shown to hold for (a + a;)*, and 
hence they also hold for {a + xy-, and since they hold for 
(a + x)', they also hold for (a + a;)* ; and so on. 

Therefore, the laws hold when the exponent is any posi- 
tive integer, and equation (1) is proved for every positive 
integral value of n. 

Equation (1) is called the Binomial Theorem, 

Note 1. The above meOiod of proof Is known aa Mathematicdl 
Jnduction. 

Note 2. In place of the denomlnaton 1-S, 1-2.3, etc., it is 
uanal to write |2, [3, etc The symbol [n, read "faOoTial b," rignifles 
the product of the natural numben from 1 to n inclusive. 

359, Putting o = 1 in equation (1), § 358, we have 



360. In expanding expressions by the Binomial Theorem, 
it is convenient to obtain the exponents and coef&cients of 
the terms by aid of the laws of § 357, which have been 
proved to hold for any positive integral exi>onent. 



,,Coogk" 



THE BINOMIAL THEOREM. 813 

1. Expand (a + a;)". 

The exponent of a in the first term U 5, in the second term 4, in 
the third term 3, in the fourth t«nn 2, in the fifth term 1. 

Tlie exponent of x in the second term is 1, in the third term 2, in 
the fourth term 3, in the fifth t«rm 4, in the sixth t«rm 6. 

The coefficient of the first term is 1 ; of the second term, 6. 

Multiplying the coefficient of the second term, 6, by 4, the exponent 
of a in that term, and dividing the result by the exponent of x in the 
term Increased by 1, or 2, we have 10 as the coetBcient of the third 
term ; and so on. 

Then, (a + *)» = o" + 6 n^ + 10 a'^ + 10 ah? + 6 ox" + x", Ant. 

Note 1. The coefficients of terms equally distant from the begin- 
ning and end of the expanaioD are equal. Thus the coefficients of the 
latter half of an expansion may be written out from the first half. 

If the second term of tlie binomial is negative, it should 
be enclosed, sign and all, in a parenthesis before applying 
the laws. Id reducing afterwards, care must be taken to 
apply the principles of g 1S6. 

2. Expand (1 — x)*. 
WahavB, (l-i)''=[l+(-ai)]» 

=l»+a-l»-C-a;) + 16.lt.C-3;)'+20-l'.(-a)» 

+ 15 . 1* . (- !)• + a . 1 ■ C- as)' + (- «)« 
= l-Sx + 16^-Wsfi+16x* -93^ + 3?, Am. 

Nota 2. If the first term of the binomial Is numertcal, it is con- 
venient to write the exponents at first without reduction. The result 
should af(£rwards be reduced to its simplest form. 

If either term of the binomial has a coefficient or exponent 
other than unity, it should be enclosed in a pareatheBls be- 
fore applying the laws. 

3. Expand (3 m' --v^)*. 
C3m"-i^)* = [C3Tna) + (-n*)]* 

=(3m«)* + 4(3m*)'(-T.*)+6(3™»)*(-n*)« 

+ 4C3m»)C-»*)' + (-n*)< 
= 81 m' - 108 m»n* + 64 m'n* - 12 m«« + n*, .^M. 
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Expand the following; 



*■ (• + !)'. 

5. (» + .)• 

6. (o-as)*. 

7. (m-n)» 
8- (l + «)'. 
9. (a -J)'. 

10. (a* + 6'c)». 

11. («^ + }')•. 
U. (2a-l)'. 
IS. (» + 2)'. 
14. (a -Shy. 



15. (l+2m")'. 

16. (l-«)<. 

17. (</? + .-■)•. 

18. (al-2)'. 
I. (3 + af)-. 

.. (4 o* -»»)'■ 

I. (m' + Si-^'. 



V 2oV 






V6)'. 



25. 
26. 

27. (£-'--!«)•. 

28. (-v^ + i.!^)'. 

30. (2a-36)». 



31. (aM + a-JftV- 32. ('s-^-g^V. 

A Mnomtai may be raised to any power by the Binomial 
Theorem if two of its terms be enclosed in a parenthesis 
and regarded as a single term. 

38. Expand (a:* - 2 « - 2)*. 

= (»' - 2x)* + 4(2' - 2x)*(~ 2) + 9(,a? ~ 2a)»(- 2)" 

+ 4{^-2*)(-2)» + (-2)« 
•=!e'-8x'+24a^-32x«+16i<-8(a!«-ea!*+I2«»-8*«) 

+ 24(j;* - 4 x" + 4 z») - S2C** - 2 x) + 18 
= *«-8ic'+163*+lfli:<-66K«-32»» 
+ M»' + 64a!+ia, ^n* 
Expwid the following: 

34. (l-as + iB^*. 37. i^~2x-Z)\ 

35. (a^ + a! + 2)*. 38. (l+^_a?)». 

36. (l + 3a;-ai»)*. 39. (!B*-a! + 2)*. 
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361. To find Ae rtk or general term in the eeponxton of 
(o + ic)-. 

The following laws will be found to hold for any term 
in the expamion of (a + »)", in equation (1), S 3d8 : 

1. The exponent of x is less by 1 than the number of 
the term. 

2. The exponent of a is n minus the exponent of x. 

3. The last factor of the numerator is greater by 1 than 
the exponent of a. 

4. The last factor of tlie denominator is the same as the 
exponent of x. 

Hence, in the rth term, the exponent of a; is r — 1. 
The exponent of o is n — (r — 1), or n — r + 1. 
The last factor of the numerator is n — r + 2. 
The last factor of the denominator is r — 1. 
Therefore, the rth term of the expansion of (a + a;)" is 
«(«-l)(«-2)-(»-r + 2) 1^.. 
1-2.3... (r-1) 

EXAMPLES. 

362. In finding any term of an expansion, it is convenient 
to obtain the coefBcient and the exponents of the terms by 
aid of the laws of § 361. 

1. Find the 8th term of (So* - 6')". 

We Imve, (3al- 6-i)" = [C3fl*)+(- &">)]". 

In this case, n = 11 and r = 8. 

The exponent of (- 6-i) is 8 - 1, or 7. 

The exponent of (8 a*) is 11 - 7, or 4. 

The flTHt factor of the numerator is 11, and the last futor 4 -|. 1, 



A factor of the denominator is 7. 

the Bth term = H ■ 10- » -6 • 7 ■«■ 6, 
1.2-S.4.6.e.7 

= 330 - (81 <!»)(- 6-0= -26780 0*6 



(3 «!)<(- 6-")' 

Ant. 
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Hot«. U the second term of the binomial is negatlTe, it should be 
enclosed, sign and all, in a pareDthesis before applying the laws. 

It either term of the binomial has a coefficient or exponent other 
than unity, it should be enclosed in a parenthesis before applying the 

Find the 

2. 4th term of (« + «)• g 4th term of f^ - J^"- 

3. 9th term of (m + 1)". \J' '^Z 

4. 5th term of (a - k)'. ^ jq^^ ^erm of (op + a-)". 

5. 10th term of (1 - x)". 

6. 9th term of (m* - n')". 10. 8th term of (ar* — 2 y*)"*. 

7. 7th term of fa-" + ^y'. „ , 

V ^ 2J 11. 6th term of (a"* + 3aF)"'. 

12. 7th term of fa* ^Y- 

13. 8th tenn of {a"i + 2\^)". 
11 Sthtermof fm* + -j^y. 

16. 6th term of f^-!-:^ . 



16. Fuid the middle term 



-e-D" 
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XXXII. UNDETERMINED OOEFFIOIENTS. 

CONTERGENCT AND DIVEROENCT OF SERIES. 

363. A Series is a succession of terms so related that 
each may be derived from one or more of the preceding in 
accordance with some fixed lav. 

A Finite Series is one having a finite number of terms. 

An Infinite Series is one the number of whose terms is 
unlimited. 

The progreasions, in general, are examples of finite series ; 
but in § S47 we considered infinite geometrical series. 

364. Infinite series may be developed by Division. 
Let it be required, for example, to divide 1 by 1 — it; 

1 -35)1(1 + a; + a!»+ — 
1-x 



SB" 

Therefore, --=^ = 1 + a: + a? + — . 
1 —X 

Infinite aeries may also be developed by Evolution (see 

Exs. 25 to 30, § 195), and by other methods, one of the most 

important of which will be considered in § 369. 

365. A series is said to be convergent either when the 
sum of the first n terms approaches a certain fixed quantity 
as a limit (§ 292) ; when n is indefinitely increased ; or when 
the sum of all the terms is equal to a fixed finite quantity. 

A series is said to be divergent when the sum of the first 
w terms can be made to numerically exceed any assigned 
quantity, however great, by taking n sufficiently great. 
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36& Consider, for example, the infinite seriea 

l + a; + a!' + a!»+.... 
I. Suppose x = Zu where a^ is numerically < 1. 
The sum of the first n terms is now 

1 + SB, + a;,' + ... + as,-! = iziB! (g 86). 

1 — tBi 

If n is indefinitely increased, x," decreases indefinitely in 
absolute value, and approaches the limit 0. 
Then the fraction ■ ~ - ^ approaches the limit • 

That is, the sum of the first n terms approaches a certain 
fixed quantity as a limit, when n is indefinitely increased. 
Hence, ^e series is oanvvrgent when x is numerically -< 1. 

n. Suppose !C = 1. 

In this case, each term of the series is equal to 1, and the 
sum of the first n terms is equal to n; and this sum can be 
made to exceed any assigned quantity, however great, by 
taking n suf&ciently great. 

Hence, the series is divergent when a; = 1. 

m. Suppose a; = — 1. 

In this case, the series takes the form 1 — 1 + 1 — 1 +■■*, 
and the sum of the ftrst n terms is either 1 or acj»)rding 
as m is odd or even. 

Hence, the series is neither convergeTit nor divergerU when 
* = -l. 

TV. Suppose x = Xi, where at, is numerically > 1. 

The sum of the first n terms is now 

l + aa + a!,'+ - +V-' = ^^ (S 86). 
ah — 1 

^ taking n sufficiently great, ^ ~ can be made to 
a;,-! 
numerically exceed any assigned quantity, however great. 
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Hence, the series is divergent whoa x is numerically >1, 

367. Consider the infinite series 

l + x + i^ + af+..., 

developed by the fraction —i— (S 364). 

Let a;= .1, in which case the series is convergent (9 366). 

The series now takes the form 1 + .1 + .01 +.001 + — , 
while the value of the fraction is — , or — ■ 

In this ease, however great the number of terms taken, 
their sum will never exactly equal — ; but it approaches 
this value aa a limit. (See § 347.) 

Thus, if an infinite series is convergent, the greater the 
number of terms taken, the more nearly does their sum 
approach to the value of the expression from which the 
series waa developed. 

Again, let x = 10, in which case the aeries is divet^nt. 

The series now takes the form 1 + 10 + 100 + 1000 + —, 
while the valne of the fraction is - — — , or — - 

In this case it is evident that, the greater the number of 
terms taken, the more does their sum diverge 'from the 
value — -- 

ThuBf if an infinite series is divergent, the greater the 
number of terms taken, the more does their sum diverge 
from the value of the expression from which the series was 
developed. 

It follows from the above that an infinite series cannot be 
u^d for the purposes of demonstration, unless it is convergent. 

368> 7he infinite series 

a + bx + ct? + da?-^ 

is convergent when a; = ; for the sum of all the terms is 
equal to a when x=0. 
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THE THEORBH OF UNDErTEKHINED COEFFICIENTS. 
369. An important method for expanding expressions 
into series is based on the following theorem ; 

The Theorem of Undetermined CoeffloieEtt. 

If the series A + Bx-\- Gr* + D^ H — is aiunya eguai to 
the series A' + B'x + Cx' + D'lf + —, when x kaa any value 
which makes both series convergent, the coeffidenta of like 
powers of X in the series will be equal; that is, A = A', 
B=B', C=C',etc 

For since the equation 

A + Bx + Caf + Di^ + — = A' + B'x + Oa? + D's? + — 
is satisfied vhen x has any value which makes both mem- 
bers convergent, and since both members are convergent 
when x = {% 368), it follows that the equation is satisfied 
when x = 0. 

Putting x = 0, we have A = A'. 

Subtracting A from the first member of the equation, and 
its equal A' from the second member, we obtain 

Bx + (h^ + Dx^ + ••■ = B'x + C'a? + D'y? + — . 

Dividing each term by x, 

B + Ge + -DiE* + — = B' + C'x + D'l? + •■■- 

This equation also is satisfied when x has any value 
which makes both members convergent; and putting x= 0, 
we have B = B'. 

In like manner, we may prove C=0', D=D', etc. 

370; A. finite series being always convergent, it follows 
from the preceding article that if two finite series 

A+Bx+Ci^+ ■■■ +AV and A'+B'x+Cx'+ ■•■ +K'3r 
are equal for every value of x, the coefBcients of like powers 
of a: in the two aeries are equal. 

Google 
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GXFAHBION OF FRACTIONS INTO SERIES. 

37X1. Exp»df_2^^3^. 

AflBome f~2^~sti =-^ + Bx+ Ch^-i- Ds^-i- Stfl + ■■.; (1) 
where A, B, 0, D, E, etc., are quantities independent of x. 

Clearing of fractions, and collecUng the teinu in tlie second mem- 
ber LnvoWing like pomecs of x, we bave 

a-3!e'-r'^^+ B\x-\- C|3?+ D|ie"+ i|a^ + -... (2) 
~2A\ -2B -20 -2d\ 
I +^a\ +3b| +3(7| 
The aeoond member of (1) must express tbe value of the fraction 
lor every value of z which malies the eeriea convergent (§ 367). 

Hence, equation (2) Is satisfied when x has any value which makes 
both members convergent ; and bf the Theorem of Undetermined 
Coefficients, tlie coefBcients of like powers of x in the seiiea are equaL 
Then, A = 2. 

B — 2A = 0; whence, B = 2 J =4. 

C-2B + 3^ = -3i whence, t7 = 2fl-3J-3=-l. 
Z)-2C + 3B = -1; whence, D = 2C-3B-1=-16. 
E-2D + Z C = 0; whence, .ff = 2D-SC =-27; etc. 
SubsUtnting these values in (1), we have 

J-^ . ^ . -^ =.2 + 43:-a''-16ic*-27a!* + —, An*. 
l-2* + 3ii;« 

The result may be verified by division. 

Note 1. A vertical line, called a bar, is oft«n used in place of a 
parenthetis. 

Thus, + B I X is equivalent to (B - 2 A)x. 

^2a\ 
ITote 2. The result expresses the value of tbe given fraction only 
for such values of x as make the aeries convergent (g 367). 

If the numerator and denominator contain only even, 
powers of x, the operation may be abridged by assuming a 
series containing only the even powers of sc 
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Thus, if tlie buctioii were — i — ^ we should as- 

1 — Sar + OiT 

Bumeitequal to^ + Ja?4- Ga^ + DaF + Ea? + — . 

In like manner, if the ntiineTator containa only odd 
powers of x, and the denominator only even powers, we 
should assume & series containing only the odd powers of x. 

If every term of the numerator contains x, we may aa- 
Hume a series commencing with the lowest power of x in 
the numerator. 

If every term of the denominator contains x, we determine 
by actual division what power of x will occnr in the first 
term of the expansion, and then assume the fraction equal 
to a series commencing with this power of x, the exponents 
of !B in the succeeding terms increasing by unity as before. 

2. Expand ^-^ — — in ascending powers of x. 

Dividing 1 by 3 x^, the quotient is ^ ; we then assume 

g^^_^ ~ Ax-' + Bx-t + O -HJx + Enfl + .-. (1) 

Clearing of fractions, we have 

- a\ - b\ - 0\ - d\ 
EquaUag Uie ooeffioients of like powers of x, 
SA = 1. 
SB-A=0. 
8C-B = 0. 
3D- <7 = 0. 
SE-D = 0; etc. 

Whence, ^ = i B = l, 0=i, D = ^, B = -^ oto. 
8^ 9 27' 81' 2M' 

Substituting In (1), we have 
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EXAMPLES. 
Expand each of the followii^ to five terms in ascending 
powers of xi 

2x + 33?_-!^ ,- l-73^-4g' 



'■^- 


8. 


^ 3-2x 
l-ix 


>. 


'■ 1-3^ 


10. 


2 + 3«? 


11. 


, l-.-3^. 


19 



14. 



Z + 5x~2o^ 



l-2ig |. a!'-4=c' + 2a;' 

2_3a! + 4a^' ' 2-3!i?-a^' 

l-4a!' + 6iE' ,g 2-3a!' 

l+2a;-a;' ' ' 3-2x-\-^ 

2 + x-Z^ ,. 3-4!e» 



EXPANSION or RADICALS INTO SERIES. 

372. 1. Expand Vl —x in ascending powers of x. 
Amume VH^ = .i + fie + Cte' + Z)a:* + JEi* +-... 
Squaring both membeia, ne have by the rule of % IBT, 

+ a.dS| +2JC| +2JD +2Ji: 
+ 2£(7| -<-2-Bi)l 
Equating the ooefflctentB of like powers of x, 
A*=l; whence, ^ = 1. 
2 AS = — 1 ; whence, j 



Bi + 2.1C = 0! whence, (7s=-^ 
BC 



2A 2 



2AD + 2BO=0; whence, iJ = 



^ 18 

C + 2BD_ 



C* + 2 AE + 2 BD = ; whence, E ■■ 
Sahatitutlng these values in (1), we have 

■ ,Ant. 



2 8 16 128 

The result may be verified by evolution. 
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EXAMPLES. 
Expand each of the following to fire terms in ascending 
powers of x: 
a. Vl+lx. 4. ^l + 2x-a?. 6. </l + 3x. 
3. Vl-Sx. B. ^/l-x-a?. 7. ^l-as + a;*. 

PABTIAL FRACTIONS. 

373. If the denominator of a fraction can be resolved 
into factors, each of the first degree in x, and the numerator 
is of a lower degree than the deoominator, the Theorem of 
Undetermined Coefficients enables us to express the given 
fraction as the sum of two or more panicU fractions, whose 
denominators are factors of the given denominator, and 
whose numerators are independent of x. 

374. Case I. When no two factors of the denomiruitar 
are equal 



where A and B are qoEmtities independent of x. 

Cleani^ of fractions, 19x4 1 = A(6x + 2')+ B(^3x-l). 

Or, Wx+l=i&A+SB)x + 2A-B. (2) 

The 'second member of (1) mnat express the value of the given frao- 
tlon for every value of x. 

Hence, equation (2) is satisfied by every value of x ; and by § 370, 
the coefflcientB of like poneia of x in the two members are eqnaL 

Thatia, bA + 3B= 19, 

and 2^- £ = 1. 

Solving these equations, we obtain A = 2 and B = S. 

Substituting in f 1), W x + l _ _J — __3 — ^ 

^ ^' (3*-l)(5a; + 2) 3*-! 5i + 2 
The reaalt may be verified b; adding the partial fractions. 
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2. Separate ^ ; into partial fractions. 

2x — ir — a? 

The factors ot 2x-3? ^x? axe x, l-as, and 2 + a; (J 284). 

Assume then — ^+.1— = :^ + ^?_ + _£_. 
2x--^-xf X 1-x 2 + x 

Clearing of fractions, we have 

x + i = A(l-x)(2 + x)+ Bx(2 + x)+ Cx(l - «)■ 

This equation Is satisfied b; every value of x ; it Is therefore satia- 
fied when x = 0. 

Putting x = f), we have 4 = % A, or A = 2. 
Again, the equation is satisfied when x=l. 
Putting x=l, wehaTe 6 = SB, or B = ^. 
The equation is also satisfied when x = — 2. 
Fatting » = - 3, we have 2 = -6C, or C = -\- 



Note. To find the value of A, in Ez. 2, we give to x eueh a value 
aa viill make the co^Skients of B and C equal to zero ; and we proceed 
in a similar manner to find the values of S and C. 

This method of finding A, B, and C is usually shorter than that 
used in Ex. 1. 

EXAMPLES. 

Separate each of the foUowiog into partial fractions : 



x-2 ft 38x + 5 R 46-53? 



a:' + lQa;-7 .- - 13 a;* + 27 a; + 18 

(2a:-l)(12a!"-a!-6)' ' (a?-2x)(a?-9) ' 
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375. Cas« IL When afl the factort of the denomfmotor 
are eqiiai. 

Let it be required to separate — ^ -^ — into partial - 

fractions. (."'■") 

Substitutii^ y + 3 for x, the fraction becomes 
(y + 3)'-ll(y + 3) + 26 _ y*-5y + 2 _l 6 ^ 2 

Replacing y\>j x — d, tbe result takes the form 

1- 5 2 

at-3 (x-Sy (ps-S/ 

This shows that the given fraction can be expressed as 
the sum of three partial fractions, whose numerators are 
independent of x, and whose denominators are the powers 
of X — 3 beginning with the first and ending with the third. 

Similar considerations hold with respect to any example 
under Case II. ; the number of partial fractions in any case 
being the same as the number of equal factors in the 
denominator of the given fraction. 



376. I. Separate — ? — — - into partial fractions. 

*^ (Sx+5)' ^ 

In accordance wiOi the principle stated hi § 375, we assume the 
given fracUon equal to the sum of two partial fractions, whose denomi- 
natorH are the powers of 3x + 6 beginning with the fltst and ending 
with the second. 

ThTis, 6» + 6 ^^A^^ S 

(3a! + 6)» 3i + 6 (3a! + 5)» 
Clearing of fractions, 6x+ & = a(3x + 5) + £. 
Or, ex + 5 = aAz+bA + B. 

Equating the ooefOdenta of lilce powers of x, 
SJ =e. 
6.^ + ^ = 6. 
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Bolvlog tfaeae equatlomi, we have ^ = 2 and 5 = - 5. 

Whence, 6» + 6 _2 6 — ^ 

^ , (3(1: + 6)> 3i! + 6 (3 k + 5)"' 

Separate each of the followii^ into partial fractions: 

2 14g-30 ^ Qic'-lSa;-! g lQa:* + 3a!-l 

■ 4a:*-12a;4-9' (Sx-lf " (5a! + 2)' 

■ (» + 5)' ■ ■ (2^.-3)'' ■ (x-iy 

g iE» + 4a!' + 73! + 2 a 18 j^-21a^ + 4ic 

Ca! + 2)* • (3:«-2)« 



377. .Case III. F"Aen some of the factors of the denomi- 
nator are eqtuU. 

1. Separate — ~ — '"''". into partial fractions. 

The method In Case III. la a combination of those of Cases I. and II. 

Cleaitogoffractiona, !I?-4k + 3 = J(a: + I)» + £i(3; + l)+ Cx 





=(A+B)^- 


'^(iA + B+C)x+A. 








A + B = l. 






SA + B+a = -i. 






A = S. 




Solving these equati 


ons, we have A = S, B = 


-2, and a = -B. 


Whence, 


x'-ix + Z 3 2 


-f.'.)-'^-- 



fTota. It is impracticable to give an illustrative example for every 
possible case ; but no dlfScnlt; will be found in assuming the proper 
partial fractions if attention is given to the following general rule. 
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The fntction = atumld be put eqmil to 

i + a^ic+6^ ^a + m^C^ + m)"^ ^(i. + m)'^ 
Single fftclon like se + a and x + h liaTing single pailjal fractions 
correspoDding, arranged as in Case I. ; and repeated factoi« like 
(x + my having r partial fractions corresponding, arranged as in 
CaseU. 

EXAMPLES. 
Separate each of tlie following into partial fractioDs : 
2-Zx-!^-2d' 

3g+-13 



a. 


18-5ar-3ic' 




x(^-af 




3. 


8«f + 8«'-18i- 


8 


«' + 4i,? 




II 


12«"-ll«-38 





(3a;-l)(2ai + 3)' ' {2x^S){%^ -lUx-Z) 

378. If the degree of the numerator ia equal to, or greater 
than, that of the denominator, the preceding methods are 
inapplicable. 

In such a case, we divide the numerator by the denomi- 
nator until a remainder is obtained which is of a lower 
degree than the denominator. 

= ~ ~ - into an integral expression and 
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Separate each of the following into an integral expression 
and two or moTe partial fractions : 



^ g' + 2a!'-3ic* + a! + 3 



af-2a? + ix- 



(a!-2)» ■ !r'((r-l)' 

g afi + Sixf + Saf-lOii^-x + e 

m' + Si? 

379. If the denominator of a fraction can be resolved 
into factors partly of the firat and partly of the second 
degree, or all of the second degree, in x, and the numerator 
ia of a lower degree than the denominator, the Theorem of 
Undetermined Coefficients enables us to express the given 
fraction as the aum of two or more partial fractions, whose 
denominators are factors of the given denominator, and 
whose numerators are independent of x in the case of 
fractions corresponding to factors of the first degree, and 
of the form Ax + -B in the case of fractions corresponding 
to factors of the second degree. 

1. Separate -^ — - into partial fractions. 

The faotorB of tlie denominator are x + I and !^ — Z + l. 



ABsnine then 



1 _ ^ I Bx+- 



h 1 3^- 

aeoring of fractiouB, l = A(x^-x+ l) + (,Bx+ (7)(a!+ 1). 
Or, l=iA + B)3? + (-A + B'^ Cr}x + A+C. 

Equating tiie ooefBcientB of like poweis of x, 
A + B=<i. 
-A + B+C = 0. 
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Solving tbeM aqtutlona, we luiTe 



*• + 1 8{j! + 1) 8{j^ - ai + 1)' 

EXAMPLES. 
Separate each of the following into partial fractions : 

■ jB' + aJ + l 



2a:'4-lliE-7 



KBVEBSIOH OF SERIES. 

380. To revert a given series y =sa+b3r + ca!"H is to 

express X in the form of a series proceeding in ascending 
powers of y. 

\. Revertthe Berieays=2a! + a^ — 2a?— 3a!*H — . 
Assume z = Aii + Ssfi + Ci^+ Dy* ■\ (i) 

Sobstituting in thia die given value of j/, and performing the opera- 
tions indicated, we bave 

* = A(2a! + I* - 2*» - 3 «• + ...) 

+ B(4!t« + K* + 4»^ - 8i* + ...) 

+ CCB!c" + 12x* + -0+ i)(16«»+ ■■•)+ -. 



TbatiB, x = 2Ax 

+ 4B +4B - IB 
+ 80 + 12 C 
+ 16Z) 
Equating the coefflcients of like powers of x, 
2A = l. 
A + iB = 0. 
-2A + iS + 8C = 0. 
~8A~TB + \2O-i-iaD = 0; Ma. 



«* + ■- 
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Bolting theae equations, 



If the even powers of x are wanting in the given serieB, 
the operation may be abridged by assuming x equal to a 
BerisB containing only the oM powers of y. 

EXAMPLES. 
Bevert eadi of the following to four tenns : 

8. y = x~a?-^^ — 3f-\ 

2 3 4^ 

4. y = a! + 2a^ + 3a^ + 4a!*H . 

5. y = ii!-3a!' + 5a^-7!i!* + .... 

*■ » = ''-i2 + i3-i4 + -- 
'• » = l + I+f + f+-- 



9. y = 
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XZXUI. THE BINOMIAL THEOBBM. 

FRACTIONAL AND NEQATIVE EXPONENTS. 

38L It was proved in g 35d that, if n is a positive integer, 

(l+a.)"=l+«^ + !K!^a^ + M"-l)("-2) ^+....(l) 
If l£ 

382. Proof of the ThMrem for a Fractional or H«gativ« 
Exponent 

I. When the exptment is a positive fiaction. 

Let tlie exponent be -, where p and g are positive integers. 

By S 211, (1 + X)' = </(l+^ = ■^l+px + :; by (1). 

It is evident that a process may be foun d, analogous to 
those of §§ 194 and 200, for expanding ■i/l+px+ ■■■ in 
ascending powers of x; and the first term of the result will 
evidently be 1. ^^_^_^ 

Assume then, </l+px + -- =1 + Mx + N3?+ —. (2) 

Raising both members to the gth power, we have 

1 +jtt + ■" = [1 + (Mx + N3?+ ■")]• 

= 1 +q(Mx + Na?+ ...)+..., by (1). 

This equation is satisfied by every value of x which makes 
both members convergent ; and by the Theorem of Unde- 
termined CoefBcients (§ 369), the coefficients of z in the two 
series are equal. 

That is, p = qM, or M=s-- 

Substituting this value in (2), we have 

(l + a:)S=l+£«+.... . (3) 
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n. When the exponetU is a negative integer or a negative 
fincHon. 

Let the exponent be — «, where s is a positive integer or 
a positive fraction. 

By5214, ^l + .r = ^. = ^J^,^mor<.^). 

It is evident that can be expanded by division' 

in a series proceeding in ascending powers of x ; thus, 

1 + 83!+". 



That is, (l + xy = l-sx+ —. (4) 

From (3) and (4), we observe that, when n is fractional 
or negative, the form of the expansion is 

(l + a!)" = l + na! + Ja!^ + Br'+-. (6) 

Writing - in place of x, we obtain 



(-9- 



Multiplying both membeis by a", 

(a + x)" = a" + JMf-'a; + AaT'^i^ + Ba—^3? + —. (6) 
This result is in accordance with the aecond, third, and 
fourth laws of § 367 ; hence, these three laws hold for frac- 
tional or negative values of the exponent. 

We will now prove that the Jlflh law of § 357 holds for 
fractional or negative values of the exponent. 

Let P denote the coefficient of af, and Q the coef&cient of 
a?^', in the second member of (5). 
Then (6) and (6) may be written 

{l+x)'=l+nx + -+F3r+^e^^ + -, (7) 
and (a + x)' = (C + na'-^x + •■• 

+ Pa'-^ar + Qa"-'-'af*-' H (8) 



t, Cookie 
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In (8) pat o = 1 + y and a; =s a ; then, 

(l + y + «)-=(l+y)-+-+P(l + y)-y+-. (9) 

Again, in (7) put a; = z + Jf ; then, 

Expanding the powers of z + y by aid of (8), ve have 
(H-a + y)- = l + -.. +P[s' + raf-'y + ..-] 

+ g[sf^' + (r+l)ry + ...] + -. (10) 

Since the first members of (9) and (10) are identical, their 
second members must be equal for every value of z which 
makes both series convergent; and by the theorem of Unde- 
termined Coefficients, the coffdcients of z' in the two series 
are equal. 

Or, ^(1 + y)— = P+Q(r + l)ff-|- terms in s(»,y», etc 

Expanding the first member by aid of (J), this becomes 
P[H.(„_r)y+...] = P+(3(r + l)y+.... 

This equation is satisfied by every value of y which makes 
both members convergent, and hence the coefBcients c£ gin 
the two series ate equal. 

That is, P(n - r) = Qir + l), 01 Q = ^^^- 

But in the second member of (8), n — r is the exponent 
of a in the term whose coefficient is P, and r+1 ia the 
exponent of x in that term increased by 1. 

Hence, the fifth law of § 357 has been proved to hold for 
fractional or negative values of the exponent. 

By aid of the fifth law, the coefficients of the successive 
terms after the second, in the second member of (8), may 
be readily found as in g 368; thus, 

(o + »)" = a" + na--^x + 2iLziD(i--V 

If 

+ "'^"~jy"~'^^ «-v+.... (11) 
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The second membet of (11) is an infinite series ; for if n 
is fractional or negative, no one of the quantities n — 1, 
B — 2, etc., can become equal to zero. 

The result expresses the vaJue of (a + x)' only fot such 
values of a and x as make the series convergent (g 367). 



383. In expanding expressions by the Binomial Theorem 
when the exponent is fractional or negative, the exponents 
and coefficients of the terms may be obtained by aid of the 
laws of 5 367, which have been proved to hold universally. 

If the second term of the binomial is negative, it should 
be enclosed, sign and all, in a.parenthesis before applying 
the lawB; if either term has a coef&cient or exponent other 
than unity, it should be enclosed in a parenthesis before 
applying the laws. 

1. Expand (a + xy to four terms. 

The exponent of a in the first term Is } ; in the seoond term, — | ; in 
the third term, — ) ; in the fourth term, ~ { ; etc. 

The exponent of x in the second term la 1 ; in the third term, 2 ; 
in the fourth term, 8 ; etc. 

The coefflclent of the first term is 1 ; of the second t«rni, } ; mulU- 
pl;iiig the coefBcient of the second term, ), by — }, the exponent of 
a in that term, and dividing the result by the exponent of x In the 
term Increased by 1, or 2, we have — ^ as the coefficient of the third 
term ; and so on. 

Then, (a + x)^ = ai + ia'^x-ia^3fl + ^a'^(^ , Aiu. 

S. Expand (1 — 2!!!"*)-' to five terms. 

(l-2a-*)-^=[l+C-2x-*)]-» 

=1-* - a ■ 1-* . (- 2«"i)+ 3 . 1-* . C- 2*~*)« 

_ 4 . 1-« . (- 2«"V + 6 . !-• . (- 2a!"V - — 
*l + *3;"* + 12*-> + S2x"' + 80«-« + -.., Ana. 
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3. Expand to five terms. 

=[(.-i)+(8i!)]-* 



= («-')"* - »(<■■')"'(=«')+ KO^CS'V 

- HCr')"''(8"')'+M(»-')'V(S ■=♦)'-■- 

=.»— W + !A'-vA+ vA»+ -. ^»» 

Expand each of the folloviog to five teims : 
4. ia + x)i. 10. (_xi-2y)i. m. -^ . 

5.(1 + .)-. ^^ . , „-K. (m*-2n-*/ 

e. (!-«)-». "■r-'TJ "le. ('.^iN-t. 

7. -i/^r^ 12. (a* - 2fl!-*)-i. 

9. -J: , 18. (-^--^y. 

(a-bf 14. (ar» + 2j/a)*. V-v^ / 

384. The formula foi the rth term of (a + x)' (g 361) 
holds for all values of n, since it was derired from an 
expansion which has been proved to hold nnlTetsalljr. 

EXAMPLES. 

1. Find the 7th term of (o - 3x"*)"*. 

We have, (a - Sx^)'^ = [« + (- Sa:"*)]"*. 

In thla cue, n = — | and r = 7. 

The exponent of (-3*"') Ib7~ I, or6. 

The exponent o£ a is — J - 6, or — i^. 

The fiist factor of the numerator la — i, and the laat fkotor 

The laat factor of tlie denominator la fl. 
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Heuoe, the 7th term 



= 1.2.3.4.6.6 "^(-8* V 

= ^ a-V(3>»-») = -ijt a-^xr». Aw. 

ITote. The note to % 3S2 applies with equal force to the exEunplea 
in the present article. 

Findthfi 
2. 5th term of (a + a;)*. 7. gtli term of - 



3. 7tli term of (a + 6)"1. V(l-x)» 

4. 12th term of (1 - a:)-'. 8. Tth term of (a* - a:*)* 

5. 6th term of (a!-'+2y*)-'. 

« n^v ,. c / o xl 9- 10th term of — -i 

6. 9tli term of (a + 2 ai)*. (a; + m)* 

10. 8th term of (m*- 2 «-*)"*. 

11. 9th teim of V(a - (b)». 

12. 6th term of (a* - 6-*)"* 

13. Sthtermof (ar» + 3y"^~*. 

It IWh term of (x V^ —\~*- 

IS. 11th term of (a* + 3 6"*)*. 

385. Extraction of Boots by the Binomial Theorem. 

1. Find V26 approximately to five places of decimals. 
We have, {/25 = 26^ = (27 - 2)i = (3» - 2)i. 

Expanding by the Binomial Theorem, we have 

[(3*) + (-2)]* = (3-)* + |(3=)-S(-2)-l(3»)-S(^2)» 



Or, 



+_i «__ 

B-8* SI.* 



EzpreaeiDg the value of each fraction approximately to Oie nearest 
flhb decimal place, we have 

v^ = 3 - .07407 - .W183 - .00008 =2.92102 — , Aiu. 

BlTLK. 

Separate the given mimher iTtto ttoo parts, the fir^ of which, 
is the nearest perfect power of the same degree as the required 
root. 

Ettspand the remit by the Binomial Theorem. 

Not«. If the second term ol tlie hinomlal is small compared with 
the first, the Usana of tbe expansion diminish rapidly ; but if the 
second term is large compared with the flist, it requires a great many 
UnuB to ensure any degree of accuracy. 

EXAMPLES. 
Find tlie approximate value of each of the foUowing 
to five places of decimals: 

8. V§g. 4. <^. 8. </Tt. 

a -v^ 6. -v^ 7. -v^. 
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386. Every positive number may be ezpreesed, exactly 
or approximately, as a power of 10. 



Thus, 



100 = 10=; 13 = 10">»--: etc. 



When thus expressed, the correspondii^ exponent is 
called its Logarithm to the Base 10. 

Thus, 2 is the logarithm of 100 to the base 10 ; a relation 
which is written logujlOO = 2, or simply loglOO = 2. 

387. Logarithms of numbers to the base 10 are called 
Common Logarithms, and, collectively, form the Common 
System. 

They are the only ones used for numerical computationB, 

Any positive number, except unity, may be taken as the 
base of a system of Ic^arithms; thus, if a' = m, where 
a and m are positive numliers, then x^log.m. 

Note. A negative number ia not considered as having a logarithm. 

38a By §§ 213 and 214, 

10f> = l, io-» 



10" = 10, 
10»=100, 



10-' = 
10-» = 



: .001, etc. 



Whence by the definition of § 386, 

loglsO, log .1=-1 = 9-10, 

log 10 = 1, 1<^ .01 = - 2 = 8 - 10, 

log 100 = 2, Ic^ .001 = - 3 = 7 - 10, etc. 

Note. The second form for log.l, log .01, ete., is preferable in 
pnctdce. If no base is expressed, the base 10 ia understood. 
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389. It is erident from g 3S8 that the logarithm of a 
number greater than 1 is positive, and the logarithm of a 
nximber between and 1 negative. 

390. If a nimiber is not an exact power of 10, its com- 
mon logarithm can only be expressed approximately ; the 
integral part of the logarithm is called the characteriatiCf 
and the decimal part the mantissa. 

For example, log 13 = 1.1139. 

In this case, the characteristic is 1, and the mantissa 
.1139. 

For reasons which will appear hereafter, only the man- 
tissa of the logarithm is given in a table of logarithms of 
nimibcrs ; the characteristic must be found by aid of the 
rules of §§ 391 and 392. 

391. It is evident from § 388 that the logarithm of a 

number between 

1 and 10 is equal to + a decimal ; 
10 and 100 is equal to 1 + a decimal ; 
100 and 1000 ia equal to 2 + a decimal ; etc. 
Therefore, the characteristic of the logarithm of a num- 
ber with one figure to the left of the decimal point is 0; 
with two figures to the left of the decimal point is 1 ; with 
three figures to the left of the decimal point is 2; etc. 

Hence, the characteristic of the logarithm of a number 
greater than 1 is 1 less than the number of places to the lejf 
of the decimal point. 
For example, the characteristic of log 906328.51 is 5. 

392. In like manner, the logarithm of a number between 

1 and .1 is equal to 9 + a decimal — 10 ; 

.1 and .01 is equal to 8 + a decimal — 10 ; 
.01 and .001 is equal to 7 + a decimal — 10 ; ebe. 
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Therefore, the characteristic of the logarithm of a deci- 
mal with no ciphers between its decimal point and first 
significant figure is 9, with —10 after the mantissa; of a 
decimal with one cipher between its point and first signifi- 
cant figure is 8, with — 10 after the mantissa; of a decimal 
with two ciphers between its point and fiist significant fig- 
ure is 7, with —10 after the mantissa; etc. 

Hence, to find the characteristic of the logarithm of a num- 
ber tes8 than 1, m^tract the number of ciphers between the 
decimal point and first significant figure from 9, writing — 10 
after the mantissa. 

For example, the oharacteristic of log .007023 is 7, with 
— 10 written after the mantissa. 



Thus, instead ol 7.6030 - 10, the etudent will frequently And 
3.6036, a minus sign being written over the characteristic to denote 
tbat it alone is negative, the miuitissa being always positive. 

PEOPBETIBS OF LOQAEITHMS. 

393. In any system, the logarithm of 1 is 0. 

For by S 213, a^ = 1 ; whence by § 387, log. 1 = 0. 

394. In any system, the logarithm of the base is 1. 
For, a' = o ; whence, log. a = 1. 

395. In any system whose base is greater than 1, the loga- 
rithm ofO M — 00. 

For if o is greater than 1, o— =-4 = - =0 (§ 295). 

Whence by § 387, log. = -oo. 

Nots. No literal meaning can he attached to such a result as 
loga = — CO ; it must be interpreted as follows ; 

If, in any sj'stem whose base is greater than unity, a number ap- 
proaches the limit 0, its logarithm is negative, and increases witliont 
limit In absolute value, (Compare Note to § 296.) 
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396. In any ayatem, the logarithm of a product is eguai to 
tKe svm of the logarUhms of its facton. 

AsBiime the equations 

^ = *" 1 ; whence by 8 387, 1 "= = 1°^' "^ 

Mulfdplyiiig the assumed equations, 

rf" X a' = mn, or o*** = mn. 
Whence, Ic^, mn = a; + y = log, m + log. n. 
In like mannet, the theorem may be proved for the prod- 
uct of three or more factors. 

397. By aid of § 396, the logarithm of a composite num- 
ber may be found when the logarithms of its factors are 
known. 

1. Given log2 = .3010 and log3 = .4771i find log72. 
log 72 = log (2 X 2 X 2 X 3 X 3) 

= log2-Hog2 + log2 + log3+loB3 (§396) 

= 8xlog2-|-8xlog3 = .0O3O+ .9542 = 1.8672, Jm. 



Given log 2 = .3010, log 3 = .4771, log 6 = .6990, and 
log 7 = .8451, find: 



2. 


log 35. 


7. 


log 126. 


n. 


log 324. 


17. 


log 1126. 


3. 


log 60. 


8. 


log 196. 


13. 


log 378. 


18. 


log 2626. 


4. 


log 42. 


9. 


log 245. 


14. 


log 406. 


19. 


log 6048. 


5. 


logT6. 


10. 


log 210. 


19. 


log 876. 


20. 


log 12006. 


6. 


log 40. 


II. 


log 625. 


16. 


log 686. 


21. 


log 15876. 



39B. In any ^atem, the logarithm of a fraction is equai to 
the logarithm of the numerator minus the logarithm of the 
denominator. 
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Awom« t^ aqutkns 

Dmdjsg tile Mamned eqiwtinnit, 

Whence log, — = x — y = lo& m — lo& n. 

399l 1. Given log 2 = .3010; find 1(^6. 
log6 = l<«Y = >O8l0-l(«>CS.398)=l- J010=.mM, A**. 

EXAMPLES. 
GiTen log2 = ^10, logS = .4771, and log7 = .8451, find: 
2. logJ^ 5. log 45. 8. logH- 11. Iog28f 

8. logf 6. log^f 9. Iog6f 12. logi|*. 

4. logl4f 7. log 226. 1ft lc^l35. IS. It^UOJ. 

400. In any system, the logarithm of any power of a qvan- 
Hty is equal to the logarithm of the quantity multiplied by the 
eseponent of the power. 

Assume the equation <f = m; whence, x = log, m. 
Baisii^ both members of the assumed equation to the 
pth power, 

a'" = m'; whence, log. «i'=j)!B=j) log, »»■ 

401. In any system, the logarithm of any root ofaqucmtity 
is equal to the logarithm of tA« quantity divided by the index 
of the root. 

For, log, Vm = It^, (m\== - log, m (| 400). 

402. 1. Given log 2 = .3010; find log 2^ 

log2l = |xlog2(S*»)=|x.3010s:.Mn, An*. 
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Not*. To tntiltlpl; a logarithm b; a fraction, multiply flist b; the 
Domeralor, and divide the result hy the deoomiiiator. 

8. Given log 3 = .4771 ; find log -^/S. 

log ^ = '-^ = :ip=. 0696. J«: 

EXAMPLES. 
GiTen log 2 = .3010, log 3 = .4771, and log 7 = .8451, find : 

8. logy. 7. log35». 11. log 24*. 15. log</WB. 

4. log 5". 8. log 28*. 12. log-J/3. 16. log-v^. 

5. log 2*. 9. 1.^27*. 13. l<«-^5. 17. log-i/98. 

6. 1(^7*. 10. log 18* 14. logVf. 18. log-v^If®. 

19. Find log (2* X 3*). 

By § 306, log (2* X si) = log at + log 3* = i log 2 + J log 8 
= .1008 + .6964 = .6967, Am. 

Find tlw values of the following : 
20- log\|- 22. log (2^x10*). 24. log ^- 26. log-|=- 

>* 23. log7^. 25. logfj. 27. log^ 

7* 7* 

403. To prove tke relation 

, Jog, m 

Assume the equations 

ar = m) , f as = log, m, 

h whence, J « -^ 

ff'=m) (y = logt m. 

From the assumed equations, (jf = b*. 
Taking the yth root of both members, a^=b. 
Therefore, log, 6 = -, or y = 



"■-(D' 



1(^,6 
log.? 



ThatiB, I«8."-T5i:6 
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40^ To jprove the relation 

logt a X log, b = l. 
Putting m = am the result of § 403, we have 

Whence, lo^ a x log, & = 1. 

40& In the common system,, the mantisace of the logarithms 
of numbers having the same sequence of figures are eguoL 
Suppose, for example, that log 3.053 = .4847. 
Then, log 306.3 = 1<« (100 x 3.053)= log 100 + log 3.063 
= 2 + .4847 = 2.4847; 
log .03053 = log (.01 X 3.063) = 1<« .01 + log 3.053 
= 8-10 +.4R47 =8.4847-10; etc. 

It is evident from the above that, if a number be multi- 
plied or divided by any integral power of 10, producing 
another number with the same sequence of figures, the 
iBantisBBe of their logarithms will be equal. 

The reason will now be seen for the statement made in 
g 390, that only the mantissie are given in a table of loga- 
rithms of numbers. 

For, to find the logarithm of any number, we have only 
to take from the table the mantissa corresponding to its 
sequence of figures, and the characteristic may then be pre- 
fixed in accordance with the rules of §§ 391 and 392. 

Thus, if log 3.053 = .4847, then 

1(« 30.53 = 1.4847, log .3063 = 9.4847 - 10, 

log 305.3 = 2.4847, log .03053 =8.4847-10, 

log 3053. = 3.4847, log .003053 = 7.4847 - 10, etc. 

This property is only enjoyed by the common system of 
logarithms, and constitutes its superiority over others for 
the purposes of numerical computation. 
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40& 1. GHven lc« 2 = .3010, log 3 = .4771 ; find log .00432. 
We have, log 43S = log (2* x 8*) = 4 log 2 + 3 log S = 2.6868. 
Then by g 405, the mantitta of the result Is .6353. 
Whenoe by g 892, log .00432 = 7.6353 - 10, An*. 



Given log 2- 


.3010, log 3 -.4771, 


and log 7 = .8461, find; 


2. log 2.8. 


7. log .00376. 


12. log 2.692. 


S. log 11.2. 


8. log 6760. 


13. log 274.4. 


4. log .63. 


». log .0392. 


14. log(3.6)'. 


6. log .098. 


10. log .00034a 


16. log -{/SI 


g. log 32.4. 


11. log .876. 


16. log (12.6)'. 



USE OF THE TABLE. 

407. The table (pages 348 and 349) gives the maDtissfe 
of the logarithms of all integers from 100 to 1000, calculated 
to four places of decimals. 

408. To find tfte logarithm, of a nto»6er of three figurea. 
Look in the column headed " No." for the first two sig- 
nificant figures of the given number. 

Then the mantissa required will be found in the corre- 
sponding horizontal line, in the vertical column headed by 
the third figure of the number. 

Finally, prefix the characteristic in accordance with the 
rules of §§ 391 or 392. 

For example, log 168 = 2.2263; 

lt«.344 = 9.6366 -10; etc 

409. For a number consisting of one or two significant 

figures, the column headed may be used. 

Thus, let it be required to find log 83 and 1(^ 9. 
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By § 105, log 83 has the same mantissa aa log 830, and 
log 9 the same majitissa as log 900. 
Hence, log 83 = 1.9191, and log 9 = 0.9642. 

UO. To find the logarithm, of a number of more than three 
figures. 

Let it be required to find the logarithm of 327.6. 

From the table, log 327 = 2.6146, 
and log 328 =2.5159. 

That is, an increase of one unit in the number produces 
an increase of .0014 in the logarithm. 

Therefore, an increase of .6 of a unit in the number will 
produce an increase of .6 x .0014 in the logarithm, or .0008 
to the nearest fourth decimal place. 

Whence, 1(« 327.6 = 2.5145 + .0008 = 2.5153. 

Note. The dlSerance between any maotiaaa in the table and the 
mantlBsa of the next higher number of three figures is called the tab- 
ular Hfferenee. The Bubtraction may be performed menUdlyl 

The following rule is derived from the above : 

Find from the table the mantissa of the first three signifKant 
figures, and the tabular difference. 

MvUiply the latter by the remaining figures of the number, 
with a decimal point before them. 

Add the reetiU to the mantissa of the first three figures, and 
prefix the proper characteristic 

EXAMPLES. 
411. 1. Find log .021608. 

Tabular diflerence = 21 Mantissa of 215 = 8324 

.06 2 

Comcdon = 1.68 = 2, Dearl;. 8326 

Beault, 8.S3Sa - la 

8l^ 



Ho. 





1 


2 


3 


4 


5 


6 


7 


8 


8 


IT 


0000 


0043 


0086 


0128 


0170 


0212 


0253 


0294 


0334 


0374 




0414 


<H53 


0492 


0531 


0569 


0607 


0645 


0682 


0719 


0755 




0792 


0828 


0864 


0899 


0934 


0969 


1004 


1038 


■071 


1106 


13 


"39 


1 173 




1239 


1271 


1303 


>335 


1367 


'399 


1430 


14 


1461 


1492 


1523 


1553 


1584 


1 614 


,644 


1673 


'703 


'732 


15 


1 761 


1790 


1818 


1847 


1875 


1903 


»93» 


'959 


19S7 


20I4 


16 


2041 


2068 


2095 




2148 


2175 




2227 


2253 


2279 


17 


2304 


2330 


23SS 


23^ 


2405 


2430 


2455 


2480 


2504 


2529 


18 


2553 


'£1 


2601 


28p 


2648 


2672 


2695 


27:8 


2742 


276s 


19 


2788 


2833 


2878 


2900 


2923 


2945 


^967 


2989 


30 


3010 


3032 


3054 


307s 


3096 


3"8 


3139 


3'6o 


3181 


3201 




3222 


3243 


3263 


3^84 


3304 


3324 


3345 


^3^ 


3385 


3404 




34n 


3444 


3464 


3483 


3502 


35" 


3541 


3560 


3579 


3598 


»3 


3&'7 


3636 


3655 


3674 


3692 


!K 


3729 


3747 


37^ 


3784 


"4 


3S02 


3820 


3338 


3856 


3S74 


3909 


m7 


3945 


3962 


as 


3979 


3997 


4014 


4031 


4048 


4065 


4082 


4099 


4116 


42^ 


aS 


415° 


4.66 


4:83 


4200 


4216 


4232 


4249 


4265 


4281 


a? 


43'4 


4330 


4346 


43&2 


4378 


4393 


4409 


4425 


4440 


4456 


38 


4472 


4487 


:s 


45'8 


4533 


4548 


4564 


4579 


4594 


4609 


39 


4624 


4639 


4669 


46S3 


4698 


47'3 


4728 


4742 


4757 


30 


477' 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


4886 


4900 


31 


4914 


49z8 


4942 


4955 


4969 




4997 


sou 


5024 


S038 


3a 


S05' 
5'3s 


s 


5079 


5092 


5 "OS 


5"9 


5132 


5145 


5289 


5' 72 


33 


5211 


5224 


5237 


5250 


5=63 


5276 


S302 


34 


S3'5 


53»s 


5340 


5353 


5366 


5378 


5391 


5403 


5416 


5428 


35 


5441 


S453 


5465 


5478 


5490 


5502 


55 >4 


m 


5S39 


555' 


36 


5563 


IS 


5587 


5599 


561. 


5S23 


5635 


5658 




37 


5682 


Itt 


5717 
5832 


57=9 


5740 


l^ 


5763 


lis 


38 


5798 


5809 


5843 


§^ 


1S5 


h 


39 


5911 


5922 


5933 


5944 


5955 


5977 


5W9 


40 


6021 


6031 


6042 


6053 


6064 


6075 


6085 


6096 


6107 


6117 


41 


6128 


6138 


6149 


6160 


6170 


6180 


61 91 




6212 


6222 


4» 


6232 


6243 


6253 


6263 


6274 


62S4 


6294 


63^ 


6314 


6325 


43 


6335 


6345 


6355 


6365 


6375 


6385 


6395 


6405 


6415 


6425 


44 


6435 


6444 


6454 


6464 


6474 


6484 


6493 


6503 


65'3 


6522 


4S 


6S32 


6542 


6551 


6561 


6S7' 


65S0 


6590 


6599 


6609 


661S 


46 


6628 


6637 


6646 


6656 


6665 


6675 


6684 


6693 


6702 


6712 


47 


672. 


6730 


6739 


6749 


6758 


6767 


2121 


6785 


a 


6803 


48 6812 


6&Z1 


6830 


6839 


6848 


6S57 


6875 


6893 


49 


6902 


69.. 


6920 


6928 


6937 


6946 


6955 


694 


6972 


698. 


50 


6990 


6998 


7007 


70T6 


70Z4 


7033 


7042 


7050 


7059 


7067 


5' 


7076 


7084 


7093 7101 


7110 


7118 


7126 


7"35 


7 '43 


7'S2 


53 


7160 


7168 


7177 7185 


7 '93 


7202 


7210 


7218 


7226 


7235 


53 


7243 


7251 


7259 7267 


7=75 


7284 


7292 


7300 


7308 


73'6 


54 


7324 


7332 


7340 7348 


735^ 


7364 


7372 


7380 


7388 


7396 


Bo. 


~0~ 
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7 
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1 


2 


3 


4 


5 


6 I 7 


8 


9 


55 


7404 


7412 


7419 


7427 


7435 


7443 


7451 


7459 


7466 


7474 


S6 


7482 


7490 


7497 


7505 


75'3 


7520 


7528 


7536 


7543 


755' 


57 


^g 


7566 


7574 


7582 


7589 


7597 


7604 


7612 


76.9 


7627 


58 


7642 


7649 


7657 


7664 


7672 


7679 


7686 


7694 


7701 


59 


7709 


7716 


7723 


7731 


773S 


7745 


775= 


7760 


7767 


7774 


60 


7781 


7789 


7796 


7803 


7810 


7818 


;§ 


7832 


7839 


7846 


ei 


7853 


7860 


7868 


7875 


7882 


7889 


7903 


7910 


7917 


ea 


79Z4 


793' 


7938 


7945 


ur. 


7959 


e 


7973 


& 


7987 


63 


7993 


8000 


8007 


8014 


8028 


8041 


805s 


6* 


8062 


8069 


8075 


8082 


8089 


8096 


Sioi 


8109 


8116 


8iiS 


65 


81*9 


8:36 


8142 


8149 


8156 


8162 


8169 


8176 


8.82 


S189 


66 


8195 


8202 


8209 


8215 


8222 


S228 


8235 


8241 


8248 


8254 


67 


8j6i 


8267 


8274 


82S0 


8287 


8293 


8299 


8306 


8312 


8319 


6B 


s 


833« 


8338 


8344 


835' 


8357 


8363 


837" 


8376 


8382 


eg 


8395 


8401 


8407 


8414 


S420 


8426 


8432 


8439 


8445 


70 


845' 


8457 


8463 


8470 


8476 


S482 


8488 


8494 


8500 


8506 


7» 


8513 


8S'9 


8525 


853' 


8537 


8543 


8549 


8555 


8561 




7» 


'dll 


8579 


ISl 


859 r 


8597 


8(103 


8609 


861 s 


3621 




73 


8639 


8651 


8657 


8663 


8669 


8675 


8681 




74 


8692 


8698 


8704 


8710 


8716 


8722 


8727 


8733 


8739 


8745 


75 


8751 


slf 


8762 


8768 


8774 


X 


8785 


8791 


8797 


8802 


76 


SSoS 


8S20 




8S3I 




8848 


8854 


8859 


77 


8865 


asjt 


8876 


8882 


8887 


8893 


8899 


8904 


8910 


8915 


78 


8921 


^f 


^P 


8938 


8943 


8949 


8954 


8960 


8965 


897. 


79 


8976 


8982 


8987 


8993 


8998 


9004 


9009 


90'5 


9020 


9025 


80 


9031 


9036 


9042 


9047 


9053 


9058 


9063 


9069 


9074 


9079 


81 


9138 


9090 


9096 


9101 


9106 


9112 


.9117 


9122 


9:28 


^*M 


8a 


9'43 


9149 


9'54 


9' 59 


9165 


9170 


9175 


9180 


9186 


83 


9191 


9196 


9201 


9206 


9212 


9217 


9222 


-9227 


9284 


9238 


B4 


9*43 


9248 


9S53 


9258 


9263 


9269 


9274 


9279 


9289 


85 


9294 


9299 


9304 


9309 


93'5 


9320 


93^5 


9330 


9335 


9340 


86 


934S 


935° 


9355 


9360 


9365 


9370 


9375 


9380 


9385 


939° 


87 


9395 


9400 


9405 


94.0 


9415 


9430 


9425 


9430 


9435 


9440 


88 


9445 


9450 


9455 


9460 


9465 


9469 


9474 


9479 


9484 


9489 


89 


9494 


5499 


9504 


9509 


95'3 


95 '8 


9523 


9528 


9533 


9538 


90 


9542 


9547 


9552 


9557 


9562 


9566 


957' 


9576 


958. 


9586 


gi 




9595 


9600 


9605 


9609 


9614 


96:9 


9624 


9628 


9633 


ga 


a 


9647 


9652 


9657 




9666 


9671 


9675 


9680 


93 




9694 


9699 


9703 


9708 


97'3 


9717 


9722 


9727 


94 


973' 


9736 


9741 


9745 


9750 


9754 


9759 


9763 


9768 


9773 


95 


9777 
9823 


9783 


9786 
9832 


9791 


9795 


9800 


9805 


9809 


9814 


9818 


96 


9827 


9836 


984. 


9845 


9850 


9854 


9859 


9863 


97 


9868 


9872 


9877 


9881 


9886 


9890 


9894 


9899 


9903 


9908 


98 


9911 


9917 


9921 


9926 


9930 


9934 


9939 


9943 


9948 


9952 


99 

So. 


9956 


9961 


9965 


9969 


9974 


9978 


9983 


9987 


9991 


9996 
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850 ALGEBBA. 

Find the logarithma of tbe following: 

a. 63. 6. 1068. 10. 7.803. 14. 4072.6. 

3. 2.a 7. 82.96. 11. .0003787. 16. .0064686. 

1. 871. 8. .9616. 18. 263.07. 16. .013692. 

5. .689. 9. .007264. 13. .91873. 17. 40364. 

412. To flnd the nwmher corresponding to a logarithm. 

1. Bequired the number whose logarithm is 1.6671. 

Find in the table tbe mantiasa 6671. 

In the correaponding line, in the colinnn headed " No.," 
we find 46, the lirst two figures of the required number, and 
at the head of the column we find 4, the third figure. 

Since the characteristic is 1, there must be two places to 
the left of the decimal point (S 391). 

Hence, the number corresponding to 1.6671 ia 46.4. 

2 Eequired the number whose Ic^arithm ia 2.3934. 

We find in the table the mantissee 3927 and 3946, whose 
corresponding numbers are 247 and 248, respectively. 

That is, an increase of 18 in the mantissa produces an 
increase of one unit in the number corresponding. 

Therefore, an increase of 7 in the mantissa will produce 
an increase of -ji^ of a unit in the number, or .39, nearly. 

Hence, the number correspondii^ is 247 + .39, or 247.39. 

The following rule is derived from the above : 

FKnd from the table the next less Tnantisaa, the three Jigures 
corresponding, and the tabular difference. 

Subtract the nest less from the given mantiaaa, and divide 
the remainder by the tabular difference. 

Annex the quotient to the first three figures of the number, 
and point off the result. 

ITot«. The rules for pointing oS are the reverse of the niles ioi 
cbuacterletio given in §g 301 ajid 392. 



LOGARITHMS. S51 

I. ff — VlUnot wriMen a/I«r the mantitia, add 1 to the character- 
tiUo, giving the numficr of placet to the left of the decimal point. 

IL Jf — 10 ie icriBen nfter the mantifsa, subtract the potitive part 
of tht eharaeteiiaie from 9, giving the number of ciphers to be placed 
between the deeitaal point andjlret atgnificant flgare. 

EXAMPLES. 
413. 1. Find the number whose logarithm is 8.5264 — 10. 
6264 

Next less mEmtissa = 6263 ; three figures correapondlng, 386. 
Tabular diSerence, 13}1.000(.07T =.08, nearly. 



According to the rule of § 412, there will be one oipl 
decimal point and first significant figure. 

Hence, the number corresponding = .033608, An*. 



Find the numbera 
rithins: 


oorreaponding to the following loga- 


2. 0.3075. 


7. 9.9108-10. 


12. 7.6862-10. 


3. 8.7284-10. 


8. 7.6899-10 


13. 9.7043-10. 


4. 1.8079. 


9. 0.8744. 


11. 2.6624. 


0. 3.3565. 


10. 8.9646-10. 


15. 4.2306. 


e. 2.6639. 


11. 1.8077. 


16. 6.2998-10. 



APPUCATIONS. 

m The approximate value of an arithmotical quantity, 
in which the operations indicated involve only multiplicBr 
tion, division, involution, or evolution, may be conveniently 
found by logarithms. 

The utility of the process consists in the fact that addi- 
tion takes the place of multiplication, subtraction of division, 
multiplication of involution, and diviaion of evolution. 

ITote. In compntations with four-place logarithms, the results 
_ cannot usually be depended upon to mora than four signiflcajit flg- 

. , _ ,Cooyk" 



352 ALGEBRA. 

415. 1. Find the value of .0631 x 7.208 x .51272. 

By § see, 

log (.0631 X 7.208 X Jil272} = log.0e31 + l0gT.a0B + log.612T2. 

log .0631 = 8.BO0O - 10 

log 7.208= 0,8678 

log .61272 = 0.70M - 10 
Adding, log of result = 18.3677 - 20 = 0.8677 - 10. (See NoMi 1,) 
Number cartegpouding to 9.3677 - 10 = .2332, Aiu. 

IVota 1. If the stim is a negatlTS logarithm, it should be written 
in such a form that the segative portion of the characteristjc mi^ 
be -10. 

ThuH, 18.3677 - 20 is wi^tten in the form 0.3677 - 10. 



By SS98, 

log336.8 = 12.5273 - 10 (See Note 2.) 

log 7984 = 3.9022 
SabtractiQg, log of resnlt = 8.6261 — 10 
Numlier correBpoudlug = .04218, Ana. 

Nota 2. To subtract a greater logarithm from a less, or to sub- 
tract a negative logarithm from a positive, increase the characleristJc 
of the minuend by 10, writing — 10 after the mautiasa to compensate. 

Thus, to subtract 3.9022 from 2.6273, write the minuend in tbe form 
12.6273 - 10 ; subtracting 3.9022 from this, the resnlt is 8.6261 - 10. 

3. Find the value of (.07396)*. 
By S MO, tog (.07396)* = 6 x log.07Sg6. 

log .07396 = 8.8690 -10 
5 
44.3460 - 50 = 4..3460 - 10 (See Note 1.) 

Number ooiTesponding = . 000002213, Ant. 

L- ,C.ouclc 



LOGARITHMS. 
4. Find the value of -^.035063. 



9.5160 - 10 
Number <)orreBpondiiig = .3274, Aru. 

Note 3. To divide a negative logarithm, write it in such a form 
that the negative portion of the characteristic may be exactly divisible 
by the divisor, with — 10 as the quotient 

Thus, to divide 8.5449 - 10 by 3, we write tbe logarithm in the 
form 2B.6449 - 30. Dividing this by 3, the quotient is 9.6150 - 10. 

ARITHMETICAL COHPLEHEirr. 

416. The Aritkmeticai Complement of the logarithm of a 
number, or, briefly, the Cologarithm of the number, is the 
logarithm of the reciprocal of that numbei. 

Thus, colog 409 = log j^ = log 1 - log 409. 

1<^ 1 = 10 - 10 (Note 2, S 416.) 

log 409= 2.6117 
.-. colog 409= 7.3883-10. 



logl = 10 -10 

log .067= 8.8261-10 
.-. colog .067= 1.1739. 

It follows from the above that the cologarithm of a raimr 
ber Tnay he found by subtracting Us logarithm from 10 — 10. 

Not*. The cologarithm may be obtained by subtracting die last 
ttgnifieant bgure of the logarithm from 10 and each of the others from 
9, — 10 being written after the result in the case of a positive loga- 
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8.709 X .0946 

log -6188* _ i^„ I eiOiu ^ 
^ 8.706 X .0948 

= log .51384 + log + log - - 

^ ^ ^ 8.709 ^ .0846 

= log . eiS84 + colog 8.709 + colog .0946. 

Jog.61884 = 9.7109 -10 
colog8.709 = 9.0601 -10 
colog .0916 = 1.0241 

9.7961 - 10 = log .6289, ^n«. 

It is evident from the above example that the logarithm 
of a fraction is equal to the logarithm of the numerator plus 
the cologaritbm of the denominator. 

Or in general, to find the logarithm of a fraction whose 
terms ate composed of factors, 

Add together the logarithms of the factors of the numerator, 
and the cologa/rithms of, the fadors of the denominator. 

Note. The T&lne of tbe above fraction, may be found wltbont 
using oologarithnu, b; the following formula; 



.61384 



= log, 613B4 - log (8.709 X .0946) 



^ 8. 709 X. 0946 

= log .61384 - (logS.TOQ + log .0946). 

The advantage hi the use of cologaiithmH U that the written work 
of computation la exhibited in a more compact fotiu. 

EXAMPLES. 

Note. A negaUvt quantity has no common logarithm (J 867, 
Note). If such quantitiea occur in computation, they should be 
treatejl as If they were positive, and the sign of the result determined 
inaspective of the logarithmic work. 

Thus, in Ex. 3, 5 4J8, tbe value of 847.6 x (- 2.2807) is obtained 
by finding the value of 847.6 x 2.2807, and putting a negaUve sign 
before the leaolt. See also Ex. 34. 
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418. Find by logarithms the values of the following : 

1. 3.142x60.39. 4. (- 4.3918) x(- .070376). 

2. 641^1 X .01623. 5. .93663 X .0031786. 

3. 847.5 X (- 2.2807). 6. (^ .00017436) x 69.671. 

'"' 11. 



76.61 - .09216 42712 

1.0647 ,„ 2.708 ,„ -.00006802 



IS. 



34.946 .0086819 .0071264 

,3 3.8961 X .6946 ,, (-.870281x3.74 

■ 4694 X. 00467' ' (- .06689) x(- 42.318)' 

,. 718 x(- .02416) , J .09213 x(- 73.36) 

(- .6167) X 1420.6 .832 X 2808.7 

ir. (7.796)'. 22. (.7)t. 27. .^^9. 

18. (.8328)'. 23. (-964)*. 28. -WOO. 

19. (-26.14)". 24. (.00106)*. 29. -JOgSl. 

20. (.03612)'. 25. V6. SO. ^/Wm. 

21. 10*. 28. vf. 31. ^'.002613. 



32. ■{'-.00096173. 
2Vi 



33. Find the value of 



log ^ = log 2 + log \/6 + oologS* (J 417) 
-Ioga + ilog6 + |colog8. 

log 2= .3010 
log 6= .6900; divide b7 3= .2880 

cokg 3 = 9.6220 - 10 ; multiply by ^ = O.d024 - 10 



.1364 = 1081.380, .4m. 

. , .Coo^k" 



34. Find the valoi of .yE^5. 

log .03296 = 8.6180 - 10 
log 7.963 = 0.9010 

8 )37.6170-80 

8.2067-10 = log .1606. 

Besolt, -.1008. 
Find the Talues of the following ; 
as. 4»xr*. jj (.01)* „ f276.8 

■ .j^ ■ Vow' 

" 3- 89. -i« . «. -IL. 

» (_io,l V^i 

"■ Vj6- "■ (,-69S7J- (-.6)1 

•f ^. 1^. "*■ (^S-ieT)" X (- .062)". 

51. \'5106.6 X .00003109. 

52. (83.74 X M 
.0692\! 



V6 
45. ■v'S X -v'6 X ■CT. 



rrs X MX\ ' 

[ 1.30r j ■ 63. (4.8671)! X (.1TS43)*. 

X-V/6K47 



54. 



55. 



(.573)* 



V.004978 8693.8 x-v/BSO? 

- (.25691)*, (- .0001916)* xV68l 

(- .83467)* - .27666 

57. ViSTi x -i/ .05286 X ^^.0078359. 



38.014 



!'.04142x(-.947*) 

UL,tz..tvGooyk" 



LOGABITHMS. 867 

EXPONENTIAL EQUATIONS. 

41d. An Bxponeatial Eqaatioa is an equation of the form 
a' = b. 

To solve an equation of this form, take the logarithms of 
both members ; the result wilt be an equation which can ba 
solved by ordinary algebraic methods. 

1. Given 31' = 23 ; find the value of x. 
Taking the logarithms of both members, 

log(31-)=log23. 
Whence, zlogSl = log23 ($ 400). 

The«fo«, * = i2£|5 = LMII = .91308, J^. 

2. Given .2" = 3 ; find the value of z. 
Taking the loguitbnu of both membera, 

xlog.2 = log3. 

Whence, « = i2£i = _..*m_ = ^iZa. =_ .6826, ^ 
log .2 0.3010-10 -.6090 

EXAMPLES. 
Solve the following equations ,- 

3. 332- = 6.17. 5. .0158- = .008295. 7. a' = }^<f. 

4. .416- = 6.72. e. 5.336- = .744. 8. m*a' = n. 

9. 7*-* = .02041. 10. .8''-»' = .4096. 

11. Given a, r, and I; derive the formula for n (§ 346), 

12. Given a, r, and S ; derive the formula for Tt. 

13. Given a, I, and S; derive the formula for n. 

14. Given r, I, and S; derive the formula for n. 

420. 1. Find the logarithm of .3 to the base 7. 

9.4771 -10 _ -.5229 _ -,-_ .„ 
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EXAMPLES. 
Find the values of the following : 

2. log, 13. 4. 1<«^2.9. 6. logL«.838. 

3. \og,.9. a. log^.076. 7. logs 5.2. 

Examples like the above may be solved by inspection if 
the number can be expressed as an exact power of the baee. 

8. Find the logarithm of 128 to the baee 16. 
Let logu 12S = z i then by § 887, IS- = 128. 

That Is, (2*)' = 2^, or 2*- = SJ. 
Whence by inspecUoa, ix=7, (itx = -- 
Therefore, logn 128 = "L Am. 

9. Find the logarithm of SI to the base 3. 

10. Find the logarithm of 32 to the base 8. 

11. Find the logarithm of ^ to the base 27- 

12. Find the logarithm of ^ to the base ^. 
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APPENDIX. 

Nota. Sectioiu 1-13 may be studied wben the claw hBH Teacbea 
Article 188 iu this booli ; the study of sections 14-17 may precede tliat 
ot Article 268, and the later sections may be completed when tlie class 
has reached Article 281. 

]_ A Graph is the representation by means of a line or 
curve of some set of facta. It lias a wide application, and 
is used to show the fluctuations in the price of wheat, the 
variations in temperature for a day, the death rate at variooa 
ages, or the essential facts of an algebraical equation. 

2. An ftquation of 1^ flnt d^ree in two variabloB, 
3ai4-4y = 12. 
We say in algebra that such an equation is indeterminate, 
for we can get an indefinite number of values of x and y that 
will satisfy it. To get a solution we need only to assign 
arbitrarily to « a value and then solve for y. The following 
is a set of solutions: 



SsO 


9 = 3 


•=•1 


y = 2i 


• >3 


»-4 


• = 3 


» = } 


e=4 


S = 


«-6 


H—i 


The list could be extended 


indefinitely. 



• By Robert J. Aley, A.M., Ph.D., Professor of MathematlOB, 
Indiana University. Copyright, 1901, by D. C. Heatb & Co. 
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3. Axes. Two lines intetseoting at right angles, as in 
Fig. 1, are called the Aim of CobidinatM. OX, the hori- 
zontal one, is the JT-azis, or Axis 
of Abaciasafi; OT, the vertical 
ooe, is the K-azis, or Axis of 
I Ordinates. 0, the intersection 

*'+!' of the axes, is the origin. 

X 

e,-S 4. ftoadranta. The axes divide 

I* the plane into four parts, eaJled 

quadrants. These quadrants are 
numbered from I to IV, as in 
Fig. 1. 

5. Cofirdinatea. A point is located when its distance and 
direction from each of the axes is known. The distance 
from F is the avdistance, or absciasa. The distance from 
OX is the ^-distance, or ordinate. The two distances con- 
stitute the Codrdinstea of the point. A point is denoted by 
the symbol (x, y) where x is the abscissa and y the ordinate. 

6. CoaTention as to Sigat. In the representation of points 
distances to the right of the F-asis are positive, to the left 
negative. Distances above the X-axis are positive, those 
below negative. An a: in the first or fourth quadrant is +, 
in the second or third it is — . Ay in the first or second 
quadrant is +, in the third or fourth it is — . These are 
indicated in Fig. 1. 

7. PlotttnfT Points. To locate the y 
point Pi(S, 4), we measure 3 units to 
the right of OF and then measure 4 
units up from OX. (See Fig. 2.) The 
point /*,(- 2, 3) is 2 units to the left 
of OF and 3 units above OX. The p^(_8,_Ii) 
point -Pa(— 3, — 1) is 3 units to the 
left of OF and 1 unit below OX. 
The point (+ 2, - 3) is 2 units to the 
right of OF and 3 units below OX. '' 



EJ(- 
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Szerdaea. Plot the following points . 
(2,-4), (-1,-6), (-6,3), (4,4), (-3,-6), 
(2,-2) (-2,2) (4,-1) (-5,-1) (4,-3) 
(0,6) ' (0,-4)' (3,0) ' (-4,0) ' (0,0) ' 

a The Graph of 3x + 49 = 12. 

In section 2 we wrote down six solutions Co this equation. 
In the notation of section 5, we can now write tt 
the points (0,3), (1, 2^), (2, 1 J), (3, }), 
(4, 0), and (6, -f). These points 
may be plotted as in Fig. 3. It will 
now be noticed that these points are 
in a straight line. The line is called 
the graph of the equation. If the 
line be produced indefinitely and 
the X and y of any point found by 
measurement from the graph, the 
values thus found will satisfy the 
equation. For example, if we select the point Q, we find 
that its X, OM, is — 4 and its y, 3fQ is + 6. These values 
satisfy the equation 3 a: + 4y = 12, for 3(- 4) + 4 (6) = 12. 

9. An equation of the first degree in two variables always 
has a UraiglU line for its graph. 

ax + by = ciB & general linear equation in x and y. 
A. set of solutions is as follows : 

x = 0, y = | 



x-=l, 
x>=2, 





_ c-4q 
b 
etc. 
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We see that a change of 1 in the valae of x makes a 

change — ? in y. If th^e points were plotted, they would 

appear (Fig. 4) very much like the aide view of a uniform 
straight stairway, in which the width of the steps is 1, and 

the height ^. The points are readily seen to be in a straight 
line. * 

A careful plotting of the followii^ equations will do 
much to convince the student of the truth of the abova 



EzAreises. Get five or more solutions to each of the 
following, plot the points, and draw the graph of the 
equation : 



IE + y = 6, 



2x + 3y = 6, 
x + iy^lO, 



2a!-y = 5. 



10; A ihartw vay of getting the graph. 

Since the linear equation always represents a straight 
line, we can draw its graph if we know two points upon it. 
In general the two points most easily determined are those 
where the graph cuts the coordinate axes. The point on 
the X-axis is found by putting y = and solving for x. 
The point on the F-axis is found by putting a; = and solv- 
ing for y. 

Example. 2x—Sy = l&. 

If y=.0 »=,& . 

and if x = y = — 2. 

The required graph cuts the X-azis 
at {5, 0) and the r-axis at (0, - 2). ^ 
Plotting these two points the line is 
easily drawn as in Fig. 5. 
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11. Sinroltaneoiu eqaatioiu. 

(1) j6ic + 4y = 221 (problem 3, 

(2) l3a:+ y= 9 J page 141). 
Draw the graphs of these two 

equations on the same diagram as 
in Fig. 6. It is found that the two 
lines intersect at a point P whose 
coordinates are (2, 3). The a; and y 
(2 and 3) of this point is the solu- 
tion of the equations. 

12. Two avmultaneous linear equations in x and y have 
but one solution. Each equation represents a straight line. 
The solution is the point common to both lines; that is, the 
intersection of the lines. Two straight lines can only in- 
tersect in one point, so there is but one solution. 




Solve by drawing graphs and measuring the 
coordinates of the point of intersection : 
Page 141, Examples 6, 8, 13, 18. 
Page 142, Examples 2, 4, 7, 17. 
Page 143, Examples 2, 5, 9, 15. 

13. ^'U '^^ '=H 

(2) l2^ + 2y = 7[ 
If we undertake to solve the above equations, we encounter 
a difficulty. We find that we can not eliminate x without 
also eliminating y at the same time. 

If we draw the graphs of these equa- 
tions, we find they are represented as 
in Fig. 7. The graphs show at once 
where the difficulty is. The lines are 
parallel and so do not intersect at all. 
In the language of mathematics, theyin- 
tersect at infinity, which is juat another 
way of saying they never intersect. 
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Ezeroiut. Draw the 
equations : 

J2»+ y = 4 
l4a; + 2y-10 


graphs 


of the following sets of 
l3!.-2j-6 


f« + 2j = 6 
1 y-3 




r «.6 
l2r.-j_T 



THE GRAPH OF THE QUADRATIC. 

14. In order to get the graph of the quadratic we intro- 
duce y, putting the equation in the form ax? + bx-\- c = y. 
It is readily aeen that when ^ =0 this equation becomes the 
general quadratic in x. 



IS. Oraphof «■- 


2«- 


-3 = 0. 








We write a:* -2 
usual way, we get 


1-3 
x = 


= y. Solving 
1±V4 + B. 


this for X 


in 


the 


The following list of values for y and x are readily found ; 


1. 


J = 





Ji = 3 and 


-1 






i. 


S- 


-1 


« = 2.7 ■< 


- .T 






3. 


!l = 


-2 


» = 2.4 « 


-4 






4. 


S- 


-3 


a: = 2 « 









5. 


f- 


-4 


a: = l « 


1 






6. 


y- 


1 


« = 3.2 " 


-1.2 






7. 


s- 


2 


S! = 3.4 « 


-1.4 






8. 


s= 


3 


1-3.6 « 


-1.6 






9. 


y = 


4 


«-3.8 « 


-1.S 






10 


y = 


6 


« = « « 


-2 
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Plotting these points carefully and connecting them by a 
smooth curve, we get the result shown 
in Fig. 8. It is eeen that the graph in 
this case is a curre, and that it cuts the 
axis of X in two points. These points 
are at distances of Z and — 1 from the 
origin. 3 and — 1 are the two roots of " 
the quadratic a!* — 2x — 3 = 0. 

16. A quadratic always represents a 
curve that can be out in two places by 
one straight line. 

Draw the graphs of the following equations: 




1. 3!' + 6a) = 7. 


r. i^+w^e. 


2. I' + st-aO. 


8. »' + 14« + 48.= 0. 


3. 4«' + 7a!-2. 


9. 6i--» = 6. 


t. Sif + 2x-S. 


10. a? + 3a; -28 = 0. 


8. i'-7« = 30. 


11. 5^-Tx = 0. 


«. 6»?-lla! = 10. 


17. 


rf-2» + l-0. 


Write 


«'-2« + l=j. 


Solving for a:, we 


have 




«-l±Vj. 


»=o 


< = 1 


»-l 


I = 2 and 


» = 4 


1.3 and -1 
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Plottii^ these points and drawing a smooth curve through 
them, we have the ourve shown in Fig. 9. 
This curve does not cross the axis of X, 
but touches it at the point (1, 0). The 
first member of the given equation beiag a 
perfect square, the equation has two equal 
roots. The graph of a quadratic having 
equal roots always touches the axis of X 
at a distance from equal to one of the 
equal roots. 
Draw the graphs of 

1. as" -4a! = -4. 

8. a!" + 63! =.-9. 

(HtAPHS OF SmuLTANEOUS QUADRATICS. 

Ul \. x->ry = 2. 

8. a!y = -16. 
In the solution as given on pa^ 251, two auxiliary equa- 
tions occur, viz. 3, ai _ y = 8. 



BuroiiM. 



y" 



^>s . 



Id Fig. 10 the various lines of the graph are numbered to 
correspond with the numbers of the 
equations. 

Equations (1) and (2) give a 
straight line and the double- 
branched curve known as a hyper- 
bola. These intersect at the points - 
P, Q, whose coordinates are (— 3, 
5) and (5, — 3). These are the 
only solutions to the system of 
equations. The auxiliary lines 
(3) and (4) intersect line (1) in P 
and Q, and hyperbola (2) in fl and 
S. E and S are solutions of the system (3), (4), and (2), 
but not of the system (1), (2). 
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1ft 1. xy = 12. 

2. 3r' + y' = 40. 

The aoxiliai; equations appearing in the solution are : 

3. x + y = + &. 

4. x + y = -S. 

5. x-s = + i. 

6. x — y = — i. 
The graphs of ^1 these equations 

are shown in Fig. 11 by the corre- 
sponding numbers. 

The solutions are at the points P, 
Q, R, and S. 

Exeroiies. Draw the graphs of 
the equations: 

Page 251, Examples 3, 4. 
Page 253, Examples, 6, 12, 17. 
Page 254, Examples, 3, 6. 
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ANSWERS TO WELLS' ELEMENTAET 
ALGEBRA. 



S 6; pa^es 4 to S, 
4. 66,14. 0. A, 49; B, 67. 6. 05,28. 

7. A, 04 ; B, SB. 8. A, #35 ; B, $58. 

B. A,«48iB,«8. 10. 62,83. 11. A,«18;B,t54. 

II. Men, 300 ; women, 100 1 chUdren, 26. IS. «0.9S. 

14. A,|48i B,»32i C,910. 16. 62,20,87. 

le. A, «78; B, «6T; C, 996. 17. Wateh, «48; chain, «8. 

18. 13,26,130. IB. 951, (18, $72. 

W. Cow, 965; sheep, 918; hog, 911. 81. 36, 10, 72. 

SI. A,322i B, 186. S3. A, 33; B, 60; C, 18. 

H. A, 906; B, 924; C, 9M. 
M. Hotse, 9240; carriage, 9102; harness, 924. 
W. 936, 96. 9125. 27. A, 140; B, 168; C, 204. 



W. A, 912; B, 97 


; C, 919; D, 


,931. 


SB. 4,12, 


36,108. 






Sa; pa«eB7, 8. 






S. 8. 


-i 


10. 0. 


16. 64. 


10. 0. 


-s- 


a. 360. 


'•i- 


"S- 


16. 824. 


10. 8. 


S4. 1. 


4. 46. 


8. 5184. 


...a 


17. 642. 


"I- 


U. 16. 


'f- 


•■1 


§18; 


18. 284. 
paffeia. 


-v- 


»■!■ 


"■^ 


U. - 


Sie: 


'. 3!. 
pa^e 14. 


14. -6A. 


U. 7j 
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2 ALGEBRA. 

S 34 ; p««M 20, 21. 

% a-ib. S. -2m* + SnK 4. -SaA-lloI. 

6. 8<i-46-8c e. 4n»». 7. x - v - '■ 8. 5rt' - 8a6- 2i>'. 

». 8x»-K-4. to. 5o + 46-2e. U. x»- 8a^ -2iy»-3v». 
18. 0. «. 3a»-5a« + 4a-2. 14. 6a»-36»-5iP. 

IB. a"-**. 16. 73e« + 22ie*-14a!-24. 

{ 38 ; pAffe 23. 
U. -87 0. «. Exv. ST. -14a<. 2S. 34n'z. 

S 40; i»agres 94, 26. 
t. 4<i*-Sa-80. S. Sab~abc + ea. «. - ixn. 

S. -ae + Be. & a»-t>-6z + 7. 7. -Si+Sy-Sa. 

1. 6a-12b + 21e+2fi. 8. -Oa* + So^- 4a + 3. 

10. 8x'+ llx'-6. 11. 4o-2a*-2a«. IS. 5a' + 6a6 - 666". 
18. 10x»-6x» + «*-12. 14. 9a» + 3a'6-12a6*-86'. 

16. 23^-6i^+*j«. 16. 7«-6-8c-4il 

17. 6-4i» + 7*»-20*"-5«'. W. 3^-izy-ei/'+7x + 21y. 

10. 4a»+10a<-lla»-16a>-8a+l. 

20. z'-6x'j( + 6xV+"aV-15zK< + i/». 
SI. 4a*. as. 2a'-a6. M. 6i«-Ba;>-9. S4. 7i-fly. 
80.0. 86. Sa + 3b+3c-i-3d. 87. 12a* -Sa- 7. 

S 43; paces 27, 28. 
I. 6a + 126. 4. 7m-3n. S. z + v~3s. 6. 3a*-a6. 
7.-2i(i» + n». 6.21-1. 0.a-6 + e + d-«. 10.-2a6 + 3. 

11. 8* -7. 18. 0. 18. -10. 14. -4. 16. -lOi + l. 
16. x + y + s. 17. -Sn-5. H. 17. 19. 3a-l. SO. 0. 

81. - 2* + p - 2z. as. i - y. 28. 1. 

{ 62 : paerea 33 to 36. 

5. 6a' + 29a + 86. 4. 30a'-63a + 8. 6. -32a!»-52a^-15tf'. 

6. 8eo'6» + 84a6-12. 7. i» + j/*. 1. lOa* + 33a»-62a + 9. 
». 12i'-13i"+10a:-'12, 10. 6n»+2n*-18n-6. 11. 27a»-8« 

12. a'-2a6 + 2a(!+6'-26e + e'. 
18. 12mi> + 8m'n-31m'n'-24mW. 
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ANSWERS. 8 

14. 3«'+6*'-33i* + 10a! + 24. 18. m^ + mW + n*. 

U. 16 a* -1. n. 63a* + lUar> + 48ic«- 161-20. 

IB. 8 n»- 60 11* + 32. 1». 12 a* - 47a»6 - 8a»6" + 107a6' + «6». 
20. 2x'-8y» + 24!)g-18e*. 81. 8 a' + Mac - 186^ + 50c>. 

«3. a^-ea'-o-O. 83. a'-32. M. m'n-mn-. 

26. lOa^- 13x<-62a^ + 20a2 + 58a;-9. 

86. 8z*— V*'-22l^*V-+' + 15»V"-*• 
27. 6m»-13m<+4m» + 0ni»-llm + 3. 2S, 32a» + 243. 
29. a»-6a'6 + 10a»62-10a2ft» + 5a6<-6». 30. a^-6a;*-3a»-l. 
81. a"-12a» + 48a''-64. 32. m'^-8m*n + i6mH*+nmn'-2Sifi. 
8S. ic»-6«' + 13a:'-8. S4. a»- 3a6c - 6' - e'. 

3«. x»-»j^ + 26a:-24. 37. 8a» + 26aS - 07a+ 15. 

SB. /»-¥«. S9. 60n'-127n*-214n + 336. 40. a"-ai». 

41. 4m'-73m%=+144n*. 43. n«-l. 4S. a*+a:<+l. 

44. 4a*-13a>6"+96*. 46. 16*"-.144x«-a?+9. 

S 63 i pages 35, 36. 
8. ll*'-in. 3, an. 4, 2a6-2mn. 6. -4a^ + 4«. 

6. a' + 6» + c' + <P-2a6-2ac + 2ffld + 2&c-2 6d-2«I. 

7. 16*»-723:«+81. 8.2a'6-2a62. 9. 41^. 10. a« + 2o*»»+3*. 
11. a«-6». 12.123^+12. IS. -z^ - y^- z^ + xy + ye + ix. 
14. 0. 16. I6a''-2a. 16. a^ + 3y' + az^ -2xy -2yz -2zx: 

17. 4 a* - 64 a:*. 18. 8 6c. IB. 6 m* + 16 mht + 16 nn* - 6 n<. 

80. - a' - ft' - c* + a'6 + a6« + a*c + ac' + 6=0 + ftc» - 2 aftc 

81. 6a'6 + 26». 38. - 2x' -2y> -2z» + 6»;k«. 

§ ai ; pagea 43 to 44. 

8. 5a!-7. 4. 5m + 4n. 6. 2a-3. 6. 9!' + *-12. 
7. 4m*-6mn + 9n«. 8. «* + 4iif + lOy'. 9. 2 a - 4. 

10. -lOxy-0. 11. 5a'6+6a63. 13. m'-mn-SnK 13. 3a+4. 
14. 2a»6-a6'. 16. a-6+c. 16. 2a-4y. 17. 6ni'-3mn+4it». 

18. 2o»-3a + 6. 19. xH2x+l. 30. n-2. 31. 2m»-3m2-5m-l. 
38. x''-t-xy+yK 83. l-2<i'+4a*-8a«. 34. 6x'+nx^a+l8xi/'+2Ty». 
36. m«-3n.-4. 36. 31^-1-2. 37. a^ + a-1. 28. 2i"+»»;-5. 
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3». 4m«-2nni'+n*. SO. a<^2x'+4)?-8x+16. 81. 10o'-f3a-4. 
82. m«-l. 8S. a + 8. 84. 43;»+Y -4aV- 

85. 2a« + 2o»6 + 2ati» + 2a6». 88. a" + a"i + aS" + 6". 

57. 2m»-3. 38. 4rti'-12a + 9. 89. 2k» + 6a!» - Si -7. 
4ax»-3a?-8. 41. o"-2a + 10. 48. a? -6a^+ 9v«. 

45. 3i»-3^-2i-5. 44. 2o»-6o»-6<i + 4. 

46. m* - a m'n - mn' + 2 «». 46. 4 a + b - c W. xr + yi - s^. 
49. K-c. 50. i»+(a+6)x+a6. 51. a:-26. . BS. (a+6)x~c 

58. (m - »)* - p. 54. 1 + a. 5S. *» - (6 + c)* + 6c 
56. a{6-e) + (i. 57. a+(2nt-3i»). 

i ea 1 pagM 46 to 47. 
9. 270. 8.-8. 4. 42. 8. 729. 6.-5. '■ "If- 
8. -748. 9. 864. 10. ^. It. -^ 16. 9(a! + y)»- 26. 

17. a3(a - 6)« - 20(0 - 6) - 82. 18. 2(m + «) + a 

19. (i_p)»^(*.-j,)+l. si.Ya--^b + {ic 

22. -H' + tiy-A^' «■ -i«--A6 + V'^ 

St. -^z-iy-{i»., M. ^^-H- 

«■ ^a'-A«'6 + iV«6"-i^6'- 27. |!^-}!>^+A. 

gg. J o2 _ I a6 + i &*. 29. a<»6* ~ 2 a*+»6»t+s + flift*. 

80. I-+' - 1"!/*"+'. 81. a*+* + ar+^b^-^ + a6*-«. 89, 2(b + l)« ^ 3. 
33. -bix+ti)'-Wx(_x+g) + U. 84. 8i-2. 35. Ss^-Jx-t!- 
38. ar> + (a + 6 - c)j? + (a6 - 6c - ca)x - abc 87. a-+'6' + a'6"-'. 
88. -ia«+Ha-tJ- 89. (m - n)* - 2Cm - n)« + 1. 

40. o="+i6^ + a6»-+'. 41. 4fi*. 42. 0. 

48. -fta*-|a«-}a» + ia + V. 
44. ia^-\a + i. 45. a* -3a'6 + 8a6" - 6». 

46. S::^~*v*-7x^+\ 47. (a + 6)1* +Ca» + 6*)K-2a6(o + 6). 
48. (o-6)»-2cCa-6)+cS. 49. a*- - a!-y- + ?*•. 

60. Jfl'-fa^'- |ax5-^ffa!«. 

61. a!« + (-a + 6-<:)** + (-a6-6c + ea)x + a6c 
68. a;* + a5't + »*-2(Ei*+i + 2x'+'-2a:«+». 

58. }(e'-ii4-!- 64. x' + (« - 6)s - a6. 66. x' + y« + «»-8a^ 
86. 2a'6» + 26»c2 + 2cV-o<-6'-c». 
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ANSWERS. 
{76: pagM 61, 63. 



t. 14. 


8. 2. 


4.-7. 


af. 


t. 4. 


10. - 


6. -5. 


11. 1. 


7. -9. 


"i- 



81. -5. «■ -g- M- -1- 

82. 2. 27. -■ as. ^> 

2 3 

28. -10. 28. ~«. 



§ 77; paees 66 to 58. 
5. 10,0. 6. 169,87. 7. 24,14. 8. A, «7.50; B, «6.26; C,80.26. 
9. A,06iB, 13. 10. A,42;B,84. 11. A,tl2; 3,(36. 

15. 9 five-cent pieces, 7 tweuty-flve cent pieces. IS. 8. 14. 17. 

16. 6 fifty-cent pieces, 11 dimes. 16. 47, 29. 17. 9, 4. IS. 13, 7. 
19. A, 43; B, 57. SO. 9 oxen, 27 cows. 

21. 3 doIlaiB, 12 dlmea, 16 cents. 
83. 8750 infantry, 500 cavalry, 125 artillery. 
88. A, 320 ; B, 1600 ; C, 3840. 84. A, »25 ; B, $18; C, »40: D,»32. 

86. Wife, 9864; each bod, 072; each daughter, |216. 

28. A,942i B,8ZS; C, $ZB; D, 131. 
27- 13 tbree-peimy pieces, 39 farthings. 28. 44, 27. 20. 324 sq. yd. 
80. 12. SI. 35, 30, 37. S8. A, 68 ; B, 18. 

SS. 8 82 bills, 13 fifty-cent piecee, 24 dimes. 34. 7, 8. 

3B. 3, 4, 6, 6. S6. Worked 22 days, was absent 10 days. 

S7. 6 bushels of first kind, 18 bushels of second kind. 

SB. 75 men on a side at first ; whole number of men, 560S. 

89. X^t class, 76 ; second, 115 ; third, 160 ; fourth, 196. 
40. 18. 41. A, 8 minutes ; B, 6 minutes. 

48. 15 poondB of fliet kind, 36 pounds of second kind. 

} 82 ; pages SO, 61. 
28. o« + 2ac-(-c*-6». 80. l-a»-2a6-6«. 

28. ^-2xy + s*-A 81. i*-2x'' + \. 

27. aa-B"-2&c-c". S2. a^ - 46' -H26c -0e». 

SB. ii*-a»-l-2a-l. IS. a' + aH^ + ». 

88. X^-tsfi + i. 84. 9z*-16v*-16y«-4A 
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{09: paces 72, 73. 
SI. (a-b + e)(_a-b-c). 44. (3a-46+2e)C3a-46-2e>. 

». (m + n+pXm+H-p). 45. (43: + 2jf- 5z){4z-2ff + 52). 

4a (.a + x + vKa-x-v). 46. (™ - 2» + :r)CTn - 2n - z). 

41. (,x + v-iXx-t + i). 47. (2a + 6 + 3)(2n-6-3). 

U. Ca + 6 + 2)Ca + 6-2). «. C6a; + y +3*)(5x + j- 3z). 

4S. (l+m-n)(l-M + n). 48. (a--6+o-d)(«-6-c+<J). 

SO. (a + x + b- sKa + x - b+ j*). 

61. {x-m + y+ n)(,x -m-y-n). 

U. (.x + g + a + b)ix+s/-a-b). 

U. (2a + 6 + 36-2)(ao + 6-3c + a). 

M. (a:-4jf + « + 6)(z-4B-«-8). 

6S. (6a-m + 6-3n)(5a-m-6 + 3n). 

f 106; paerea 78 to eo. 
10. + »)«(!- n)». 45. (2a: + 3K)!'(2a!-3!/)". 

41. (a + 3)*(a - 3)*. 46. (a - l)=(a' + a -f 1)'. 

48. (a: + l)(i-2){r' + a: + 2). M. (3a + 2)»C3« - 2)». 
48. (a+26Xo-26Xe+3</Xe-3rf). 68. {x-2)(x + 3)(x-3)(,x + 4) 
44. (j: + l)(i-l)(a^-4)(x-8). 64. (a - 1)'. 

6S. (a - kX* + sXa' + ax + ^){b'' - 6jf + y"). 
67. (6a + 26-7c)C6a-26 + 7c). 69. (i + l)'Ca! + 2)i. 

60. (a + l)(a-2>Ca>-a + l)(a' + 2a + 4). 

65. 26c('>+6 + c)(a-''-c)- 

64. (a-l)(a + 3)(a + 4)(a + 8). 66. (»^ -!)(« + 2)'(r - 3). 

67. (a + ft + c)(a - 6 + e)(a + 6 - c)(« - ft - c). 

78. 0» + x)(m"-4nM! + 7je'). 77. 6{3a> -3a6 + ft^), 

78. {x-y)(Ox + y). 79, (a + 6)(«>-3a6 + 6'). 

M. (a + 6 + c + d)(a + 6-c-d). 81. 2i(a;» + 3). 

BS. (=; + s)(2 x= + !/=). 83. (a + iy(a - 1)'C«» + D- 

64. (a + x+b-yKa + x-b + y). 86. m(»; -ni)(m -3i). 

66. 2K3^' + !(')- 88. (i + l)>C:i; - 1)(3:'' + IXx"-* + 1). 
89. 3a(a-l). 80. 7{6n>- l)(m" - ni+ 1). 

91. (* + j( - «)(a! _ I, + z)(i + y + z;(3; - 1/ - z). 

98. Ca-56+4c+3d)(a-66-4c-3(I). 93. (l+a)(3-a-a'). 





ANSWERS. 7 




i 117 ; pagft 89. 


B. 


x-l. e.ao + 3. 7.1 + 2. S. x-3. B. m+1. lO.Sa-6. 


11. 


3a» + oa;-2a:«. IS. *C2x-5). IS. Sx + *y. 


U. 


2a»-3a»-o + 4. 18. 2nt»-tn»+n". 18. X-2. 


17. 


a» + 2a + 4. 18. m* - 2mx - 3x>. 19. a-1. BO. n»*(m + 2). 


SI. 


a-56. 82. 1 + 3. 93. 3a»-2. ,«. a + 4. >5. 2z-tf, 


X6. 


2i»-3a:-l. S7. as-2. ». («(a + x). 




S 118 : peee eo. 


2. 


2a:-0. 8. 4a + l. 4.3m + 4. B. 5a-26. e.a! + a. 


7- 


a + 1. l m-l. ». 2a!-3i(. 




S 136 ; paere 93. 


30. 


(« + jr + z)(*-V + z)(i-y-z). M. (m + n)« (m - n)». 




41. (a + 6 + c)(a-6-c)Ca + 6-o). 



§ 136 ; paeres 94, 96. 

S. (2* + 7)(2a' - Iflx + 45). 6. xy(&x - yXS^ + 2] xy 4 10^: 
8. (o-4)(3a' + 14a-6). 8. 3(4ni + 6)C4n»»-llm'-em+0). 

4. (3a+86)(12Qi+16a6-36»). 7. (2ii + 3)(3a' - Ho* -a + 6). 

8. z(2o2-ai + 33-')(2a» + 5a'z + 2(«"-a^). 

9. (2a-36){a* + a>6-6o"6» + 2a6»+6<>. 

10. C33;-2)(4ic'-6»*+4a:-3}. 11. (a2-3a+2)C4a*-9a-4). 

IS. 2 mnC3m» - mn - 2 n»)(3 m« - 2 i»*n - 7 mn' - 2n»). 

13. a«(a' - 2 a + 3)(3 a< + 11 a» - fl a' - 7 a + 4). 

14. (z»~x-S)(3x' + 7xf + ex»-2x-i). 

S 137 ; page 96. 

1. Sx* +W^~^x^-inx-46. 
S. 163 a< + 117 a* -147 a' -82 a + 40. 
8. 12m*-10m«-86mi + 140T»-48. 
4. 24i'-70a;<'-15ii6 + 25«» + 6*«. 
(. a» + 2 a* - 10a" - 20 a» + 9a + 18. 

§ 133 ; pa^B 98, 99. 
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a + b + t 
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d+2e 



x(8a 


-7.) 


z + 3h 




»•■' 


-l2aA+166> 


x+t-t 




3.+4S 


3i-2 


•1^ 


7-21 


„ «.- 


1 


„ .+S+t 



t. 


x+3 , «-2 
6X+7 2o-l 


Sz+ev . 2m-3 . z-S 
2x-9r 3Bt+4 t»-3i+l 




, 3a + 26 
4.1-6 


, 3z-2 . 2a + l 




10. '»'-'» +3 


„ o« + 3ox+a!« 




™ n,» + 4m_2 


«'-2«-4x« 




{137: iMweloa. 


s. 


— ^-^s- 


"• --IfS 


«. 


-+-'+''+r?r 


**'"*• -^^-S^ 


7. 


— '■-s- 


H. ««-a:V + "»»-»' + ^^ 




"•■-='— -sAt 






^*- "» 1 ^ 3a»-4« + 5 


9. 


2m-5n 


». tt*+o^+a«6*+o6»+6'+-^. 




?T 1 1 '-« 






'*"-«-! 


2a? + *-8 




fIS8: pfte«103. 


*. 


Sa«-lla+2 . 20; 

3 a *■ x-v 


'■ 2a-8 '■ 5x 



jg 8m' + 24m'-36i 

2m + 3 
15. 3»V+g^. „ 



§140; p&ra 106. 
' 2tC9a!>-l) 2a;(9a!*-l)' ' (a-6)(o'+6^ ' (a-6)(a»+6«)" 



3C«- 


l)(o> + l) 6(. + l)(o-+l) 


»w 


-1) 




2*»-16 


(i*-l 

3i« + 6x' + 12# 


a*- 
3 It 


-1 
-12:c» 




3.>(.-4)(^- 


-«) 




4){x.- 
a"-4 


8) 


(a+S). 


("- 




H)> 





(a+2)(a-8)(a+6) (a+a)(o-3)(a+6) (o+2)(a-3)(a+6) 



j 14S ; pasee 106 to 111. 




210-4 , 20(r>-18v . 6a: + l 
24 15ai<i^ 48 


, 3o»-14a> 
"■ 18a»j? 


^ 4x» + 8m« J a6 + 6c+co ^ 
98»w ' a6c 


10a-&3 

28 


20*>-4i"+67x+85 ,. 46c-9ca+8a6 
40x> 24abe 


IB. 3'^-l*>P 
30i 



m»-l ' (2a!+l)(5 


x-i) 




„ 2m' + 2n' 


H. 


4 






K 








(*-2)(x + 6)(>: 


-8) 




a+6 l+a: 


8S. 1 




43:" „ 12 a 


+ 18 





(3a + 6)(4a-7) 

■ aS-6» a'-3a-28' 

1 4a" -1 
lOoft 




(»;+2)> a(a-3)(a+6) 

). -1^. 40. 0. 41. 

8a*+6' 

LK ._2_. a« ^aft' AT 

(a + i)(a»-a:') 

_ - 68 y' + '' . 

■ ";"l+i)(2-z){3+z) " xv(x-i/) 



ia(*-2) 



m + 2 
66. a 




. 5t£±81. Id 

8(0 + 1) 

(a-4b)(a~2b) 

0(0-36) (i!+2){j;>+a:41) 

x-r («-p-«)» (o+6)i 



Sa* 



T6xV 4a* 2(x-2) n(lm-3n) 

- 3(8ffl-66) , o(a + 7) , x(x + 2y) , . a' 

■ 6(4o + S6) (a-3)« y ' **-! . 

11 a(a-2) 14 (a+2 6)(o-66) „ ga+j; u. a+6+e. 

+ 6 Co+B6)(a+46) o+aa o-6+c 





{148; PB«M U8 to U7. 




s 


( x'+x+l 


6.5^- 7. 


'i'-'l' l ^ 




K 






x + 6. 




i + 2f J, («-8)(x + 2) 


a + 2» 




V 


X 


1 + / 


14. ^-*'»' 
a»-6« 


W. a + 1. 


,. 2ffl«-S6" 
7o6 


103* + 78 
89 a! + 30 


'•• H^- 


8o-6 


x + a 


X 


"■r#- 


„ «("-"! 


n "" 


! + «* 




o« + tf 




jl48; poEres 117 Co 110. 




79 a- 31 
4.+8 


'■ o»-o6 + 6> 


s. '•• ■ 


1+x+t+xy 

..: Google 





AK3WEES. 


11 




B.O. .. '... 
I + 2J 


(.-SHl-8) 


It. 0. 18. 4a"-9. 




afa»+o6+6«) 


■•■^- -Sig 


„ (x-6)- 
(•-8)(3.-8) 




"iH-'..- "■'■ 


(.-»• 




^ « 1 


!(a + S) 


a(. + 2a) "■ ■• 


St^- »• 


i«+l. M. ni + 2n. 


oS(a-c)(«-S) 


■■+W+1/' 


« 2(« + S!_ 


.. a-S 



2(x* - 1) ,„ Wifl-U 



■ (8a!-l)(2a; + 6)C4a! + 8> 



(2a-8)C3a + 4)(6a-2) 
S 161 : paeres 120 to 134. 



„. -A. 


». -ij 


«. 2. 


... -|. 


«. -I'. 


M. 5. 



tv Google 





ALGEBRA. 




SiM;pa«rMia6, lae. 


a. 


-2a. 


14.1 


». 


1 


»i- 


la 


2(a-6). 


U. -3 a. 


n. 


m + «. 


17.^. 


IS. 


2o+6 
2 


»■ -II- 


u. 


12Ca - 6). 


19. 2a-36. 



8. -*. B. -20. 7. -.02. 9. -1.4. 

§ 1&6 ; p^SB 127 to 136. 

9. 40. S. 66. 4. 42. 5. 27, 18. B. 32, 24. 
7. A, «40;B, C4eiC, 936. B. Water, 288; rail, 360; carHage, 12a 
9. A, 24;B, e4. la «26. 11. 92.46. 14. 10;. IB. 1^. 

16. 16{ honrs. 17. IJ minutes. 19. 48. 18. 82. 9D. 79. 

tl. m 99. A, 84; B,46. 9>. | 96. 36, 14. 

ST. A, SOmUes; B, 86 mUes. 29. 107, 27. 29. ^■ 

90. 60. 81. HoiBB, 9260; carriage, 9176. 39. 6. 

88. Horse, 9180; carriage, 9280; harness, 930. 

84. Express train, 45 miles an hour ; slow train, 30 miles an hoar. 

SS. A, S2 mUes ; B, 26 miles. 3G. 120. 

88. 38]<, minutes after 1. 88. 38,)[ minatea after 0. 

40. 21^1 minutes after 4. 41. lOf} mlnutea after 6. 

48. 87. 43. 22} miles. 44. A, 8 days ; B, 6 days ; C, 8 days. 

4S. 49^ minntes after 9. 46. A, 936 ; B, 932; C, $27. 

47. 10}f minutes after 8. 48. 46 minutes. 49. A, 91200 ; B, #900 

60. Longer piece, 30 jards ; shorter, 24 yards. 61. 9 1840. 

69. 21^ and M^ minutes after?. 68. 0^[ minuteaafterS. 



„, Google 
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B4. Gold, 1640 oz. ; BilreF, 420 oz. SB. 04726. 

56. A, 4; B, 6; C, e. S7. 2 p.m. 

5S. •12e0in4ipeTceiilbonds,91T60in3}perceDtboada. 

99. 24 miles an hour. 60. 16,^ o°i")'<^ ^t^ !<>' *1- ^■ 

B3. $1BOOO. 63. 92400. 64. Gold, 67 oz. ; silver, 70 oz. 

eS. Fox, ISO i hound, 136. 66. «6400. 

iiaO; p«R«B 130,137. 

9. . — — — 8. A, — years ; B, — — — yeaui. 

■ _. 6. m^ dollars. 7. ^±i. 

M l+f - ■ 

10. 

18. , — 

!_ miles. 16. '"" + ''" + ■?' c 





m + n 


' ab + be- 


B. 


^5^1 mUes. ». -55_, 
6+c 6-0 


IB. 


lOOCa- 


JEi per cent 


14. 


A,^ 


- miles J B, - 



la Firat kind, "C'' ~ ") ; second kind, ^ 



1 + 


n + mn 1 + 


n + mn' l + n + i 


mn 


2m»p 




2mnp . „ 


2m«p 


' mn + up - 


mp' ' mp + np-mn' ' m> 


t + mp-np 




S164; 


I)a«6l41. 




8. x = 2. 


.. ..1. 


11. x = -2. 

'-I- 
"■ -I- 


„. .=-|. 


4. x = -i. 

V = l. 
6. 1 = 3. 

B = --5. 




'-1 

IB. a! = 4. 
»=-l. 



y = 6. 
IS. x=9. 

:..,:,: I., GoOgW 
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$166: p««el4a. 

t. a! = 8. a. x = l. 11. « = -3. j^ ^_8 

' = *■ „^1 _1 * 

s. zB-1. 'a '2 v=-t 

^ = 6. 6 2 „ = i. 



7. x = -a. 



2. z = 2. 
1^ = 5. 



{ lea ; pe«e 143. 

. = -5. 10. .,!. 



,.3. 



H 








-!■ 






S1S7: pe«eB 


144 


to 146. 


J = - 10. 


«. 


1^=6. 


10. 




V=-12. 


7. 


a5 = -e. 
y = -3. 


11. 


V=-2. 


x = -l. 
y=-5. 


S. 


B = -5. 


u. 


x = -l. 



;z«t,Googk" 



ANSWERS. 

17. a!=-12. ao. x = .&. j3 j^M 
5 =-6. v = - .07, 5 

18. I = 5. »l. « = 2. » = - "■ 

19. x = -2. 29. X = 3. 11 = 10. 



140-186 
' 28 


S. x=-am. 
l,=-2». 


a + b 




4. . "*-"';' 


10. x=a. 



' " ad + bc 




'-^ 




18. a!=a"+6. 


6. i = a + 




18. z=aC2a+6). 


, = a- 




$168: page 149 


S. K=-8. 
( = 6. 




S X '' + '''■ 
c(a + S) 


.. „|. 




' .(a -6) 
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ALGEB&A. 




= « + 6. 




11. 


_ 1 
a + b 






$170 


pa«M IBl t 


o 1S8. 


10. x = 


'■ 17. 


x = - 



y = i. 
« = -S 

. x = ~ I 

v=a. 
i = -i 

.2=5. 

!, = !. 



* = -?. 






.,,.L, Google 





b + c-a 




" c+a-b "^ '-^■ 




^ 2ab v=-l. 




a + b-e z=5. 




i 179 i pairea 166 to 164. 


8. 


35, 2*. 4. 20, 12. S. ^- 8. ||. 7. Apples, «1; flour, 


S. 


A, 24 ; B, 40. B. 26, 15. 10. i-- 
A, 35 ; B, 27. IS. A, 16 ; B, 221. 


11. 


IS. 


« S30 in 41 per cent Btock, 1 810 in 3) per cent stock. 


14. 


Income tax, 1 28 1 aasassed tax, «36. IS. A, «eOi B, «l 


16. 


1 1.75, f 1.60. 17. 13, 17, 18 19. 84, at 8J cents i 


». 


46 cents ; 15 oranges. 


SI. 





22. 21 qoarier-dollan, 13 dimes. 

2S. 26^ of arst kind, 43} of second kind. 

94. 46 of first kind, 03 of second kinJ. S5. A, 15; B, 30; C, 60. 

96. 32 for, 22 against. 2B. 97. 29. SOS. Sa S3. 81. 69. 

S2. 4 from the flrst, 3 from the second. 88. S6 ft., 64 ft 

34. A, 9 ; B, 6. 3». 4S7. 

84. Express train, 45 miles an hour ; slow train, 27 miles an hour, 

ST. A,S72i B,981; C,«63i D, 4 180. 88. First, 38; second, 18. 

40. Rate of crew in still water, °" "*" miles an hoar ; of curi'ent, 

an — Dm ^u^g ^j, i,our. 
2nin 

41. Going, lOJ miles an hour ; returning, 4^ miles an hour. 

42. 78. 4S. 360. 44, 76 ft., 64 ft 4S. 9376, at 4 per cent 
47. A, 16 1 B, 21. 



DiqllzodbvCoOgk" 



H; TM» Mon accident, 3d mllea ui boar ; dietanoe to B from point 

of detention, 90 milea. M. 647. 

M. A, 46; B, «12; C, «8; D, 920. 08. A, «13; B, «7; C, 94. 
54. Fore-wheel, feet ; hiud-wbeel, 15 feet. 

„. A. '"'" d.,., B. ^'•"' d.y.; C. ^•"V d.y.. 

iwn+up— mp mp+wp— mn mn+mp — np 

t6. A, 8 ; B, 12 ; C, 24. 

ST. Firat, 916000 %t i^ per cent; second, 918000 at 3^ per cent; 
tliiid, 9 13000 at 61 per oenL 

n. A, 5£ hoMS ; B, -^-^ hoim. 

6+c-o ffl-b 

H. Bate of orev In still water, 9 mllee an boor ; of cvn-ent, 5 miles 

on hoar. 60. Principal, 96000; time, 3 yean. 

61. A, 966; 0,919; C, 97. 6S. 12, each paid 93. 

63. Gxpreu train, 40 miles an bour ; slow train, 26 miien an bonr. 
8A. A, 18 ; B, 16. 66. 3 qnarter-dollarg, 6 dimes, 9 half-dimes. 
69. 30 ol 8^ per cent stock, SO of 4 per cent stock. 67. A, B ; B, 7. 

§184; pageH 108, 168. 

i. «<3. 4. «>|. 6. i<|. 9. x>S. 7. x<^- 

9. *>(i-6. 9. x<l, y<4. la x>3, v<i. 

11, z>6 and <9. IS. 7. U. 18 oi 10. 14. 88, 89, or 40. 

;i87: p««« 173. 
4. a^ + 4x" + 8x» + 4x + l. B. 4a*- 4a' + 17a' -8o+ 1ft 

7. 26*«-30*«-a:" + 6x+l. «. 9ii!*+24x»+28*"+16;t+4. 

9. 36n'-|-12n»-«0w»+n»-10w+26. 

11. a«-8<i»6 + 22aS6a-S4a6«-|-96*. 

12. 4x*-i-12a^ + 13a:V + B«l^ + y*. 

18. a:«+12a!»-t-3ei<-14i»-84ii!« + 40. 
14. 18 a«- 40 0^ + 8^ + 300%* + Ox". 
17. K"-2x'-z« + 6a^-33!>-4a! + 4. 

ir a'-l-4a'-2a<-20a"-7a'-|-24a + 16. 

19. 4i'-20i* + 41i'-62i»+46«'-24!l! + ». 
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{ 188 : pose 173. 
4. fl!« + 6*»+12x + 8. S. 210a*-108a'6+18a6^-6». 

i. 27a>-27a' + 9a-l. 8. 125a?+l60a:»v+60i/+8j». 

6. m'-iam«n+48n>ni'-64ii'. 10. Mm*-lMm*n'+ll)8mn'-27n». 

7. a^ + 16x* + 753!> + 126. II. 27a:«-186x'+2a5ie*-125*". 
la. 64 iW + 240 »>y*» + 300 leV** + 126 1«*». 

13. 8!i:'-84K« + 2Ma:'-S43a?. 

14. 12oo« + 460a"6* + 640a*6"' + 2166». 

16. a» + 6»-c* + 3a*6-3o»c + 3t^a - aftSe + Se^a + atf^ -6a6c. 

n. x' + 3a:s + 8»^ + 7x» + 6ie* + 8ie + l. 

II. x'-y"+Bi»-3a^+6iE'2+3y»ii:+6^z + :2z*i;-12z^-12aya. 

1». a«-»a' + 24n*-9a»-24a»-0a--l. 

aO. 8i*+I2x»-30K«-353e" + 45a!» + 27it-37. 

81. 27 - 108 X + 171 1» - 136i" + 57x* - lixfi + ^. 

{ 183 ; pase 176. 
84. 66. SB. 136. 86. 262. 27. 432. 8$. 6Sa 

39. 24. 30. 106 Qbc 81. 462. 88. 45. 88. 12. 

34. 8. 35. lae. 86. 28. 37. a> + 4a» + «-6. 



$106; paffM ITS, 178. 

la 3x + 6v-4e. , 
11. 1m*-mf 



B. 2!E' + 6x-7. 



18. 5x!'-2xs-S^. 
S. 2a* + 3a'-l. '*■ im' + itufi-Sx: 
». a^-2Mi» + 5a». IB. S<fi-2ab -bb". 
21. 2tf + 3a»6 + 4o6»-66". 

2*3^4 
88. 3at»-2a^-iv' + 4v'- 



SB. l + 2iE-2x* + 4x> + 



16. m+4--. 

17. 1 - X + «* - K*. 

U. iE<-4x'-2a!-3. 



,„Coogk" 



IIM; p*CMl8a, 18S. 



1. 66. 


10. 


3581. 


90. 3.6066. 




SO. .8660. 


1. lie. 


11. 


274.9. 


91. 6.9282. 




81. .7463. 


8. 718. 


la. 


.4027. 


99. 8.0436. 




88. 1.148. 


4. 8.0T. 


IS. 


61.04. 


88. .44721. 




». .7071. 


0. .800. 


14. 


.07906. 


94. .23664. 




84. .7746. 


6. .264. 


IS. 


9.318. 


26. .62449. 




86. .9354. 


7. 62.0. 


17. 


2.6467. 


Se. .094868. 




86. .637a 


S. fi.82. 


11. 


2.8284. 


97. .027202. 




87. 1.036. 


9. .0667. 


la 


8.1622. 

as. 


91. 2.9806. 
.6086. 




88. 1.268. 






jaOl: pocw 18&, 186. 






T. tf-2x~l. 




11. a»- 


3a -2. 14. 


3i? + 2xK + 4»*. 


t. 2a' + 3o + l 

». B^ + y-2. 




19. 2x» 
18. 3 a* 


-61 + 2. 16. 


3' 


-1+1 



} aoe 1 p*cM 18S, 180. 

1. 27. 8. 9.S. 11. .0481. 16. 1.442. 91. .74ia 

9. 63. 7. .608. 19. 92.4. 17. 1.912. 89. .7631. 

S. 3.0. 8. 3.69. 18. 7.63. 18. 2.087. 98. .7368. 

4. .86. 8. 806. 14. 007. 18. .2714. 

g. 130. 10. 67.2, 16. .1048. BO. .8549. 

$ 207 : PMT* ISO. 

1. 3a + 26". 9. l-Si-i". 8. 2a>-o-2. 4. it'+v'- 

6. a -2. e. 21.4. 7. .46. 

$217; poses ]9S, 196. 

8. mf. 9. e^. 10. 6n"i 11. 7a"i*. 19. 6o6*. W. ax~l 
17. a-b. 18. 8i-'+27. IB. 8 a-a-18o-'-47-16o. 90. i-»-16. 
21. I'+iV+i*^- 22- m^n-i-4m*n'*+6m»i"S-4niV*+Bi*n"i 
33. a-»6-»-3a-'6-' + a-''i-» 24. 2m"* + 4m"*n-' + 18n-». 

96. iah-»-V ah^+i6a~ii^. 96. 18mV*-20m*ie^+2m"^i. 



ANSWEES. 
f 318 : paeaB 186, 187. 



21 



6. bK 6. 2x^. 7, w'. 8. Si'ii. 11. o*-a*6'+6*. 
18. o"* + a"i + a"* + 1. 18. a!» - 2 + »-*. 14. a' - 2 o* + 1. 

IB. x-ix^yi+yi. 16. m-*-2ni-i+l-2ni. 17. SaV+a^+J-- 
18. a^-i + o*™-" - 2 a*™-". 18. aV-2-8o"»6'. 

80. m>3s"' + 2m* + mW. 
§ 220 ; poff* 188. 



2. 12&. 

3. 243. 

4. 266. 
B. 27. 



14. 



.. 2a*+l-5a"l. 
i. a;"i + 2 »i - 
■- z— '. 81. 



S. 128. 18. 32. 

8. i9. 13. S26. 

§ 228 ; pEWes 1B9, 200. 



15. - 1024. 

16. 81. 

17. -}, 



X' —y' 
29. z- +2 



IS. Vlla^'. 
1!. VS^. 



3a;"i-2a;'^+l. 10. ah''-iab-*-Zah-*. 
*-. U. o"'-'". 18. a;"'-'. 

93. ^- 94. a:'—. 88. ^-±-?- 
. 1 + a-. 8«. 2x-iy-^(^+y). 



2gy 
2' + y^' 



S 228: i)ag« 202. 
14. V2a''m. 



2g + 16a^h* 



18. v^iW. 
17. ■v'3^ 



ALQfiBBA. 



IB. 6ab'^/3ab' + 3a*b. 

M. (_a-2b)Va + 2b. 
91. 12 Ve. 2B. 42\/2. 

M. 6VIO6. » 75v^. 

U. 12 v^. 



Sa. {x + 3)V6z. 

n. (3a-26)VirHb. 



M. (3e-3)v'a!> + 7«+ 10. 
81. 28v^. U. 7-v'l2. 

» 5\/5. St. Uv^. 



f SSOi pASTM S03, 304. 

S. i>/6. 4. iVTB 6. -f^yM. B. i-^l2. la Jv^. 

8. |VB. 6. JVS. 7. iVU. B. iv^. 11. Iv'e. 

IS. Jv'M. 18. i-v^. 14. i\/8T. IS. i-v^iS. 




S 393 ; pa«t«a SOB, soe. 
8. iVa. 4. 4v^. B. -2>/5. 6. 5v/2. 7. 3v^ S. - v^. 
». 6V3. 10. ^-2VU. II. V-V5. IS. JV5. IS. iv^. 
14. 0. IB. ^jvTo. 16. 2v^-3\^. 17. -JvTS. 

18. -a'ft'v^Tii. 1». 10m*v'fm'. M. (Ba -4ii")v'5o»"Iir^ 
21. )vll. 88. -iM. SS. e\/3-2v^. M. -3^. 

St. 7V5-5V6. Se. 49;>/6^. ST. 26*vT0a6 - 3avTft. 

SB. iv^-V8. SB. ii'^^-ivTO. SO. (7ai-l)V5iE. 

81. 13!;v^. 8S. — ?— \'a*-"6*. 



,,Cooyk" 



ANSWERS. 2S 

{334; pas« SOT. 
a. y/fi, i/^. a. v^, v^. B. ITm, vis. 

6. ^/ase, v'aia. a. \^Ta*, v^, \/M^. 

9. v^, \/6T2, \/i69. 10. v'l-3a: + 3ii;>-«», vTT2*T^. 

II. \/a' + 3a26 + 3a6» + 6», v'a* -4a«6 + OaSft' - 4ab' + 6». 

la. ■\/5. 18. v^. 14. </l. 15. ■\/S>-MS>v^75. 

16. '£'^>V3>v'l6. 17. v^>v^>\'7. 

{ 396 ; pacaa a08 to 910. 
4. 12. i. ea. e. 6V7. 7. 6V80. 8. 110. 8. lOav^TSc. 
10. 12. 11. S\^. la. 6v'55. 18. }Vl5. 14. 8vT6. 

18. 2v^. 18. ZxVZx. 17. Zv'iSe. 18. ■v'500a>6x'. 
1». Sv'B. 30. 26vl6"a^. 81. Sv^e. Sa. 2v^. 
88. 3v^. ». i\/l62. 85, Jv-ISB. 38. *^»6»?. 

87. 2v^. 88. 2\/l08. 20. v^. SS. 2 + 7V5. 
83. 12»;-6 + 16v^, 84. 202 - 68VlO. SB. Ma - 666 + 8eV55. 
86. 166+18-M0 + 35-v/in0. 87. a -46 + 9e-8-v/5e. 

88. 223; + 2 - 23 Va:* - 1. 89. - 2 - 2v^. 40. - 72 + 33V8. 
41. 8+30VT6. 48. 1«)~48VI0. 48. - 48+64 v^+ 12^/10+60^16. ' 
44. - 47 - 2 Vl5 + 26V5. 46. 61 + 2*\/6. 46. 37 - 20VS. 
47. 168 -96v^. 48. eoe + TOv'TO. 4». 6a - 4 + 2\/go*- 80. 
60. 13a! + 6v- nVx-i-y'*. BI. - 31. B8. 28. »8. 4-21i. 
54. 36. B5. 3-4ea. 

i 336; pave 311. 
a. 2V5. 4. JVS. 6. iV7. 6. 3v^. 7. 1- 8. i\^5. 

». 8. 10. J-vTMo". 11. 2\^. 12. i/'2. W. -\/^. 

8a *6e 

14. -;^ ,5. I 16. AVT6. 17. '^. 18. ^im. 

19. v'56^ aa ivleo. 21. ^- 88. ^^/^. 23. i/L 

34. v^. 8B. — v'Tfi. 26. ^^^. 



{ 287 : p&ga jua. 

6. IS-v^. t. ai^. 10. Sv^ 11. SOm^v^Fm. 

7. Ma'd^Voft. ft 5v^. 11. Sv^ 14. 2v\/Si^- 

i aSB; pass 318. 

ft v'S. Ift v'l62zy». 11. ^^. Ift y/5. M. v-lf^. 

j ase ; p*e« ais. 



7o6» 




ft 1^. T. f . 
i a40; pa«Mai4, 31S. 


2^, 


2 




, 63 + 12VI0 ,, 3a« 
87 


-6^-2aVa*-6s 
6» 


6'*^ + 


10 


. 22VT5-86 1-1-' 


/I -a' 




S 941: p«se 216. 
9. .94S. 4. .636. 6. - 4.500. 8. .268. Ift -.331 

8. 2.224. S. .6S4. T. 4.442. ft 13.364 

i 947 ; pa«e 918. 

ft -4/7+2. ft 2V7-V^. 1ft 3V5-1. 1ft SVS-VTft 

4. 3-2 V2. ft 3- Vs. 14. 6+ViO. 1ft 5v^+VT0. 

ft 4V3 + I. 10. V6+V5. 1ft Sv^+VS. BO. 6v^-V5. 

ft 2V3+V7. 11. 4+\/l0. 1ft 3V3-2Vii. 31. v^+T+v^^ 

7. 2V5-2. 1ft v11-3. 17. 4v^-V6. 8ft \/a^-Vb. 



,,Coogk" 



ANSWERS. 26 

{ asi; paffs aiB. 

6. (x + s + z-)V^. 7. 0. >. 6V^. ». -4aV^l. 

10. VSV^n". II. (l-i)v'^. 



S 962 ; pases 320, 321. 

4. -14. ft, 12a'. «. -2vl6. 7. -Vo6. 1. 18. 9. -6U. 
la 26 - 7V^. 11. 68 - 33%/^^. 11. - 01 + 18i/i6. 

13. -8a+186. 14. -xyxV^. II. 48v^ V^H^. 

18. -SV^-ITV^. 17. 2. IS. 480. 19. -v^O. 

30. -2 + 2i/^^. 21. -74-40v^. 89. II-BV^^. 

83. -30 + 12V6. 84. x* + v St. 61. 9S.-0« + 4Ii. 
1-V^ 



89. V^. 



a. v^. 

-4. 2. 



S 3BS; p*K« 393. 
- V^. 7. \-- 9. ■v'S. U. VS. 

s/TT. 8. ^51^. 10. -VI IS. -v^. 



V^ 



S 364; page 328. 



«. a. 


" 


20' 


le. », 


4. -6. 


10. 


-2. 


"i- 


6.|. 


11. 


2. 


"S- 


6. 16. 


IS 


6 

2' 


IB. -1 


'I- 


13 


I 
2' 


"■-1 


s. 1. 


1* 


27_ 


80. 1. 



"■ 180 
SI. 6. 



tv Google 



28 ALGEBRA. 

{ ase ; pftffe 226. 
8. ±S. 1. ±5. 11. ±8. 16. ±3v'^. l». ±^- 

4- ±|- B. ±^- It. ±^- la ±1 20. ±(a-6) 

8. ±v^. 9. ±|. 18. ±4. IT. ±8. «. ±lvT5. 

e. ±6. 10. ±2. 14. ±2. IS. ±i- •"• ±V' 

S 2SS: PAT* 997. 

8. 1, -7. 7. 6, -6. 11. i, -5. IB. 6, --■ 

' ' 2 3 

«. 8, - 4. B. 2, i. IB. 4, |. 16. -t - ^ 

'3 6 2' 3 

8. - 2, - 9. ». I, - 1. 18. i i- 

*' 3 3 

«. 10, 8. 10. -1, ~6. 14. 1, -- 

2 3 4 

S 280; page 329. 

I. \, -2. 7, -1, -3. 11. -|, -f. 18. i, -i 



8. E, i. H. -i 

«■ i. -I- »■ -1 

8 8 8 

10, i, _?. 14. 4, 

7 7 

§ 262 : p^ea 230, i 



^ 



AITSWEBS. 
{303; poBes asi to S38. 



,. 5, -I. 


10. 


a, _!. 


ao. 


.-4, -7. 


». f.2 


'■ !■ -■ 


II. 


•■-f. 


SI. 


1 1 

9' §■ 


81. - :, 


■ 1 1- 


IS. 


^■i- 


28. 


-3, -4. 


». . |. 


4. -|, -10. 


13. 


M- 


33. 


1 1 

2' 4 


83. -1, 


•■ \- -«■ 


U. 


'■-!■ 


H. 


4, -1. 


M. 6, - 


,. U, -3. 


IB. 


2, -1. 


SB. 


-8, -4. 


„. |, - 


'■ ^. !• 


16. 


20, 2. 


S6. 


. 1 
' 2l' 


«■!■- 


8. 5, -6. 


17 


6, -3. 


27. 


|,-3. 


.,. M, . 


9. 6±v^. 


1«. 


119, 7. 


28. 


=. -s- 


»■ !■ - 




» 


8, -18. 


20. 


s, -a. 





§264; poaWB 234,236. 



a + 6, -a + 7. 10. 1, - 
(^^. 18. a + 6, ^ 



30. C3a+6)«, -(3a-6)». 





19. 


a - 

2 




2a- 


a-6 
a+6 


22 


.- 


26, 


-2a+ 


42 a, 


2 a. 


26. 


_5m 


, -2n 




a 


n « 


+ 1 


gi- 



,„Coogk" 



ALGEBRA. 






taes; 


pMffeasa. 






'■ '. -h 


u. 4 -. 


IS. 


2 I 


-.-1 


- i -!• 


18. 


1 3 

"S' X 


.. a, I 


"■n 






^'■-h.-i 


. ... -• l. 







f 9ST: pAffM 337, 338. 
5. - 7, 4. i. 5, 8. 7.-8,-3. I. 12, - 6. ». 0, t 

10. 0, -a U. 0, ±?. II. 0, |, -|. IB. 3, -|, -4. 

16. 0, 2±%/2i. IT. ±8a, |, - o. II. -1, ^*^^~" - 

19. 8, a±|>:Hl. ». ±1 ±|v3i. «. ^, -a«j:aav^3. 

tS. -|, Ki^/El. as. ±2, li-^ATs, -1±a/33. 

«. 1, ±v^n. H. 0, |- 96. ±5, |. «T. ±?, -|- 

M- -\, ±8V=^ 99. 0, ^. 80. 0, 4a -4. 

{ aeS; pasM 330 to 343. 

I. 21, at$epeibkiTel. 4. 11 and 7. S. 9uid 18; or, -^knd -^■ 

«. 3, 4, 6. t. la and 4 ; or, 2S and - &. I. 6 and 2. 

9. 1, 2, 3, 4 ; or, 5, S, T, 8. 10. 18, at $6 per barrel. 11. 21. 

19. |40. IS. 4, 6, 6. 14. 6 miles an hour. II. 300. 

19. 27 and 36 miles an hour. IT. 18 rods, 12 rods. IB. 20 cents. 

19. 9 75 or 9 26. 90. milea an hoar. 

SI. Area of picture, 25 sq. in. ; width of frame, 4 in. 

S3. Fore-wheel, 12 ft ; hind-wbeel, 18 ft. 

93. Larger, 6 tiours ; smaller, 10 boura. 94. 22. SB. 93000. 

Se, 5. 27. h. 98. 8. 39. 4. 

90. 12100 and 1225 sq. ft. ; or, 8836 and 4489 sq. ft. 

•1. 0. 39. 136 or 68 miles. 38. 72 milee. 34. 80, at $60 each. 



i 970 ; lACas 344, 94(1. 



«. ?, -1 ». -248, 26!. 10. |, ^^|. 11. 729, ~ 



"^ ±S' *is- 


IT. ±2, ±3. 


S6' Ui « 


„.f,.. 


, -. 34. 16, 9. 


3, M±V57 



1«. M. fll'- 



i 371; POKOS 346, 347. 
4. 6, - 8, 8, - 1. 5. 3, - 7, 1, - 5. 6. 6, - 1, 4, 1. 

t. ±3, iS-v'S. 8- 8, ^' »■ 1, 1±2VI5. 10. 0, -2, -l±a\/irT. 

11. lA, ^^^-^ -. 18.4.-1. 18.-2.-^- 14.-2,-6,-3,-4 

IB. 2, - 1. 8±^^. le. 2, - 1. 1, 1. 17. 5, -2,1- 1. 

'24 22 33 

U. 2,i^±^M. 19. a^Va'-^fc *. 80. a±36v^,a±26v^. 



-1 2±-\/5r „ 3j:V5 9j:V 

' 2 ■ 2 ' t 



{ a7e ; pa«a SSO. 

a. z = 3, j/ = ±5; or, a = -3, B = ±5. 

■•"4 '-I- "4 -4 

4. a! = 2v^, f = ±2v'a; or, x = -2V3, y=±2-\/S. 

8. 3! = 2a-6, » = ±{86 + a); or. i=-2a + 6, r = ±(8» + «j. 

L.I ...,.,Cooglc 



} 377 ; pscea 360, 3ftl. 

ITots. — In this, and ihe thme foUowiag sectiooa, the answers are 
arranged In the order In which they are to be taken ; thus, in Ex. 2, 
the value 2 = 3 is to be taken with y = 3, and z = 10 with jr = — 13. 



i. z = 2, 10. 


7. x = 6, 1. 


llx = -4,|. 

,=-s,-a 

18.x = 2,l. 


ir . 8, - 18. 


,.!,«. 


1. 1 = 8, -«. 

» = -». 0. 


t. x = a + I, -a. 
, = a, -«-l. 




9. 1 = 8, -8. 


..x = -4.±. 


<. z = e, -7. 

ir=7, -8. 


» = ". |- 


e. *=10, -3. 
ir - 17, ). 


la x = o + 6, o~6. 
,-0-6, a + S. 

11. 2 = 6, -8. 


, = s,-ff 

11. 1 = 4, -^ 


6. x=2, -6. 
1, = 6, -!. 


,=-l.|. 

{378; p»ff« aes. 


, = ..-f. 


4. 1 = 8, 6. 


». 2 = 5, 2. 


14. x = S, -2. 


» = », 8. 


»=-2, -6. 


,=-2,8. 


6. 1 = 1. -10. 


10. x = -l, -6. 


IS. x = 6, -9. 


J«-10, 1. 


, = -6, -1. 


, = 9, -6. 


S. x = 4, -3. 


11. »s6, -7. 


18. x = 4, 17. 


lr = S, -1. 


J--7, 5. 


, = -17, -4. 


7. . = 5, -9. 


12. x = 2, -16. 


17. x = ±7, ±18. 


,=8, -6. 


ir = l», -2. 


J-TIS, T7. 


1. «=±e, ±2. 


18. X = 4, 20. 


IB. x = 2, -7. 


ff=±2, ±6. 


,=-20, -4. 


,=-7,2. 



S 370 ; psffe 354. 

. x=±i, ±}v^. 8. x = ±2, ±i\^. 









8. * = 
1" = 


±2, 

Tl. 






. = ±<, ±1. 






9. 1 = 


±5, 
±1. 


± JV- 10. 










la « = 
» = 

11. x = 

y = 


±1, 

±a, 

±6. 


±tVW. 
±iV77. 

±aV|- 




§280 


pages 367, 368 








-!■ 4- 


6. 


.= 


4, -3, - 


1±\/I3. 




-1 -1 






3, -4, 1±VI8 






= ±4, ilV^S. 


S 




=i., .'1 




1. . = 8, 6. 




= ±3, TJ-*/^- 






= .s,.|. 




»=-«, 


-3. 


= 5, -4. 


11 




= 8, 11, 


12. a; = 8, 9. 




= ±4, ±iV46. 
= 3. 8, - 5, 16. 


» 


= *, 


= -11, -8. 
-4. JS. x = 2 
-2. » = - 


, = 0, S. 
1.2.1^ 


51. 
il. 


= ±2, ±V^. n 


^ 


= 3 


-«. 1. -I 


18. *=-5, - 


51 



„.Ti, ±2v^. :/=-!. 1, -^.=- v=-6. "y; 

I = a ± 1. 80. I = i. -■ 91. I = 6, -6. 28. x = a ± 6. 

^ 3 4 

j, = a=Fl. V=|,|- »=±3,±3. v = «=F6. 

a:=2a-8,i^. M. 2;=±3, ±1. 24. a:=3a+2,2a-3. 



!/=3. 



13 
, 126 8-169 
"^ 

= ±2, ±if-*/^. 
= ^2, J--H V-31. 
^„„6±./^T61. 



■^=±1, ±3. i(=2a-3,3a+2. 

27. i=±(2a-6), ±(a-26>. 
l,=±(a-26), ±(2«-&)-' 
,o ,_, _10.5±VI93. 



-151 



-21, 



a3±8ViM 

4 

Google 



ALGEBRA. 



sa 


«=27, 


-8. M. 


1=2, 


-1 


tS. i=a+J, 


~a 


St. z=2, 12. 




V=9. 


-27. 


jf=_ 


1.2 


If=a, -o 


-' 


"-'-k 


H. 


27 

a 


--a 




S6 


'-<--i 




M. * = 2<i, -tf. 




'-I 


I'- 






'-•i 




y = 26, -6. 


at. 


1=1, 


-.^ 


rU. 


M 


«=0,2. ±^. 


N 


«=±3,±V^. 




v=i, 


-2.:^ 


v'^n 




,«0,2,2Tv^. 




F=2.6. 



«. *=±1,±2. 41. «=8, -1.-1,-2. 42. xt=3, 4, -e± %/iS. 
|r=±|. ±|- if=l, -3,2, 1. p=-4, -8.6±VS. 

4a. X = ~ 2, - 4. 44. X = 3, - 1, 2, - S. 4S. x = 2, L 

y=-4,-2. ys=-l,S, -8,2. ? = 1,2. 



i 281 ; pABflB 368 to 380. 
1. 0, ±4; or, - 6, ± 4. «, ±6, ±8; or, ±3V^, ifi^V^. 
a. 18 rods, 9 rod*. 4. 7, 6 ; or, -6,-7. 6. 6, 2. 

6. Cow,»70; sheep, ♦ 40. 7. 32or23. 8. 9,4. 9. 5 or ^. 
It. 24 in., 16 in. 

11. Rate of crew in still vater 6 miles an bour, of stream 3 mllea an 
boui ; or, rate of crew in Htill water ^ miles an Itour, of 
stream | miles an hour. 
It. Length 80 rods, width 13 rods ; or, length 60 rods, width 6 rods. - 
13. 60 ; A gives to each 93. 14. A, 6 hours ; B, 8 hours ; C, 2 hours. 
18. Length 32 rods, width 30 rods. 

16. 6 and 4; -4 and -6; or, l±^M ^^ -l±^m_ 

' ' 2 2 

17. A's rate of walking, 3 miles an hour ; distance 12 miles. 

18. A, 4 hours; B, 8 hours ; C, 12 hours. 

19. 1 and 3 ; or, 2 + SV^^ and 2 - SV^^. 



tv Google 







ANSWERS. 88 




5 283 


1 paves aaa, 363. 




23-151 + 54 = 0. 


B. 


8a:^+17a; = 0. 




i" + J6 - 6 = 0. 


9. 


38*^ 


+ 77 »; + 40 = 0. 




3a^-a;-2 = 0. 


10. 


a;'+(26-3(i)x+2aa-6<i6~36»=0. 




2a!' + 19a! + M = 0. 


11. 


*'-! 


2ox + a»-9m' = 0. 




30a?-31i + 5 = 0. 


IS. 


a^^i 


3j!-89 = 0. 




281*-* -16 = 0. 


13. 


i^ + ixVa + a~b = <i. 




§as5 


; i^es aa4, aes. 




(3x-2)(x + S). 




19. 


(9-43;)(6 + Sa;). 




(bx + BXx + 2). 




80. 


(7-2x)(6 + 6*). 




{2a;-3)(3a;-l). 




ai. 


{6x-5)C4x-l). 




(3x~4)(6x + 2). 




99. 


(4i + 5)(2a + 7). 


10. 


(5-3^)(4 + i). 




S3. 


(3:=-4s)(7i + 6y). 


11. 


(5-8:c)(7 + 2*). 




S4. 


(lx-6abXx + &ab). 


IS. 


(6 - *)(2 + 6i). 




26. 


(x-3y + i)(x + is + S). 


13. 


ix-1a)(3x + ia). 




2T. 


ix^2y^lKx + y + 2). 


1*. 


C3^-7m)(2i-3m). 




28. 


C«-2y + 4)(* + 2!/-l). 


11. 


(7:t + 2)C2i + 3). 




SB. 


(2a;-v + 3)(x + 4s-l). 


18. 


(3*-2)(8*-l). 




80. 


Co-26-2)(8a + &-l). 


n. 


(l_4ir)(6 + it). 




81. 


(3p_2-a:)(3^-3 + 4j;). 


18. 


C0ie + 2)(2i + S). 




88. 


C2i-5i,-»X8i + Si/ + 2«> 



5 asB; pa^e aee. 

4. (2x+5)(2i + 3). a. C3ic-2)(3a:-4). 8. (4i + 7)C4*-3). 
7. (ic+l+5v^)(x+l-2\/3). 11. (6x+3+y/S)i5x+3-VS). 

5. (2a!+l + v^)<2x+l-V2). 19. C2v^-2+8e)(2v^+2-3i). 
9. (e»; + 6)(6i-l). 18. <7;e + 6)<7x + 2). 

10. Cii! + 2)(4a;-3). 14. (1 + 8»;)(6- 2a;). 

i 387; pftse 367. 

4. (*' + a!E + 8)Cx»-2s + 8). 5. (3? + 8x-5)(K»-««-5). 

6. (2a» + 8«6 + 46>>(2«i'-3a6 + 46>). 
7- (8a« + 4a:v-2B«)(3i"-4zy-2^). 
S. (Im' + Smn + nOCim^-Sntw + n*). 
8. C2'i' + 6<i-7)C2a*-6a-7>. 
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10. (3«' + (>;vl3 + 3)(3i?^a;VT8 + 8). 

11. (2m' + mV6-2)(2m"-«iv'6-a). 
la. (:^ + 2xV2 + ^Xl?-2z^/2 + *). 
1$. (_i^ + xVS-l)ix'-xV3-l). 

14. (3a" + 5a*-5i')(3a»-5<M:-6i'). 
16. (4o* + am + ein")(4a«-om + flm*). 
W. (5a!» + i-2)(5*»-ie-2). 
IT. (5m» + 2ma; + 4i')(6m»-2m« + la^). 
IB. {4x' + 2zs)-7[)»)(4a;*-2!ej(-7K'). 
19. (6a= + 2rt6v^-56'}C6tt»-2a6v^-66»). 
§ 388 : page 268. 



4.1 J- I T 3^^±3-/^^ -3V2±3-/^ 

± 1, ± i- 1- 2 • 2 

S aes: page 277. 

3; = B, i(=l;a = 0, y = 3; x = 3, y = 5. 

x = 4, g = l&; x = S, y = «i. 5. x = 3, y = 6. 

a; = i, V = 122; x=:18, y = 91; « = 22, v = 60; « = 31, v = 2ft 

I = 3, jF = 60 ; X t= 10, y = 26 ; a; = 17, y = 2. B. a; = 3, v = 2. 

a = 3, i/ = 59 ; 2 = 1.1, ji = 16, 

1=78, y = i; a; = 59, y = 12 ; x = 40, y = 20 ; x = 21, y = 28 ; 

1 = 2, ji = 3a. 11. a; = 2, V = 1, 2 = 3. 



13. 


^ = 2,y = 30,*. 


= 3; x=:i 


M( = 18, 


,z-48;x = I6,!/-( 


13. 


x = 2, j(-l. H. 


x=6, y= 


^2. IS. 


x=8, y=a. 16. x=; 


17. 


X = 7, y = 1. 


IS. 


x = 0, 


V = 4. 


ig. 


Eilher 2 and 8, o 


r 6 and 3, 


twenty-five and twenty-cent p 



20. Either 1 and 17, 3 and 12, 5 and 7, or 7 and 2, fifty and twenty- 
cent pieces. 21. Either — and -, — and -, or - and — . 
^ 9 5 5 9 6 

S2. Either 1, 18, and 1 ; 4, 10, and 6 ; or 7, 2, and 11, half-dollara, 
quarler-dollars, and dimes. 23. 5 pigs, 10 sheep, 15 calres, 

H. Either 17, 2, and 8; or 3, II, and 26, quarter-dollara, twenty- 
cent pieces, and dimes. 



ANSWERS. 35 
{ 33a ; pages 28S, 286. 

4. a 5. 80. ». ^- T. If. 8. ^^- 9. lOJ. - 10. x- 3. 

U. 2ffl-l. 18. ^1, ~ 18. 5, 22, -4. 14. 5. 

U. » = ±a"6, y = ±a6>. 18. 32, IB. 17. 25, 11. 18. 31, 17. 

19. 6,8. SS. 3:4. H. a:-b. U. 1 or ^ 16. 38. 6:4. 
W. 8 : 4. 31. 8, 9, 27. 

S SSa ; pSffSB 289, 290. 
8. 72. 4. v = \^- 8- |- 6. ^ 7. | 8. -18. 9. |- 
10. 679 ft. 11. ^, - ~ IS. 7. 18. 16. 14. ^- 16. 12 in. 
10. 3. 17. 6. 18. 9in. 19. I6(v^-I)in. SO. s=3+5jc-4x». 

$ 337 ; pase 393. 

8. 1 = 69, 5=432. 8. I = -77, 5 = -630. 4. I = 3fl, ^' = -264. 

6. ! = -«?, 5 = -5«l. 0. l = m, 5 = I5§. 

7. I=M, s = mi. 8. I = -^,S = -166. 

6 « 4 

9. 1 = -^ 5' = -^. 10. I = 84a+196, »=162a + «3fc 

11 ;_ 17p-8J! g^ 80y-36j; 

2 ' 2 ' 

i 338: paffes 284, 296. 

4. a = l, 5=640. 6. 8 = 7, I = -6e. 8. d = 3, 5=552. 

7. d = ~b, I = -95. 8. d = -, n = 86. 9. a=-, d = --l. 
4 5 16 

la i=— , n = 16. 11. » = 22, S = -- 18. o=-3, J = 5. 

12 2 

!8. = --, n = 9. 14. a = -,d = --- IB. tf=-?, n = 13. 
3 2' 8 4' 

10. d = ?, 1 = 6. 17. « = 16, i = -3; or, » = 6, 1 = ^. 

m a=s-L n = 16; or,a = ^, n = 25. 19. n = 16,I = -16. 

S 15 - 

.. X'OOglc 




a = l-Cn-lH fi = ^[2I-{»-l)dl. 
^_ 2S-nl j_ 2(nl-g) 



-(lj:V8dS + (ga-d)' jj , ^ P - a* 



a ' 2rf ' 

( 838 ; pAg« aOO. 



'■■"' '■"-I *"'=n- •■ 


=1 •■—s 


,. .=-5. 




( S40; pkve aoa. 




>• ^ - "+- •■ iS^ 





S 341 ! lMff«B 307 to 399. 
S. 6060. 4 250600. S, - 60. Q. 10, 2, - 0, - 11 

1. 840. I. 662 + 62^^. 0. 3,6,7,9. 10. 100. 11. 44650. 
14. 31. W. t M. -6,-2, 2, a, 10 : or, 21, ^. il, - i?, - ^t 

16. ?.^_+6. le. 124. IT. 17. II. 30. 19. 5. W. 15. 

m + l 

81. -3, 7, 17; or, -3, -^, -^ It. 670. 

} 84S; page SOI. 

8. 1=2187,5=3280. 4. 1 = 1^, 5=^^?- 6. I=-1260, S'=-1042 

243' M3 

e. i = 204B, S = 4094. 7. 1=--" 



260 
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{346; page 306. 

8 ^25 .681 a 107. n.^*. 
^- '■ « 990 '926 2475 

f 34g ; pue 306. 

= -2. 4.r=±2. 6-'-=±| frrs-*. 7.r=±| 

§360; page 306. 



L, Google 
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{ 3B1; pBKM 808, 307. 

«. -4. 8.4,12,36,108. 4. 6, -10, 20; or, -5, -10, -20. 

B. $4118. 6. 32 ft. 7. -^- «. (a-6)-+>. 

e. -3,4, II; or, 13,4, -5. 10. A,|108; B, $144; C,$102; D,9266. 
'1. - 4, 1, 6, 86 ; ot, 8, 1, - 6, 3«. M.S. 

18. 4,6,9, or. I5,!M *I6. 



S 3eo ; page 814. 

10. a'" + 6 oSft'c + 10 <fiifi(? + 10 a*6»c» + 6 o'6"V + 6"e'. 

11. i"- + 6j!"'-i/"''+ 15 1*^+20 a;*-II»"+16a*-i;'»" + 6a»%""+[("»", 

12. 16n<-32a» + 24a'-8a + l. 

18. ^6+ 10a:* + 40K> + 802= + 80i; + 82. 

14. a'-12a»6 + 64n'6>-108a6' + 816*. 

18. 1 + 12m^ + 00m' + 160m« + 240 nt' + Item'" + 64ni". 

17. K* + bx^' + lOi^ + 101"^ + Si"^!^ + I-". 

18. o^ - 14 a' + 84 a' - 280a' + 560 a* - 372 oi + 448ai - 128. 
18. 243 + 4052"+ STOis + eOx'+lSai' + a''. 

80. n»"5 + 6m"5i + 16m"^ + 20mi + 16m'^ + 6m^* + »»'. 

21. 256a»-25eQ'z* + ()0(i'i^^l6a^a;+ir*. 

22. i-i"-S3:-v + V*-V-iM-V"+ A^«-V*-ihl'"- 
28. m^ + iO m»i-» + 160 m»K-« + 600 m'*-* + 626a!-w. 

.., ,Coo^k" 
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-21.V^ 



84. leoS + iaai + f 

M. 16 o'^ - 32 a-sft* + 24 a'H - 8 a'h^ + b''. 

27. s'j ^e"*^ - A x-'m^ + i »;"im* - i x'^m^ + J i"!m^ - m'. 

2S. a» + 16aV + B6o'^ + 25eo* + 266a*. 

Se. a'-lsJx'^ + 136a*t'^ - 540oV*+ 1216iw"^ -1458oW 

+ 729X-9. 
SO. 32 a= - 240 o^b + 720 a'6' - 1080 a^t' + 810 ab* - 243 W. 
31. a-b~^ + 7 aU"' + 21 n's-' + 36 ah'^ + 36 a~h^ + 21 o'^6 

+ 7 a"^i^ + a'^if 
SS. 81 mH-" - 216 mn"! + 216 - 96m-'n + 16 ni-%". 
S4. l-la;+ 10s^-16a^+ IBa^- 163^ + lOz" - 41' + a». 
ib. K« + 4a:' + Ua* + 28a:« + 493^ + 561" + 561!' + 323; + 16. 
Se. 1+ I2x + 50x<' + 123? -2lx* - 723* + b03f> - UxT + 3f. 
87. *»-8*' + 123* + 40jc«-71a:*-120«' + 108a;'' + 2l6« + 81. 
as. l+53;+5a:*-10a:»-15*<+lla'+I5a*-10«'~5K»+5ii;»-xW, 
- 6i» + 20k» - 60a:' + 105a;* _ 161 a^i + 210a:* - 200a^ 



H60a^- 



x + 3: 



} 302 ; pELge 318. 



56 a^. 


7. 


^a-^lfl. 


18. 


tWi«'6-'- 


166 m*. 


B. 


- 220 iiH*-'- 


13. 


42240 o"*i^'. 


126 a^M. 


9. 


5005a«-+»-. 


14. 


21840„V„-V. 


-11440 a:''. 


10. 


-219W8a:-»!fi 


IS. 


-m^-'^y'^ 


495m'n*<. 


11. 


61236 «-^V 


16. 


-lffA«. 



§371; page 323. 

3. l+4a:-4x= + 4K«-4r* + .... 

4. 3 + 10a; + 40i2 + 1603:5 + 6403:' + ... 
6. 2 + 13i2 + 39z' + 1173* + 35l3^ + .. 

6. 2l- Ja:» + »j'-3;'- V^' + W*° 

7. l+x + x' + 2x' + 63fi-i-—. 



tv Google 
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5. 2z-7a!* + 38a!»-204!t* + lUM*'--. 

9. Ji-»+j!t"' + if + W'!+!iS!^ + — 
!1. l-2x + x'' + 2x*~3x' + —. 
U. a + 8« + 2Sx» + 47«» + T8K«+-. 
la. I-' + 6x-' + 20ar» + 106 + 670a; + — . 
14. 3i-» + Uar> + S9 + 10Iir + a04j;> + " 

17. 4ar»-in-i*i'+|«»-{K' + -. 

1 87a : p»r« 824. 
t. l + 8*-2ji« + 4i>-10a:« + .... 
*. l-l»- Vae'-J,V*•-V^«"--• 
4. l + z-at* + a!'-|ii!* + — . 

6. l + a:-i;» + (i»-i^at' + .... 

{ 874 i pAce 836. 



2i + 3 2i-8 3aj 8(6x-6) 

B ■ 7 . ia 3a 

2a; + 3 Sx-3 ' z + 6o x-a 



2(2a:-l) 2(4x-8) 3x + 2 'a 

{ 370 : Pftga 837. 



'2x-8 (2x-3)* 6(5x+2) (6x+2)' 6(6x+2)« 

.._! !!_+ ^ ■ T.-! * 5—- 

x + 6 (as + 5)» ^ (I + 6/ a-l (as-l)' (x - 1)« 



■ 3(31-2) 3C3x-a)' 3(3x-2; 



ANSWERS. 4: 

S S7T ; pa«e 338. 

2 5 8 . 1,2 3 4 

a! « - 3 (I - 3)»' ' m x' x~l (x - 1)»' 

3 i 2 6 . 1 3 _ S 

xi«*"x + 4' xas+l (a: + 2)*' 

, 3 . 4 - I _ 1 1 . 6 

3a;-l 2x + 3 (2a; + 3)' ' 4i+l 2(2x-3) 2(2a!-S)» 

$378; page 326. 

^''^^rM 3^rT' *-^^ i i^+iH+irrr 

2 ^+ ^ ■ a.x + 2+?-l ^+—2 






; 37S : page 380. 



i + l 
1 



8x + l a?-i + 3 

4. * J-3 ^ 5i + g 3a-4 
2x-6 x« + 2 ■ x^ + x+l x^-i + i' 

{ 380 ; pag« 381. 

5. x = V + ^ + V' + V'+-- 6. x = y+ly^+i^ + itl'+-. 

3. * = v + i!f' + il^ + A^+-- T- « = 2!/-2Ka4-Jp»-iy*+- 

4. x = v--2y^ + 5s'--Uy*+ -.9. a! = y- ^ + y*-/ + — . 

6. ic=i, + 3y' + 13v» + 67v<+.-. 8. a; = y-Jp' + T^K'-^»' + - 

{383; paffe 336. 

8. a-« + a o-'ft + 21 a-m + 56 «-»&> + 12fl a-"06'+ .... 
10. a;' - Bxv + V^iV - S^t'V - i3rij/*+ -. 
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x-i - 4x-*f + l6x-<^ -9ix V + 266a;-»°if» . 

j;"'^ + 73!"'^y* + V"M«*+ V«'V'*+ vV'**-- 



rhi- 



-VftV+u.-ybV^^a-VftV+iiii'.-'^ft*^- 










5 884: I»»«3B7. 








a. 


,U''~^^. 


7. i^^. 


IS. 


Wi 


a-Vfi-. 


s. 


AWa"'^^'- 


B- -rfho-Vx.. 


It. 


- i^kMj,-J. 


«. 


1886 ^u. 


8. -2008i-wm». 


14. 


230 


«-^-V.^. 


6. 


-192ic'!/^ 


10. ^«-V«-. 


IB. 


-H^a'^b-* 


8. 


^a'x-. 


SSaS; pa«»S3B. 








i. 


5.0»W». 


4. 3.08008. 






e. 2.03065. 


S. 


9.89M9. 


6. 2.97182. 
{ 887 ; t«S« 843. 






7. 1.96100. 


i. 


I.&441. 


7. 2.1003. IS. 2.510t 




17. 


3.0612. 


1. 


1.6900. 


B. 2.2922. 13. 2.6774. 




IB. 


3.4192. 


4. 


1.62:J2. 


9. 2.3892. 14. 2.6074. 




IB. 


3.7814. 


S. 


1.6751. 


10. 2.3222. IS. 2.0421. 




M. 


4.0794. 


8. 


1.6020. 


11. 2.7960. le. 2.8363. 
i 388; ptwe 343. 




81. 


4.2006. 


3. 


.5229. 


6. 1.6632. 1. .2831. 




11. 


1.4692. 


3. 


.2431. 


e. .2689. 0. .7930. 




la. 


1.3468. 


4. 


1.1H9. 


7. 2.8622. 10. 2.1303. 
j 40a ; page 344. 




IS. 


2.0424. 


S. 


3.33B7. 


5. .7525. 7. 7.7205. 




9. 


.2863. 
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;l. .3943. IS. .1042. 

IS. .0682. 18. .6260, 

18. .1166. 17. .4078. 

14. .0930. le. .2642. 



B. 0.4471 

3. 1.0401. 

4. g.7903- 

5. 6.9012- 



20. .0496. H. .0704. 

81. .0306. Sa. .4248. 

Xt. .7007. S8. .1341. 

S3. .8762. 87. .1807. 
{406; page 346, 

6. 1.6101. 10. 0.5363 - 10. 14. 3.2646. 

7. 7.6741-10. 11. 9.9421-10. 18. 0.1161. 
I. 3.8203. 18. 0.4134. le. 0.7336. 
0. 8.6032-10. 13. 2.4383. 



7. 1.0 

e. 9.0! 



i 4U ; page 360. 

9. 7.8606-10. 12. 2.1032. IB. 7.8108- 

10. 0.8923. 13. 9.9632-10. 16. 8.1S32- 

-10. 11. 6.6783 -10. 14. 16099. 17. 0.6069. 









§413; p»ge3Bl. 






4. 


61.26. 


7. 


8148. 


10. .09216. 


18. .5061. 


6. 


2273. 


e. 


004897. 


11. 64.23. 


14. 356.8. 


6. 


461.2. 


9. 


7.488. 


IS. .003866. 


IB. 17006. 








18. .0001994. 










5 


418: pages 


3S6, 366. 






1. 


189.7. 


IB. 


- 1.167. 


39. .0682. 


4B. 


2.627. 


8. 


8.243. 


IB. 


-.002893. 


SO. .6468. 


48. 


2.527. 


8. 


-1933. 


17. 


3692. 


81. .1377. 


47. 


-.8378. 


4. 


.3001. 


18. 


.2777. 


82. -.3702. 


48. 


1.033. 


S. 


.002976. 


10. 


-15893. 


35. 30.12. 


49. 


.2984. 


6. 


-.01213. 


20. 


.001233. 


38. 2.487. 


BO. 


.3697. 


7. 


6.359. 


21. 


316.2. 


37. 1.066. 


Bl. 


.7945. 


B. 


.03018. 


88. 


.7652. 


Se. .0006777. 


68. 


.0348. 


9. 


- 6.853. 


28. 


243.9. 


S». .007106. 


BS. 


170.5. 


10. 


311.9. 


84. 


.00001086 


40. .8335. 


B4. 


1.863. 


11. 


.2230. 


BS. 


2.236. 


41. .5428. 


5B. 


.0001931. 


19. 


-.000644. 


86. 


1.149. 


42. -36.03. 


B8. 


-.09064. 


13. 


.1261. 


87. 


- 1.276. 


43. -11.11. 


67. 


.1711. 


14. 


.02307. 


U. 


1.778. 


44. .0432. 


as. 


-74.88. 
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I 4ie ; pare 367. 
3. .SSSOt. 4. - 2.172. B. 1.156. & -.1786. 

7. ^M^ B. ^i5£a 9. 1. 10. 4, -1. 

logo - 2 log b log » - 4 logm 2 

n n^ lPgt-'oga I I UL „ ^ logTCr - l)g+ a]-loga ^ 

logr ■ logr 

IS. » = '°g'--'°g° + 1. 

log(ff-o)-log(5-I) 
M. ^^ logl-log[ri-fr-l)ff] , 1 
logr 

§490; paeessa. 

a. 3.T01. 3. -.06662. 4. -3. 761. (. 2.389. 

e. -.3763. 7. .3781. 8. 4. 10. |. 11. -1. IB. f- 



DiqllzodbvCoOylf 



ADVERTISEMENTS 
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ESSENTIALS OF GEOMETRY 

PLANE AND SOLID 

By WEBSTER WELLS, S.B. 

Professor of Mathematics in the Massachusetts Institute 

of Technology 



In this new work, issued in 1899, the ideal of modem teach- 
ing of Geometry is made practical by a method which neither 
discourages the pupil nor helps him to his hurt. The author 
recognizes the needs of the beginner, and meets them in such a 
way as to arouse his interest and enthusiasm. The college re- 
quirements are heeded, both in letter and spirit, without sacrifice 
of organic unity. 

The exercises are about 800 in number, and are carefully 
graded. An important feature consists in giving figures and st^- 
gestions in connection with the exercises. In Books I and VI, a 
figure is given for nearly every non-numerical exercise ; in the 
other books they are given less frequently. It is believed that with 
this aid the exercises are brought within the capacity of the aver- 
age pupil, and that his interest in the solution of the original 
exercises will be stimulated. 

Every definition, demonstration and discussion has been sub- 
jected to rigorous criticism in order to secure clearness, brevity 
and absolute accuracy. It is believed that no other text in 1 
Geometry is so free from ambiguous and loosely constructed 
statements. 

The Appendix contains rigorous proofs of the limit- statements 
used ID connection with the demonstrations of Book IX. 



Half halker. Pages, tiiii-\-jgi. ItttrodaeHen price, $i.tS- 
Plant Geomtiry, stparalify, ?/ cents. Solid Gtomeiry, separately, f^ cen/t. 



D. C. HEATH & CO., Publishers, Boston, New York, Chicago 
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COLLEGE ALGEBRA 

BY WEBSTER WELLS, S.B., 

Professor of Matbejnatks in the Massachusetts Institute 
of Technology. 



The first eighteen chapters have been arranged with reference 
to the needs of those who wish to make a review of that portion 
of Algebra preceding Quadratics. While complete as regards 
the theoretical parts of the subject, only enough examples are 
given to furnish a rapid review in the classroom. 

Attention is invited to the following particulars on account of 
which the book may justly claim superior merit : — 

The proofs of the five fundamental laws of A^ebra — the Com- 
mutative and Associative Laws for Addition and Multiplication, and 
the Distributive Law for Multiplication — for positive or negative 
integers, and positive or negative fractions ; the proofs of the 
fundamental laws of Algebra for irrational numbers ; the proof of 
the Binomial Theorem for positive integral exponents and for 
fractional and negative exponents ; the proof of Descartes's Rule 
of Signs for Positive Roots, for incomplete as well as complete 
equations ; the Graphical Representation of Functions ; the so- 
lution of Cubic and Biquadratic Equations. 

In Appendix I will be found graphical demonstrations of the 
fundamental laws of Algebra for pure imaginary and complex 
numbers ; and in Appendix II, Cauchy's proof that every equa- 
tion has a root. 



Half Uatber. Pagis, vi + 57*. Introduction prict, f/.jo. 
Part II,beginmng witb Quadratics. ^41 pagts. Introduetion price, ti.ja. 



D. C. HEATH & CO., Publishers, Boston, New York, Chicago 



WELLS'S COMPLETE TRIGONOMETRY 

(1900) 

In this new Trigonometry many improvements have been made, 
notably in the proofi of several of the fimctioM, b the general demon- 
strationg of the formulx, in the solution of right triangles by natural 
functions, etc. The book contains an unusually large number of ex- 
ample*. These have been selected with great care, and most of them 
ate new. The Table of Contents shows its scope : 

CHAPTER I.— Trigonometric Fmicrione of Acute Angle.. 

II. — Trigonometric Funcliona of Anglei in Gtnenil. 

III. — Genenl Forniulae. 

IV. — Macelljuieous Theotenu, including Ciiculai Meaiure of the Angle ; 

Innne Trigoaometric Functions ; Line Values of tlie Sic Func- 



V. — Log»rithm« (Properties and Applicidon ) . 

VI . — Solution of Right Triangles ; Formulie for ua of Right Triinglei. 
VII.— Goiml Properties of Trianglejj Formulae for arcs of ObUque 
Triangles. 
VIII. — Solution of Obliqae Triangles. 
IX. — Geometrical Principles. 
X. — Right Spherical Triangles (Solution). 

XI. — Oblique Spherical Trian^ (General Propnties, Napier'i Ana 
logies. Solution). 
XII. — Applications, Formulae, Answers, Use of Tables. 

Attendon is particularly invited to the following features : 

. The pnjo&of the fiincrions of no", i^S", 150°, etc, 

. TheprootBoftheiunctionsof(— A) and (90° + A) in terms of thoie of A, 

. The expression of the Function of any angle, positive or negative, as a fiincaon 

of a certain acute angle. 
. The general demonstration of the fimnulae tanr = -^Sf. uid 



:■«= I +cot>* 
:osf«+j,)wben«and, 

7. The prooli of [he formulae, tan - X — ^ and cot - v = — T '^'"'' 

S. The solution of right triangles by Natural Functions. 
g. The solution of quadiantal and iioiceles spherical triangles. 
10. ThesolurionofobliquespheHcal triangles. 

The results have been worked out by aid of the author's Nev 
Pour Place Tables. 

Cempltu Trigaimmiry, Half Laibir, TS8 ff. go cii., with Fmr Fleet Tiiiles,$i.oi 
plane Trigmomiry, Cbapuri I- fill, too pp. 6oe:s.,iviib Four Place Tabla,'^jcli 
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Buton'i PUm Bamyiat. With complete tablet. Ii.^d. 
Baitan'* ThMuyof Bqutloni. A ireaiue lor coltege dau«. ti-so. 
BoWfM'l AiCademic Al|«bn. For lecoiuliry Kbooll. 9i.ii. 

Bdwmi'i Collscfl AltttbTA. A f uEl tiealiDCDt ol elementarr ind jidvanced topici- Il^o. 
Bowui'a Plane &nd Solid Otometry. tt.ij. Plahb, bound lepuaiely. 7j ui. 
BowHT'i BUmanti ol Plane uiil Sphaiical TrisonoiiietTy. 90 cu.; wiib tiuilei, Vi-^i, 
Bowtn'e TrestlM on Pluia and Bpheiical Trieooomatiy. Si-so. 
Bowiei'i Pl<a-PUce Lonailtlunic Tablei. so cu. 
Candy'* Plans and SoUd Analj^icQaaiiutiy. Reviled. <i.5i>. 
Plne'i SnmbeT Syiteni In Alsebia. Tbenniial snd hiitoricil. $1.00. 
Gllbnt'i AlEBbta LMuni. Thite numbeis: No. 1, 10 Fnciional Equadou: No. i. 
thiougb Quadntic Equatioiu; No. j. Higher Algebra. Eacb numbei, pel disea, $1.44. 
RepklBa'a Plane GeoBUtiy. Followi the inductive meihad. ;s ctL 
Howland'i Elamenti of tba Conic Sectiona. js cu. 

Ulene'l Hnmber and ita AltCbta. Inlioducloiy to college coutki in idgebn. ti.ij. 
Ijrman'B Oeometty Bieiciau. Suppiementary woik ioc drill. Per d»eii, $1.60. 
■leCnidy'a Bieiclie Book In Altebra. A iboiough diill book. 60 ct>. 
Hillei'B Plana and SpliBiical TrleoDomttiy. For coii^u ud wcboicai •choola. Vi<is. 

With ui-piaoe I^lei, $1.40. 
Hiahal'i Analytic OeoDietiy. A tnuiu [or college cduiml fi.it. 
HlCbOla'l CalCniU. Differential ind IntegiaL fi.oo. 

Otbone'aSllteiBntialandlDtaeial Calcnius. $1.00. 

Pstenon and Baldwin'! Pioblema In tlzaba. For teiu and re>iew>. jo ea. 

Sobbint'a Bnireylng and NaviEitlon. A biici and practical tieaiiK. so ct^ 

Behwatt'aOoomatilcalTTBatment elCttrrea. $1,00. 

Waldo' a DaiciiptlTB Oeometiy. Containi'a laice munber ol probleni. locDk 

Wella 'I Academic ArithDiatio. With orwithouianiwera. 8i«i. 

Wella'aBiHDtlalaoEAlWbia. For lecondary schools. Ci.io. 

Wella'a Academic Aliebra. with or without aotvers. ti.og. 

Wella'alTcw Higher Algebra. ForKbonli andcollegei. >i.;i. 

Wella'aHleherAlEebm. $1,31. 

Wells'a Unlvereity Altebri. OctaTn. J1.50. 

Wells'B College Aljabta. 81.50. Pan 11, beginning with quadratJci. Si.ja. 

Wells'eAdvancBdCoiirae in Algebra, ti.ja. 

Vella'i Baaantlali of Oeometiy. (i&jg.) Si.ij. Plahe, ;; cil Solid, 75 ct*. 

Weill'* Klementa of Oeometry. Btnitrd. (1894.) S1.15. Plahb, js ">.; Soud.jj cu, 

Weill's Dew Plane and Bphericat Trlgonametry. For collegei and technical iclioaR 

Si.oo. With ax place ubles, $1.15. WJih Robblu'a Surveyug ud NsTigatim, Si.io. 
Welll'a Complete Trlgonomatiy. Plane and Spherical. 90 cu. Willi Bblei,fi.oS. 

Plahh, bound lepaiatelr, 7; cu. 
Wella'alTeweli-nacaLcgailthitJoTablei. 6acti. 
Walla** Pooi-Plaoe Table*, ij cu. 
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Bhnmway'B A Day In Ancient KOme. With jq illuslntioni. Should find a plue ai a 
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quiring inuipeEuive appantut. lUostrattd. So cenU. 
Cbnte't Practical Phyilca. For bigb Kbooli ud collegei. fi.ia. 
Clark'* Hetlioda la Vlcroacopr. Deuiled desripnont of lucceulol meiboda. (i,6e. 
Colt's CUmicil Arithmetic. With i then g^tcn ol analTui, 50 cents. 
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CoItoa'B Phyilology: Briefer Conrae. Forjiigh Khoali. Illnitnted. 9iicents. 
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Flaheiaiid Pattaraon'a Blemants of Physics. Eiperimental aod deecriptive. 6aceDti, 
GrabflsM and Buna's Chemical Problems. For review and drill. Paper. 1^ cents- 
Hyatt's Iniecta. A practical manual ioT students and teacbcn. lUustiated. ti.ij. 
Kemll'a SaacriptlTa Chemistry. A full cipoudon of modem inorganic cbemistiy. Il- 
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